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APPLICATIONS OF GLOBAL ANALYSIS I N  
MATHEMATICAL PHYSICS 
J .  Marsden 
I n t r o d u c t i o n .  
These n o t e s  a r e  based on a  s e r i e s  of t e n  l e c t u r e s  g i v e n  
a t  C a r l e t o n  U n i v e r s i t y ,  Ot tawa,  from June 21  through J u l y  6 ,  1973. 
The n o t e s  f o l l o w  t h e  l e c t u r e s  f a i r l y  c l o s e l y  e x c e p t  f o r  a few minor 
a m p l i f i c a t i o n s .  
The purpose  o f  t h e  l e c t u r e s  was t o  i n t r o d u c e  some methods 
of g l o b a l  a n a l y s i s  which I have found u s e f u l  i n  v a r i o u s  problems of 
ma themat ica l  p h y s i c s .  Many of t h e  r e s u l t s  a r e  based  on work done 
w i t h  P .  Chernof f  , D .  E b i n ,  A. F i s c h e r  and A. W e i n s t e i n .  A  more complete  
e x p o s i t i o n  of some of t h e  p o i n t s  c o n t a i n e d  h e r e  may be found i n  
Chernoff-Marsden [ I ]  and Marsden-Ebin-Fischer  [ I ]  a s  w e l l  a s  i n  
r e f e r e n c e s  c i t e d  l a t e r .  
"Global A n a l y s i s "  i s  a  vague term.  I t  h a s ,  by and l a r g e ,  
two more o r  l e s s  d i s t i n c t  s u b d i v i s i o r l s .  On t h e  one hand t h e r e  a r e  
t h o s e  who d e a l  w i t h  dynamical sys tems emphasiz ing t o p o l o g i c a l  problems 
such a s  s t r u c t u r a l  s t a b i l i t y  ( s e e  Smale [ 2 ] ) .  On t h e  o t h e r  hand 
t h e r e  a r e  t h o s e  who d e a l  w i t h  problems of n o n l i n e a r  f u n c t i o n a l  a n a l y s i s  
and p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  u s i n g  t e c h n i q u e s  combining geometry 
and a n a l y s i s .  I t  i s  t o  t he  second group t h a t  we belong. 
One of the  f i r s t  b i g  successes  of g loba l  a n a l y s i s  ( i n  t he  
second sense above) was Morse theory a s  developed by P a l a i s  [ 7 ]  and 
Smale [3 ]  and preceeded by t he  i dea s  of ~ e r a y - S c h a u d e r ,  Lus te rn ik-  
Schnirelman and Morse. The r e s u l t  i s  a  b e a u t i f u l  geometr izat ion and 
powerful ex tens ion  of t he  c l a s s i c a l  c a l c u l u s  of v a r i a t i o n s .  (See 
Graff [ I ]  f o r  more up-to-date  work.) 
I t  i s  i n  a  s i m i l a r  s p i r i t  t h a t  we proceed h e r e .  Namely we 
want t o  make use of i dea s  from geometry t o  shed l i g h t  on problems i n  
a n a l y s i s  which a r i s e  i n  mathematical  phys ics .  Actua l ly  i t  comes a s  a  
p l ea san t  su rp r i ze  t h a t  t h i s  p o i n t  of view i s  u s e f u l ,  r a t h e r  than being 
a  mere language convenience and an o u t l e t  f o r  g e n e r a l i z a t i o n s .  AS we 
hope t o  demonstrate i n  t he  l e c t u r e s ,  methods of g loba l  a n a l y s i s  can be 
u s e f u l  i n  a t t a c k i n g  s p e c i f i c  problems. 
The f i r s t  t h r e e  l e c t u r e s  c o n t a i n  background m a t e r i a l .  This  
i s  ba s i c  and more o r  l e s s  s t anda rd .  Each of t he  nex t  seven l e c t u r e s  
d i s cus se s  an a p p l i c a t i o n  with on ly  minor dependencies ,  except  t h a t  
l e c t u r e s  4 and 5 ,  and 9 and 10 form u n i t s .  Lec tures  4 and 5 d e a l  with 
hydrodynamics and 9 and 10 with gene ra l  r e l a t i v i t y .  Lec ture  6 dea l s  
with miscel laneous a p p l i c a t i o n s ,  both mathematical and phys i ca l ,  of 
t he  concepts  of symmetry groups and conserved q u a n t i t i e s .  Lec ture  7 
s t u d i e s  quantum mechanics a s  a  hami l ton ian  system and d i s cus se s ,  e . g .  t he  
Bargmann-Wigner theorem. F i n a l l y  l e c t u r e  8 s t u d i e s  a genera l  method 
f o r  ob t a in ing  g loba l  ( i n  time) s o l u t i o n s  t o  c e r t a i n  evo lu t i on  equa t ions .  
It i s  a  p l ea su re  t o  thank P ro fe s so r s  V .  D l ab ,  D .  Dawson and M .  Grmela 
f o r  t h e i r  kind h o s p i t a l i t y  a t  Ca r l e ton .  
1. I n f i n i t e  Dimensional Manifolds. 
Basic  Calcu lus .  
We s h a l l  l e t  E , F , G , .. . denote Banach spaces.  Le t  
U c E be open and l e t  f  : U + F  be a  given mapping. We say f  i s  
~ r g c h e t  d i f f e r e n t i a b l e  a t  x  E U i f  t h e r e  i s  a  cont inuous (=  0 
bounded) l i n e a r  map Df (xo) : E 4 F such t h a t  f o r  a l l  E > 0 t h e r e  
i s  a  6 > 0 such t h a t  ilhll < 6 impl ies  
The map Df (xo) i s  n e c e s s a r i l y  unique. 
Le t  L(E, F) denote the  space of a l l  cont inuous l i n e a r  maps 
from E t o  F toge ther  with t he  opera tor  norm 
so t h a t  L(E, F) i s  a  Banach space.  Le t  Ls(E, F) denote t he  same 
space with t he  s t rong  opera tor  topology; i . e .  t he  topology of pointwise 
convergence. 
I f  f i s  ~ r g c h e t  d i f f e r e n t i a b l e  a t  each x E U and i f  
x  H Df (x)  E L(E, F) ( r e s p .  Ls(E, F))  i s  cont inuous ,  we say f  i s  
1 1 
of c l a s s  C ( r e s p .  T ) . 
By i n d u c t i o n  i t  i s  n o t  h a r d  t o  f o r m u l a t e  what i t  means f o r  
f  t o  be of c l a s s  cr o r  T~ . For our  purposes  we s h a l l  be mos t ly  
d e a l i n g  w i t h  cr a l though  T~ does  a r i z e  i n  c e r t a i n  problems ( s e e  
Abraham [6] and Chernoff -Marsden [ 2 ] ) .  
The u s u a l  r u l e s  of c a l c u l u s  h o l d .  Foremost amongst t h e s e  
i s  t h e  c h a i n  r u l e :  
To o b t a i n  s u b s t a n t i a l  r e s u l t s ,  one o f t e n  employs t h e  
f  01 lowing: 
r I n v e r s e  Func t ion  Theorem. Let f  : U c E + F  & C , r 2 1 . 
Assume Df(xo) i s  an isomorphism f o r  some xO E U . Then t h e r e  
e x i s t s  open neighborhoods Uo f xO & Vo - of  f (x0)  ~ c h  t a t  
- 1 f : u + V i s  b i j e c t i v e  and h a s  a  cr i n v e r s e  f : V I U O  . (We 0  0  0  
say  f i s  a  l o c a l  d i f feomorphism.)  
The proof of t h i s  i s  e s s e n t i a l l y  t h e  same a s  one l e a r n s  i n  
advanced c a l c u l u s  where E , F  a r e  t aken  t o  be R~ . For  d e t a i l s ,  
s e e  Lang [ l ]  o r  ~ i e u d o n n ;  [ I ] .  
I m p l i c i t  Func t ion  Theorem. Let U c E , V c F be open and f : U x V -, G 
be cL , r 2 1 . x0 E U , yo E V , assume D2f (xo ,  yo) (the 
-
d e r i v a t i v e  with r e spec t  t o  y)  i s  an isomorphism of F G . 
Then the re  i s  a unique cr 9 g : go x B .+ V where 1: 0 0 ' W 0  are 
s u f f i c i e n t l y  small neighborhoods of x and f  (x0, yo) r e s p e c t i v e l y  , 0 -
such t h a t  
f o r  a l l  (x, w) E Uo x IJO . 
Indeed, t h i s  fo l lows  from the inverse  func t ion  theorem 
appl ied  t o  the map P : (1 x V -+ E X G 
which i s  a l o c a l  diffeomorphism. 
Resu l t s  l i k e  these a r e  c e n t r a l  t o  t he  s tudy of submanifolds 
which w e  dea l  with l a t e r .  They, i n  t u r n ,  a r e  c r u c i a l  t o  s eve ra l  of 
the a p p l i c a t i o n s .  
I n  a p p l i c a t i o n s ,  tbc spaces E , F , . . . are  o f t e n  spaces 
of func t ions  and f : E + F  may be some s o r t  of non- l inear  d i f f e r e n t i a l  
ope ra to r .  Then Df(xO)  w i l l  3e what i s  c a l l e d  t he  l i n e a r i z a t i o n  of 
f  about xo - 
Let  PI be a (Hsusdorff) topologica l  space. We say N i s  
a  cm manifold modelled on the Banach space E when i t  h a s  the 
fol lowing a d d i t i o n a l  s t r u c t u r e :  t he re  i s  an open covering (Ua] of 
M toge ther  with homeomorphisms 
where 
v@ i s  open i n  E such t h a t  f o r  a l l  a , 6 , the overlap map 
( o r  coord ina te  change) 
(def ined  on rp (U n U p ) )  i s  a  cm map. P 
By a  c h a r t  ( o r  coord ina te  patch)  we mean a  homoemorphism 
(3 : U C M 4 V c E of open s e t s  such t h a t  f o r  a l l  a , the map 
(def ined  on rpa(Ua 0 U)) i s  cm 
The c o l l e c t i o n  of a l l  c h a r t s  y i e l d s  what i s  c a l l e d  a  maximal 
a t l a s .  
Le t  M and N be manifolds and f : M 4 N a continuous 
map. We say f  i s  of c l a s s  cr i f  f o r  every c h a r t  cp : U c M 4 V c E 
of M and jr : U c N 4 Vl c P of N , the  map 1 
- 1 
of t he  open s e t  rp(f (U1) n U )  t o  F i s  c r  , By the  chain r u l e  
one s e e s  t h a t  t h i s  h o l d s  f o r  a l l  c h a r t s  i f  i t  h o l d s  f o r  - some 
of N and M by c h a r t s .  
~ ~ b m a n i f o l d s .  
L e t  M be a  manifold and l e t  S c M . I n  a p p l i c a t i o n s  S 
i s  o f t e n  def ined  by some r e s t r i c t i v e  c o n d i t i o n ;  e . g .  by c o n s t r a i n t s  
of the  form f ( x )  = c  . I t  i s  impor tan t  t o  know whether o r  n o t  S  
i s  smooth, e . g .  h a s  no sharp  c o r n e r s .  Below we g i v e  a  u s e f u l  c o n d i t i o n  
f o r  t h i s ,  b u t  f i r s t  l e t  us  fo rmula te  the  d e f i n i t i o n .  
We say S i s  a  submanifold of M (where M i s  modelled 
on E )  i f  we can w r i t e  E = F O G ( t o p o l o g i c a l  sum) and f o r  every  
x E S , t h e r e  i s  a  c h a r t  cp : U C M  + V  c E of M where x E U such 
t h a t  
where w E G . 
I n  o t h e r  words,  t h e  c h a r t  cp '"flattens ou t"  S making i t  
l i e  i n  t h e  subspace F . 
One s e e s  t h a t  t h e  above c h a r t s  d e f i n e  a  mani fo ld  s t r u c t u r e  
f o r  S ; S  w i l l  be modelled on F . The c o n d i t i o n s  ensure  t h a t  t h e  
manifold s t r u c t u r e  on S i s  compat ib le  with  t h a t  on M . 
Vector Bundles.  
By a  v e c t o r  bundle we mean a  manifold E t o g e t h e r  with  a  
submanifold M c E and a  p r o j e c t i o n  rr : E i M ( i  . e .  rron = n) such 
- 1 
t h a t  f o r  each x  E M , the  f i b r e  Ex = T T  (x)  i s  a  l i n e a r  space with 
x  a s  the  zero  element; t h e r e  should a l s o  be a  cover ing  by c h a r t s  
( c a l l e d  vec to r  bundle c h a r t s )  of t he  form 
where U i s  open i n  M , V c E , t he  model space f o r  M and F  i s  
some f i x e d  Banach space such t h a t  t he  over lap  maps a r e  l i n e a r  isomor- 
phisms when r e s t r i c t e d  t o  each f i b e r .  
I n t u i t i v e l y ,  one th inks  of a  vec to r  bundle over M a s  a  
c o l l e c t i o n  of l i n e a r  spaces Ex , one a t t a t c h e d  t o  each x E M . For 
v  E E x  , n(v)  = x  i s  the  base p o i n t  t o  which v i s  a t t a t c h e d .  As 
we s h a l l  s ee ,  t he  q u a n t i t i e s  v  can be v e c t o r s ,  t e n s o r s ,  d i f f e r e n t i a l  
forms,  s p i n o r s ,  e t c .  
The Tangent Bundle. 
The most b a s i c  vec to r  bundle a t t a t c h e d  t o  a  manifold M i s  
i t s  tangent  bundle TM . I t  was an important  observa t ion  i n  t he  
h i s t o r i c a l  development of manifold theory ,  t h a t  t he  tangent  space t o  a  
manifold can be def ined  completely i n t r i n s i c a l l y .  For example t he r e  
i s  no need t o  have a  space i n  which t he  manifold i s  embedded; one might 
3 
th ink  such an embedding i s  necessary  by t h ink ing  of s u r f a c e s  i n  R . 
There a r e  two u s e f u l  and equ iva l en t  ways t o  de f ine  TxM , 
t he  f i b r e  of TM above x E M . 
F i r s t ,  we can use curves .  Indeed,  i n t u i t i v e l y  a  tangent  
vec tor  v  E TxM ought t o  be c ' (0)  f o r  some curve c (  t )  i n  M with 
c (0 )  = x . So cons ider  a l l  curves c  : R + M  with c (0)  = x and 
say c -- c i f  c i ( 0 )  = c ' ( 0 )  i n  some (and hence every) c h a r t  about 1 2  2  
x , where c '  = dc /d t  i n  t h a t  c h a r t .  Then TxM i s  defined t o  be 
the  s e t  of equivalence c l a s s e s ,  and TM i s  the  d i s j o i n t  union of t he  
The above d e f i n i t i o n  i s  u se fu l  because i t  i s  c l o s e l y  
connected with our i n t u i t i o n .  There i s  a  second d e f i n i t i o n  which 
br ings  out  the vec to r  bundle s t r u c t u r e  of TM more c l e a r l y .  This 
goes a s  fo l lows .  
F ix  x E M again  and look a t  c h a r t s  cp defined on neighbor- 
hoods of x  . Consider p a i r s  ( y ,  e)  where e  E E , the  model space 
of M . Say 
Then TxM i s  t he  s e t  of equivalence c l a s s e s  of such p a i r s .  C lea r ly  
T M i s  a  l i n e a r  space.  Moreover a  c h a r t  cp induces n a t u r a l l y  a  
X 
vec to r  bundle c h a r t  on TM by us ing  the  d e f i n i t i o n ,  and these  c h a r t s  
make M mani fes t ly  a  submanifold. 
We leave i t  t o  the  reader  t o  check the  equivalence of the  
two d e f i n i t i o n s .  We use n : TM 4 M f o r  the p r o j e c t i o n .  
One of t e n  uses  d e f i n i t i o n s  involv ing  de r iva t ions  f o r  TxM 
i n  t he  ca se  of f i n i t e  dimensional manifolds.  For i n f i n i t e  dimensional 
manifolds t h i s  i s  poss ib le  but  i s  r a t h e r  cumbersome(see Schwartz [ I ] ,  
p . 105 f o r  a d i s cus s ion ) .  
Le t  f : M -, N be a cr map, r 2 1 . Then t h e r e  i s  a  
bundle map Tf : TM + TN n a t u r a l l y  induced; i . e .  Tf maps f i b r e s  t o  
f i b r e s  and the  fol lowing diagram commutes: 
Commutativity of t h i s  diagram means nothing more than f o r  x E M 6 ,  and  
v  E TxM , Tf(v)  E T f ( x )  N . 
Using the  f i r s t  d e f i n i t i o n  of TM , we de f ine  
d  Tf (v)  = f  ( c ( t ) )  1 where v  = c ' (3) . (Remember c '  (0)  s tands  
t = O  
f o r  the  equi-valence c l a s s  of curves and i n  a  c h a r t  f o r  TM , i t  r e a l l y  
i s  the d e r i v a t i v e  .) 
Actual ly t h i s  d e f i n i t i o n  i s  very u s e f u l  f o r  doing computations, 
a s  we s h a l l  see l a t e r .  
Using the  second d e f i n i t i o n ,  i f  the l o c a l  r ep re sen ta t i ve  
f o r  f  i s  f  : V c E 4 V  c F  r e l a t i v e t o c h a r t s  ul on M and 
CP ,Ji I 
$ on N , then t he  l o c a l  r e p r e s e n t a t i v e  f o r  Tf i s ,  i n  t he  corresponding 
c h a r t s  f o r  TM and TN , 
One checks t h a t  t h i s  i s  c o n s i s t e n t  with t he  equivalence r e l a t i o n  and 
so  y i e l d s  a  wel l  def ined map Tf . 
I n  the  language of t angen t s ,  t he  cha in  r u l e  can be n e a t l y  
expressed by say ing  t h a t  
Submersions. 
Le t  E be a  t opo log i ca l  vec to r  space ,  and F c E a  c losed  
subspace. We say F s p l i t s  i f  t he r e  i s  another  c lo sed  subspace G 
such t h a t  
E = F O G ( t o p o l o g i c a l  sum) . 
For example i f  E i s  a  H i l b e r t  space t h i s  i s  always t he  c a s e ,  f o r  we 
I 
can choose G = F . However i n  a  genera l  Banach space a  closed subspace 
need not  have a  closed complement. 
We say t opo log i ca l  vec to r  space r a t h e r  than Banach space he re  
because we want t o  use  t he  case  where E i s  TxM . The l a t t e r  does 
no t  c a r r y  canonica l ly  the  s t r u c t u r e  of a  Banach space ,  bu t  i t  does 
have the s t r u c t u r e  of a  t opo log ica l  vec tor  space ( i f  a  norm i s  
assigned t o  each tangent  space TxM , one speaks of a  F i n s l e r  s t r u c t u r e ) .  
Now l e t  M and N be Banach manifolds and f  : M 4 N a  
- 1 CW map. We want t o  know when S  = f (w) i s  a  submanifold of M , 
where w E N i s  f i xed .  We say f  i s  a  submersion on S i f  f o r  a l l  
x E  S , T x f :  T H A T  N i s  s u r j e c t i v e  a n d k e r n e l  Txf s p l i t s .  
X f (x)  
Theorem. Let  f  be a  submersion on S a s  j u s t  descr ibed .  Then S  
- -
i s  a  smooth submanifold of M . 
Proof.  Work i n  a  c h a r t  U c E f o r  M . Write E = E O E where 0 1 
E o  = ker  Df(x) , f o r  x f i xed .  Consider the  map @ defined near  
x t o  E o  x F by 
Since Eo i s  ke rne l  Df(x) we see t h a t  D f  i s  an isomorphism from 2 
E l  t o  F  and so Dm a t  x  i s  an isomorphism. The map @ i s  
t he re fo re  a  l o c a l  diffeomorphism by the  inverse  func t ion  theorem. 
C lea r ly  6 y i e l d s  a  c h a r t  showing S i s  a submanifold. 0 
Since S  i s  modelled on Eo , t h i s  argument a l s o  shows: 
Corol la ry .  T  S  = ke rne l  
X 
Txf . 
To make e f f e c t i v e  use of t h i s  r e s u l t  one must be judicious 
i n  t he  choice of N . The space N must be l a rge  enough so f  maps 
i n t o  N , but  only j u s t  l a rge  enough t o  ensure t h a t  T f  w i l l  be 
X 
s u r j e c t i v e .  
There i s  a  s imi l a r  r e s u l t  f o r  immersions. Here f  : M .+N 
should be i n j e c t i v e  and have i n j e c t i v e  tangent  a t  each x E M and 
the image should s p l i t .  Also,  t h e  map f s l , , ) u ld  b e  c l o s e d .  
Then  f  ( M )  will b e  a  s u b m a n i f o l d  o f  N. 
The reader  can work t h i s  case  out  f o r  h imse l f .  We have 
s t r e s s e d  the submersion case  because i t  i s  more u s e f u l  f o r  the s o r t  
of a p p l i c a t i o n s  t h a t  we have i n  mind. 
D i f f e r e n t i a l  Forms. 
-L 
Given a  l i n e a r  topologica l  space E , we l e t  E" denote the  
dual  space; i . e .  t he  space of a l l  continuous l i n e a r  maps R : E 4 R . 
Le t  M be a  manif o ld  and TM i t s  tangent  bundle. We can 
form a  new bundle T"M over M whose f i b r e  over x E M i s  the  dual 
J- 
space T ~ M  . I t  i s  no t  hard t o  see  t h a t  t h i s  i s  a  vec to r  bundle. I t  
i s  c a l l e d  the  cotangent  bundle. 
I n  genera l  i f  TI : E 4 M i s  a  vec to r  bundle,  a  s ec t ion  s 
of E i s  a  map 
such t h a t  
s  : M + E  
nos = i d e n t i t y  . 
I n  o the r  words, s (x)  E E x  f o r  each x  E M . 
A sec t ion  X of the  tangent  bundle i s  c a l l e d  a  vec tor  f i e l d  
while a  s ec t ion  CY of the cotangent  bundle i s  c a l l e d  a  one-form or  a  
covector  f i e l d .  
Le t  f  : M + R  . Then s ince  TR = R X R , Txf : TxM+R , 
o r  i n  o the r  words Txf E T*M . Thus the  tangent  of f  n a t u r a l l y  
induces a  one form on M . So regarded ,  i t  i s  denoted df and i s  
c a l l e d  the  d i f f e r e n t i a l  of f  . 
.v- k We can genera l ize  T"M a s  fo l lows .  Le t  A M be the  vec tor  
bundle over M whose f i b e r  a t  x  E M i s  the k -mul t i l i nea r  a l t e r n a t i n g  
k 
continuous maps TxM x . . . x TxM + R . A sec t ion  of the  bundle A M 
i s  c a l l e d  a  k-form. We regard rea l -va lued  func t ions  a s  0-forms. 
Le t  a be a k-f orm and P an R - f  orm. Then the  wedge 
product CY A P i s  defined a s  
where the  sum i s  over a l l  permutat ions a such t h a t  a ( 1 )  < . . . < o(k )  
and o(k+l)  < ... < s(k+A) and sgn a = 51 i s  the s ign of a . 
Note: We use the conventions of Bourbaki [ I ] .  Compare with Abraham !2]. 
-
I n  the ca se  of R3 we can i d e n t i f y  one forms and two forms 
with vec to r s .  When we do so ,  a/ A P i s  seen t o  be j u s t  the  c r o s s  
r I f  f  : M + N  i s  a  cr mapping and a i s  a  C k-form 
r-1 il. 
on N we g e t  a  C k-form f " a  on M def ined  by 
-!- 
We c a l l  £"a t he  p u l l  backS'of a by f  . 
I f  X15 . . . , Xk a r e  vec to r  f i e l d s  on M and cy i s  a  
k-form we g e t  a  r e a l  valued func t i on  a(X1, . . . , Xk) defined by 
Notice t h a t  t he  d i f f e r e n t i a l  mapped a  0-form t o  a  1-form. 
This  can be genera l ized  a s  fo l lows .  I f  a i s  a  k-form, de f ine  the  
k  f 1 form da by 
where $ denotes  t h a t  v i s  missing and D a x  i s  t he  d e r i v a t i v e  of i i 
k 
a i n  c h a r t s ;  no te  cu : U C E 4 A (E) so Dolx k : E 4 A ( E )  . One can 
check t h a t  d  i s  c h a r t  independent .  The ope ra to r  d  p l ays  a  
fundamental r o l e  i n  c a l c u l u s  on manifolds .  I t  i s  c a l l e d  t he  e x t e r i o r  
d e r i v a t i v e .  
I t  i s  no t  h a r d ,  bu t  a  l i t t l e  t ed ious ,  t o  v e r i f y :  
* ~ o t e  t h a t  t he  p o s i t i o n i n g  of t he  s t a r s  agrees with Bourbaki[l], 
Lang [ I ]  but  i s  t he  oppos i t e  of Abraham [ 2 ] .  
( i )  d  i s  r e a l  l i n e a r  
( i i )  d o d = O  
k  
and ( i i i )  d(ol A B) = dff A B + (-1) D! A dB . 
Condition ( i i )  i s  a  gene ra l i za t i on  of t he  f a m i l i a r  i d e n t i t y  D x (Vf) = 0  
from vec to r  a n a l y s i s .  
I f  a i s  a  k-form and X a vec to r  f i e l d ,  de f ine  the  
i n t e r i o r  product i cy = X - 1  a by X 
so  i ol i s  a  k-1 form. X 
Define the  L i e  d e r i v a t i v e  LXol by 
L c y = d i a i -  i d o l  X X X 
so  L  a i s  a  k-form i f  a i s .  This o b j e c t  i s  an extremely use fu l  
X 
t o o l  i n  Hamiltonian mechanics a s  we s h a l l  soon see .  
Following a r e  some of the bas ic  opera t ions  on vec tor  f i e l d s .  
I f  X i s  a  vec to r  f i e l d  on M and f : M + R , we s e t  
By convention i f  = 0 , so  we see t h a t  X(f )  = LXf . Notice t h a t  X 
X ( f )  i s  nothing but  the d e r i v a t i v e  of f  i n  the  d i r e c t i o n  of X . 
Clea r ly  X(f) i s  a  d e r i v a t i o n  i n  f  : X(fg) = fX(g) + @ ( f )  . 
AS we have mentioned, t h i s  p roper ty  i s  sometimes used ( i n  f i n i t e  
dimensions) t o  c h a r a c t e r i z e  vec to r  f i e l d s .  
Le t  X and Y be vec tor  f i e l d s .  Then t h e i r  b racke t  [X, Y 1 
i s  a  vec to r  f i e l d  on M such t h a t  i n  l o c a l  coo rd ina t e s  
[ X ,  Y ]  = D Y a X  - D X e Y  . 
As a d e r i v a t i o n ,  we have 
[ X ,  ~ l ( f )  = X(Y(f)) - Y(X(f))  . 
Let  f  be a  cr diffeomorphisrn of M onto  N , r  2 1 . 
That i s ,  f i s  cr , a  b i j e c t i o n  with cr i n v e r s e .  Given a  vec tor  
f i e l d  X on M , s e t  
a  vec to r  f i e l d  on N . Simi l a r l y  i f  Y i s  a  vec to r  f i e l d  on N , 
s e t  
These a r e  c h a r a c t e r i s e d  by 
which fo l lows  from the  cha in  r u l e .  
I n  the  fo l lowing  t a b l e  we summarize some of t he  u s e f u l  
i d e n t i t i e s  connect ing t he  va r ious  opera t ions  which we have in t roduced .  
The proofs  a r e  s t r a igh t fo rward  a lgeb ra i c  manipula t ions .  These 
i d e n t i t i e s  a r e  q u i t e  convenient  i n  va r ious  a p p l i c a t i o n s  a s  we s h a l l  
see  i n  t he  next  l e c t u r e .  
1. Vector f i e l d s  on M with the  bracket  [ x ,  Y ]  form a  Lie  a lgeb ra ;  
i . e . ,  [X, Y] i s  r e a l  b i l i n e a r ,  skew symmetric and ~ a c o b i ' s  
i d e n t i t y  holds:  [ [X,  Y ] ,  Z] + [ [ Z ,  X I ,  Y] f [ [Y, Z1, X I  = 0 . 
2 ,  Para diffeomorphism f  , f,[X, Yl = [f,X, f;,:Yl and (fog)9cX = 
f,g,X . 
3.  The forms on a  manifold a r e  a  r e a l  a s s o c i a t i v e  a lgeb ra  with A 
kQ 
a s  m u l t i p l i c a t i o n .  Furthermore, a A B = ( - 1 )  B A a  f o r  k  
and R forms 0 and p r e s p e c t i v e l y .  
-L .* -9- .r- 
4 .  ~f  f  i s  a  map, f " ( a  A e )  = f"Q p, f"cB ( f  0 g) "a = g"f "a . 
5 .  d  i s  a  r e a l  l i n e a r  map on forms and: dda = 0 , d(@ A P) = da A $ + 
( - I ) ~ ~ A  dB f o r  a a  k-form. 
6 .  For a a  k-form and Xo, ..., Xk vec to r  f i e l d s :  
-9- -*- 
7.  For a map f , f"d@ = df "cy . 
8.  (poincar; lemma). If dm = 0 then O! i s  l o c a l l y  exac t ;  i . e .  
t he re  i s  a neighborhood u about each po in t  on which o! = dp . 
9 .  i i s  r e a l  b i l i n e a r  i n  X , a and f o r  h : M 4 R , ihXa = h i  O! X X 
k 
= i h a  . Also i i = 0 , i X ( a  A 8) = iXa A B + ( -1)  A i X F  . X X X 
-9- d. 
10. For a diffeomorphisrn f , f " i  O! = i , f " a  . 
f X  
12. L a i s  r e a l  b i l i n e a r  i n  X , and LX(a A B) = LXa A P + O! A L P X X 
-L .L 
13. For a diffeomorphisrn f , f ' ' ~  a = L , f"O! . 
f"x  
14. (Lxa)(X1' ..., Xk) = X(a(X , . . . X ) )  - z a(X1,. . . , [X,Xil 3 . .  . .Xk) . 
i= 1 
15. Loca l ly ,  (LXa)x * ( v l , .  . . ,V ) = D a  'X(x)' ( v l , .  . . 9 ~ ~ )  k x 
16. The fol lowing i d e n t i t i e s  hold: 
TABLE 1 
Flows of  Vector F i e l d s .  
By a  - f low ( o r  a one pa ramete r  group of  di f feomorphisms)  we 
mean a  c o l l e c t i o n  of  (smooth) maps F t  : M + M , t E R such t h a t  
r Ft+s = Ft  ' Fs 
C 
Fo = i d e n t i t y  
The term dynamical system i s  a l s o  used .  For each x E M , t Ft(x)  
i s  t h e  t r a j e c t o r y  of x . The c o n d i t i o n  Ft+s = Ft  0 Fs e x p r e s s e s  
n o t h i n g  more than  " c a u s a l i t y " .  
I f  X i s  a  v e c t o r  f i e l d ,  we say  i t  h a s  f low F t  i f  
I n  o t h e r  words,  F t (x )  s o l v e s  the  system of d i f f e r e n t i a l  e q u a t i o n s  
determined by X . I n  f i n i t e  dimensions  t h e s e  a r e  o r d i n a r y  d i f f e r e n t i a l  
e q u a t i o n s .  I n  i n f i n i t e  dimensions c e r t a i n  t y p e s  of p a r t i a l  d i f f e r e n t i a l  
e q u a t i o n s  can  be hand led ;  we s h a l l  d i s c u s s  t h i s  p o i n t  below. 
I f  t h e  i n d i v i d u a l  s o l u t i o n  c u r v e s  ( o r  i n t e g r a l  c u r v e s )  of 
X a r e  unique;  i . e .  i f  
h a s  a unique s o l u t i o n ,  then  one can  prove t h e  above f l o w  p r o p e r t y  
= F~ 0 F~ r a t h e r  e a s i l y .  
t-ts 
An important  po in t  i s  t h a t ,  i n  gene ra l ,  t he  flow of a  vec tor  
f i e l d  need no t  be defined f o r  a l l  t E R f o r  each x E M . For 
example a  t r a j e c t o r y  can leave the manifold i n  a  f i n i t e  time. To 
ensure t h i s  doesn' t happen, one r e q u i r e s  c e r t a i n  e s t ima te s  t o  - e s t a b l i s h  
t h a t  a  t r a j e c t o r y  remains i n  a  bounded reg ion  f o r  bounded t - i n t e r v a l s .  
1f  Ft(x) i s  defined f o r  a l l  t E R we say X has  a  complete f low, 
Local Existence and Uniqueness Theorem. If X i s  a  cL vector  f i e l d ,  
r  2 1 , then X has  a  l o c a l l y  def ined ,  unique cL Ft . 
This  r e s u l t  i s  proved by the  P icard  i t e r a t i o n  method, a s  one 
l ea rns  i n  elementary courses  on d i f f e r e n t i a l  equat ions .  Thus i t  i s  
s imi l a r  t o  the  proof of the inverse  func t ion  theorem. Actual ly i t  
can be deduced from the  l a t t e r  d i r e c t l y ;  see  Robbin [ I ] .  ( I n  f a c t  
the  o the r  corners tone  of d i f f e r e n t i a l  a n a l y s i s ,  t he  Frobenius theorem 
can a l s o  be so deduced; see Penot [ 4 ] ) .  
One usua l ly  proceeds by using the  above theorem t o  deduce 
the  ex i s t ence  of the l o c a l  flow and then use s p e c i a l  p r o p e r t i e s  of X 
t o  prove completeness. (For example we s h a l l  do t h i s  i n  c e r t a i n  cases  
f o r  Hamiltonian vec to r  f i e l d s  .) 
The Heat Equation. 
I n  these l e c t u r e s  we a r e  concerned t o  a  g r e a t  e x t e n t  with 
p a r t i a l  d i f f e r e n t i a l  equat ions .  For t he se ,  the  above theorem i s  r a t h e r  
l im i t ed .  To see why, cons ider  the hea t  equat ion:  
where u  i s  a  func t ion  of x E R and t E R and u  i s  given a t  
2  2 
time t = 0 . Her€! A = a /ax i s  t he  Laplac ian .  
Of course t h i s  equat ion can be solved e x p l i c i t l y :  
The s o l u t i o n  i s  a c t u a l l y  good only f o r  t 2 0 . Nevertheless  i t  
y i e l d s  a  wel l  defined continuous semi flow Ft on L2(R) . I n  
genera l  i t  won't be t - d i f f e r e n t i a b l e  f o r  a l l  uo E L2(R) a 
Indeed A i s  not  a  bounded opera tor  on L2(R) so  we cannot 
use the ex i s t ence  theorem. Rather A i s  def ined  only on a  domain 
D c L ~ ( R )  , a  dense l i n e a r  subspace c o n s i s t i n g  of those f E L2 whose 
de r iva t ives  ( i n  the d i s t r i b u t i o n  sense) of order  _< 2  a l s o  l i e  i n  L2 . 
One cannot remedy the s i t u a t i o n  by pass ing  t o  t he  crn 
func t ions .  Indeed t h i s  i s  no t  a  Banach but  a  ~ r g c h e t  space and i t  i s  
not  hard t o  show t h a t  f o r  these  spaces the  l o c a l  ex i s t ence  theorem i s  
f a l s e .  
However there  i s  a  genera l  theorem which can cover the 
s i t u a t i o n ,  c a l l e d  the H i l l e  Yosida theorem. We d o n ' t  want t o  go i n t o  
t h i s  now, so we j u s t  s t a t e  two u s e f u l  s p e c i a l  cases:  (See Yosida [ I ]  
f o r  d e t a i l s .  The "Schrodinger case" - Stone ' s  theorem - w i l l  be considered 
l a t e r )  . 
parabol ic  Case. - Let H be a  H i l b e r t  space and A : D c H j H  a  
- 
du ( l i n e a r )  s e l f  a d j o i n t  ope ra to r ,  A _< 0  . Then the  equat ion - - d t  AU 
def ines  a  unique l i n e a r  semi-flow Ft , t - > 0  H . The equat ion 
- dU = Au i s  s a t i s f i e d  f o r  u  E D ut  = Ft(uo) . d t  0 
For example, t h i s  covers  the ca se  of the  h e a t  equat ion .  For 
2 a u the  wave equat ion ,  -- AU , we use: 
a t  
Hyperbolic Case. Let H , A be a s  above. Then the  equat ion  
de f ines  a  unique flow Ft , t E R  on D x H .  
Densely Defined Vector F i e l d s .  
I n  view of the  above examples, i t  i s  u s e f u l  t o  extend our 
not ions  about vec to r  f i e l d s  so a s  t o  include more i n t e r e s t i n g  examples. 
By a  manifold domain D C M  , we mean a  dense subse t  D i n  
a  manifold M such t h a t  D i s  a l s o  a  manifold and the  i nc lus ion  
i : D 4 M i s  smooth and T i  has  dense range. 
By a  densely defined vec tor  f i e l d ,  we mean a  map X : D j T M  
such t h a t  f o r  x  E D , X(X) g TxM . A f low ( o r  semi-flow) f o r  Y d.11 
be a  c o l l e c t i o n  of maps Ft : D 4 D , t E R ( o r  t > 0) [perhaps 
l o c a l l y  def ined]  such t h a t  
Ft+s = Ft Fs 
F  = i d e n t i t y  0 
and f o r  X E D  , 
d  
where - d t  i s  taken regard ing  Ft(x)  a s  a  curve i n  M . 
Such a  g e n e r a l i z a t i o n  al lows t he  more i n t e r e s t i n g  examples 
l i k e  t he  h e a t  and wave equat ion and non- l inear  g e n e r a l i z a t i o n s  of them 
t o  be included.  
What about a  l o c a l  ex i s t ence  theorem? Since we a l r eady  have 
a  good theorem ( t h e  Hil le-Yosida theorem) a v a i l a b l e  f o r  the  l i n e a r  
c a s e ,  i t  i s  n a t u r a l  t o  l i n e a r i z e .  There i s  a  theorem, t he  Nash-Moser 
theorem which i s  s u i t a b l e  f o r  these  purposes.  The exac t  hypotheses 
a r e  too complicated t o  give i n  f u l l  h e r e ,  bu t  b a s i c a l l y  t he  spaces 
must be "decentu ( t e c h n i c a l l y ,  they must admit "smoothing ope ra to r s t s )  
and i f  X i s  the  vec to r  f i e l d :  X : D c E 4 E , t he  l i n e a r  ope ra to r s  
DX(x) : E E must have flows ( o r  semi-flows) which vary smoothly 
with x  . Then X w i l l  have a l o c a l  f low.  
For f u r t h e r  in format ion ,  see  J .  T. Schwartz [ I ] ,  J .  Marsden 
[I] and M .  L .  Gromov [ I ] .  There a r e  a l s o  a  number of s p e c i a l  techniques 
a v a i l a b l e ,  some of which a r e  d i scussed  l a t e r .  
 lows and L ie  Der iva t ives .  
There i s  a very fundamental l i n k  between t h e  flow of a  vec tor  
f i e l d  and the  L ie  d e r i v a t i v e .  
Theorem. Let X be cr =tor f i e l d  on M , r 2 1 cy 2 k 
form on M . Let Ft be the flow of X . Then 
Actual ly the proof i s  very s imple,  once we have the  i d e n t i t i e s  
i n  t a b l e  1. Indeed i f  we d i f f e r e n t i a t e  i n  a  c h a r t  
we ge t  exac t ly  the  express ion  f o r  L  o. i n  formula 15 of t a b l e  1. X 
-9- 
For example i f  L  cy = 0 then F  = o. ; i . e .  cy i s  preserved X t 
by the  flow. 
The above theorem extends a l s o  t o  densely defined vec tor  
f i e l d s .  We j u s t  need t h a t  each Ft : D + D be C' and t h a t  o. be 
smooth on M ( r a t h e r  than on D )  . 
One of the po in t s  we wish t o  make he re  i s  t h a t  these 
geometr ical  i d e a s ,  culminat ing f o r  example i n  the  above theorem, can 
be appl ied  t o  p a r t i a l  d i f f e r e n t i a l  a s  we l l  a s  t o  ord inary  d i f f e r e n t i a l  
equat ions .  
2 .  Hamiltonian Systems. 
This  l e c t u r e  conta ins  some of the  b a s i c  f a c t s  about 
Hamiltonian systems. Some a d d i t i o n a l  m a t e r i a l  w i l l  be brought i n  
l a t e r  a s  i t  i s  needed. 
Motivat ion.  
To motivate  the development, l e t  us b r i e f l y  cons ider  
Hamil ton 's  equat ions .  The s t a r t i n g  po in t  i s  Newton's second law 
which s t a t e s  t h a t  a  p a r t i c l e  of mass m > 0 moving i n  a  p o t e n t i a l  
V(x) , x E R~ moves along a  curve x ( t )  such t h a t  = -grad V(x) . 
I f  we in t roduce  the  momentum p = m& and the energy H(x, p) = 
1 
- / p 1 2  + V(n) then Newton's law becomes Hamil ton ' s  Equations 2m 
One now i s  i n t e r e s t e d  i n  s tudying t h i s  system of f i r s t  o rder  equat ions  
f o r  given H . To do t h i s ,  we in t roduce  the  mat r ix  J = - @ where 
I i s  t h e  n x n i d e n t i t y  and no te  t h a t  the  equat ions  become 
5 = J grad H(5) where 5 = ( x ,  p) . ( I n  complex n o t a t i o n ,  s e t t i n g  
z = x + i p  , they may be w r i t t e n  a s  = 2iaHfa;). 
Suppose we make a  change of coord ina tes  w = f (1 )  where 
2n 2n f : R R i s  smooth. If < ( t )  s a t i s f i e s  Hamil ton 's  equat ions ,  
the equat ions s a t i s f i e d  by w(t) a r e  25 = AP = AJ grad H ( < )  = 5 
ki* tgradw~(S(w))  where A = (awi/aE') i s  the  Jacobian of f  . The 
equat ions  f o r  w w i l l  be Hamiltonian with energy K(w) = H(?(w)) i f  
-1. 
MA'' = J . A t ransformat ion  s a t i s f y i n g  t h i s  cond i t i on  i s  c a l l e d  
canonica l  o r  symp l e c  t i c .  
3  The space R x R3 of t he  5 ' s  i s  c a l l e d  the  phase space.  
For a  system of N p a r t i c l e s  we would use R3N X R3N . 
We wish t o  po in t  ou t  t h a t  f o r  many fundamental phys i ca l  
systems, t he  phase space i s  a  manifold r a t h e r  than Eucl idean space.  
These a r i z e  when c o n s t r a i n t s  a r e  p r e s e n t .  For example the  phase 
space f o r  the motion of the  r i g i d  body i s  t he  tangent  bundle of t he  
group SO(3) of 3  x 3 orthogonal  ma t r i ce s  with determinant  +1 . 
To gene ra l i z e  t he  no t i on  of a  Hamiltonian system, we f i r s t  
need t o  geometrize t he  symplect ic  mat r ix  J above. I n  i n f i n i t e  
dimensions t h e r e  i s  a  t e chn i ca l  p o i n t  however which i s  important .  We 
qive a  d i s cus s ion  of t h i s  i n  the  fo l lowing .  
S t rong  and Weak Nondegenerate B i l i n e a r  Forms. 
Le t  E be a  Banach space and B : E x E 4 R a  cont inuous 
b  .T4 b i l i n e a r  mapping. Then B induces a  cont inuous map B : E -+ E", 
b b  
e  @ B ( e )  def ined  through B ( e ) f  = B(e,  f )  . We c a l l  B weakly 
b  
nondegenerate i f  B i s  i n j e c t i v e ;  i . e .  B(e ,  f )  = 0 f o r  a l l  f  E E 
impl ies  e  = 0 . We call B x n d e g e n e r 9  o r  s t r o n g l y  nondegenerate 
b  i f  B i s  an isomorphism. By the  open mapping theorem i t  fo l lows  
t h a t  B i s  nondegenerate i f f  B i s  weakly nondegenerate and B~ i s  
on to .  
I f  E i s  f i n i t e  dimensional t he r e  i s  no d i f f e r e n c e  between 
s t rong  and weak nondegeneracy. However i n  i n f i n i t e  dimensions t he  
d i s t i n c t i o n  i s  important  t o  bear i n  mind. 
Le t  M be a  Banach manifold.  By a  weak Riemannian s t r u c t u r e  
we mean a  smooth assignment x H <, >x of a  weakly nondegenerate 
inner  product ( n o t  n e c e s s a r i l y  complete) t o  each tangent  space TxM . 
Here smooth means t h a t  i n  l o c a l  c h a r t s  x E U c E k <, >x E L 2 ( E  x E ,  R) 
i s  smooth where L 2 ( E  x E ,  R) denotes  t he  Banach space of b i l i n e a r  
maps of E x E t o  R . Equiva len t ly  <, >x i s  a  smooth s e c t i o n  of 
the  vec to r  bundle whose f i b e r  a t  x E M i s  L2(TxM x TxM, R) . 
By a Riemannian manifold we mean a  weak Riemannian manifold 
i n  which <, >* i s  nondegenerate.  Equ iva l en t l y ,  t he  topology of 
<, >x i s  complete on TxM , so t h a t  t he  model space E must be 
isomorphic t o  a  H i l b e r t  space.  
For example the  1 L2 inner  product  <£, g, = r O  f ( n ) g ( x ) d x  
on E = ~ ( [ 0 , 1 ] ,  R) i s  a  weak Riemannian me t r i c  on E bu t  no t  a  
Riemannian me t r i c .  
Symp l e c  t i c  Forms. 
L e t  P be a  manifold modelled on a  Banach space E . 
By a symplect ic  form we mean a  two form w on P such t h a t  
( a )  w i s  c l o sed ;  d w  = 0 
(b)  f o r  each x E P , wx : TxP X TxP - t R  i s  nondegenerate.  
I f  
wx 
i n  (b) i s  weakly nondegenerate ,  we speak of a  weak 
-
symplec t i c  form. 
The need f o r  weak symplectic forms w i l l  be c l e a r  from 
examples given below. For the  moment the r eade r  may wish t o  assume 
p i s  f i n i t e  dimensional i n  which case  the  d i s t i n c t i o n  vanishes .  
I f  (b) i s  dropped we r e f e r  t o  w a s  a  nresyrnDlect ic  
form. This  case  w i l l  be r e f e r r e d  t o  l a t e r .  The f i r s t  r e s u l t  i s  
r e f e r r e d  t o  a s  Darboux's theorem. Our proof fo l lows  Weinstein [ I ] .  
The method i s  a l s o  u se fu l  i n  Morse theory ;  s e e  P a l a i s  [5]  . 
Theorem. Let w be a symplectic form on the Ranach manifold p . 
-- 2 -
For each x E P there  i s  a-local c p o r d i n a t c h a r t  about x i n  Which 
w i s  cons t an t .  
-
Proof.  We can assume P = E and x = 0 E E . 1,et w be the 1 
- - 
cons t an t  form equa l l i ng  w = w(0) . Le t  w = wl - w and w = w -t t w  , 0 t 
0 - < t - < 1 . For each t , w t ( 0 )  = w(0) i s  nondegenerate. Hence by 
-7- 
openness of the  s e t  of l i n e a r  isomorphisms of E t o  E"  , t he re  i s  a 
neighborhood of 0 on which w i s  nondegenerate f o r  a l l  0 < t < 1 . t - - 
We can assume t h a t  t h i s  neighborhood i s  a  b a l l .  Thus by the  ~ o i n c a r ;  
r-4 
lemma (appendix 1) w = da, f o r  some one form a, . We can suppose 
~ ( 0 )  = 0 . 
Define a  vec tor  f i e l d  X by i 
t wt = -a which i s  pos s ib l e  
t 
s ince  w i s  nondegenerate. Moreover, X t  w i l l  be smooth. Since 
t 
x (0)  = 0 we can ,  from the  l o c a l  ex i s t ence  theory r e s t r i c t  t o  a  
t 
s u f f i c i e n t l y  small b a l l  on which the  i n t e g r a l  curves w i l l  be def ined  
f o r  a  time a t  l e a s t  one. 
Now l e t  F be the  flow of X t  . The connect ion between 
t 
L ie  d e r i v a t i v e s  and flows s t i l l  ho lds  f o r  time dependent vec tor  f i e l d s ,  
so  we have 
.L .?A 
Therefore,  ~ " w  = F"w = oi , so Fl provides the  c h a r t  t ransforming 1 1  0 0  
u t o  the  cons tan t  form w 1 ' 
Of course such a  r e s u l t  cannot be t r u e  f o r  riemannian 
s t r u c t u r e s  (o therwise  they would be f l a t ) .  Darboux's theorem i s  no t  
t r u e  f o r  weak symplectic forms. See Marsden [ 4 ] .  Recently A .  Tromba 
has found some use fu l  s u f f i c i e n t  cond i t i ons  t o  cover the  weak case .  
Corol la ry .  I f  P - i s --. f i n i t e  dimensional and w i s  a - s ~ m & e _ c ~ c  .f'rx 
then 
-
( a )  p i s  even dimensional ,  say dim P = m = 2n 
(b)  l o c a l l y  about each po in t  t he re  a r e  cqord ina tes  --.-- 
n i i 
u = C d x  A d y  . 
such coo rd ina t e s  a r e  c a l l e d  canonica l .  
p roof .  By elementary l i n e a r  a lgeb ra ,  any skew symmetric b i l i n e a r  form 
-
which i s  nondegenerate h a s  t he  canonica l  form 1 I)  where T i s  \ - I  0 
the n X n i d e n t i t y .  This i s  t he  mat r ix  ve r s ion  of (b)  pointwise on 
M . The r e s u l t  now fo l lows  from Darboux's theorem. 
The c o r o l l a r y  a c t u a l l y  has  a  g e n e r a l i z a t i o n  t o  i n f i n i t e  
dimensions. C l ea r ly  i t  i s  j u s t  a  r e s u l t  on t he  canon ica l  form of a  
skew symmetric b i l i n e a r  mapping. F i r s t  some n o t a t i o n .  Le t  E be a  
r e a l  vec to r  space.  By a  complex s t r u c t u r e  On E we mean a  l i n e a r  map 
2 J  : E 4 E  such t h a t  J  = -I . Ey s e t t i n g  i e  = J f e )  one then g ives  
E t he  s t r u c t u r e  of a  complex vec tor  space.  We now show t h a t  a  
symplect ic  form i s  t he  imaginary p a r t  of an i nne r  product .  ( c f .  Cook [ I ] ) .  
P ropos i t i on .  bet H be a  r e a l  H i l b e r t  space and R a skew symmetric 
weakly nondegenerate b i l i n e a r  form on H . Then t h e r e  e x i s t s  a  complex 
s t r u c t u r e  J H and a  r e a l  i nne r  product  s  such t h a t  
S e t t i n g  
h i s  a  hermetian i nne r  product .  F i n a l l y ,  h  s  i s  complete on 
H iff B i s  nondegenerate.  
Proof .  Le t  <, > be t he  given complete i nne r  product  on H . By 
the  Riesz theorem, B(x, y) = <Ax, y> f o r  a  bounded l i n e a r  opera tor  
.,A 
A : H + H  . Since B i s  skew, we f i n d  A '  = -A  . 
Since  B i s  weakly nondegenerate ,  A i s  i n j e c t i v e .  Now 
2 rl- 
-A 2 O , and from A = -A" we s ee  t h a t  i s  i n j e c t i v e .  L e t  P  
2 be a  symmetric non-negat ive square r o o t  of -A . Hence P i s  i n j e c -  
-7- 
- 1 t i v e .  Since P  = P" , P has  dense range.  Thus P i s  a  well 
- 1 def ined  unbounded o p e r a t o r ,  Set  J = Ap , so  t h a t  
-9- 
A = J P  . From A = -A^ and p2 = - A ~  , we f i n d  t h a t  J i s  or thogonal  
and .JL = -1 . Thus we may assume J  i s  a  bounded ope ra to r .  Moreover 
J i s  symplect ic  i n  t he  sense t h a t  B(Jx, Jy)  = B(x, y) . Define 
s ( x ,  y)  = B(Jx,  y) = a x ,  y> s ince  A = JP = PJ . Thus s  i s  an 
i nne r  product  on H . F i n a l l y ,  i t  i s  a  s t r a igh t fo rward  check t o  see  
t h a t  h  i s  a  hermetian inner  product .  For example; h ( i x ,  y) = s ( Jx ,  y) 
+ iB(Jx ,  y) = -B(x, y) + i s ( x ,  y) = i h ( x ,  y) . The p ropos i t i on  
fo l lows .  
Canonical Symplectic Forms. 
We r e c a l l  t h a t  a  Banach space E i s  r e f l e x i v e  i f f  t he  
-,-.I_ 
canonica l  i n j e c t i o n  E + E"" i s  on to .  For i n s t ance  any f i n i t e  
dimensional o r  H i l b e r t  space i s  r e f l e x i v e .  The L  spaces ,  1 < p < m 
P 
a r e  r e f l e x i v e ,  bu t  C(  [ 0 ,  11 , R )  with t he  sup norm i s  n o t .  
L e t  M be a  manifold modelled on a  Banach space E . L e t  
;': 
T"'M be i t s  cotangent  bundle, and T : T M  4 M the  p r o j e c t i o n .  
 fine the  canonical  one form 8  on T"M by 
where a m E T ~ M  and WETm(T7"~)  . I n a c h a r t  U c E  , t h i s  
formula i s  the  same a s  saying 
-?- -,A 
where (x, a )  E U X E"  , ( e ,  8 )  E E X E" . If M i s  f i n i t e  dimensional ,  
t h i s  says 
1 -1- n 
where q , . . . , q  , p l , .  . . ,pn a r e  coord ina tes  f o r  T"M . 
The canonical  two form i s  defined by w = dB . Loca l ly ,  
us ing  the  formula f o r  d  from t a b l e  one, p. 19 ,  
o r ,  i n  the  f i n i t e  dimensional c a s e ,  
Propos i t ion  ( a )  The form w i s  a  weak symplectic form on p  = T ' ' ~  
(b)  w i s  syrnplectic i f f  E i s  r e f l e x i v e  . 
Proof .  ( a )  Suppose w(x, a ) ( ( e l ,  a l )  ' ( e2 ,  a 2 ) )  = 0 a l l  ( e 2 ,  a 2 )  . 
-L 
S e t t i n g  e  = 0 we ge t  a2 (e l )  = 0 f o r  a l l  w2 E E . By the  2  
Hahn-Banach theorem, t h i s  implies  e  = 0 . S e t t i n g  a, = 0 we ge t  1 2  
w1(e2) = 0 f o r  a l l  e  E E , so D = 0 . 2  1 
(b)  Suppose E i s  r e f l e x i v e .  We must show t h a t  the  map 
b  9: .I. J- -T- -1. 1. .. 7. b  
of : E x E + (E  x E")"  = E" x E , rn ( e l ,  cul)*(c2, a 2 )  = 
J- 
(cr2(el) - o1(e2)) i s  onto.  Let  (B , f )  E E* x E'?* x E" x E . We can 
take e  = f  , al = -e  ; then ( e l ,  a l )  i s  mapped t o  (@,  f )  under 1 
(@,  E9: E9:;': , 
2wb . Conversely i f  wb i s  on to ,  then f o r  
t he re  i s  ( e l ,  cul) such t h a t  f ( a 2 )  + @ ( e 2 )  = ~ ~ ( e ~ )  - a ( e  ) f o r  1 2  
-,.-l. ,. ,. 
a l l  e 2  , u2 . S e t t i n g  e  = 0 we see £ ( a ,  ) = a, ( e  ) , so 2 E  -t E 2  2  2  1 
i s  on to .  
Symplectic Forms induced by Metr ics .  
I f  <, >x i s  a  weak Riemannian met r ic  on M , we have a  
-1- 
smooth map cp : M T"M defined by cp(vx)wx = <v w > , x  E M . 
X '  X X 
I f  <, > i s  a  ( s t rong)  Riemannian met r ic  i t  fol lows from the  i m p l i c i t  
J. 
func t ion  theorem t h a t  cp i s  a diffeomorphism of TM onto T"M . I n  
-1. ..- 
any c a s e ,  s e t  CI = y"(w) where w i s  t he  canonica l  form on T"M . 
Clea r ly  a i s  exact  s ince  (1 = d(cp9'(0)) . 
Propos i t ion .  ( a )  If <, >x i s  a weak m e t r i c ,  then fl i s  a  weak 
syrnplectic form. I n  a c h a r t  U for M we have 
where Dx denotes the de r iva t ive  with r e spec t  t o  x  . 
(b)  If <, >x i s  a  s t rong  met r ic  and M i s  modelled on 
a  r e f l e x i v e  space,  then R i s  a  symplectic form. 
( c )  R  = de where, l o c a l l y ,  0 ( x ,  e ) ( e l ,  e2)  = -<e, e  l x '  > 
Note. I n  the  f i n i t e  dimensional c a s e ,  t he  formula f o r  CI becomes 
-
1 n  * 1  where q  , . , q  , q , . a r e  coord ina tes  f o r  TM . 
proof.  By d e f i n i t i o n  of pu l l -back ,  R(x, e)  ( ( e l  , e2)  , ( e3 ,  e4) )  = 
u(x ,  e ) ( h p ( x , e ) ( e l ,  5 ) '  Dv(x,e)(e3,  e4) )  But c l e a r l y  q (x ,e>  ( e l ,  e2) = 
( e l ,  Dx<e, .>,el + <e2, *>,) , SO the  formula f o r  0 fol lows from 
t h a t  f o r  w . To check weak nondegeneracy, suppose R (x ,e> ( ( e l ,  e2)  , ( e3 ,  9 )  = 0  
f o r  a l l  ( e  3 ,  e4) . S e t t i n g  e  = O  we f i n d  <e e >  = O  f o r  a l l  3  4 '  1 x  
e4 , whence e  = 0  . Then we ob ta in  <e e > = 0  , so e  = 0  . 1 2' 3  x  2 
P a r t  (b)  fol lows from the  easy f a c t  t h a t  the  t ransform of a  symplectic 
form by a  diffeomorphism i s  s t i l l  symplect ic .  
The above r e s u l t  ho lds  equal ly  wel l  f o r  pseudo-Riemannian 
manifolds.  
Note t h a t  i f  M = H i s  a  H i l b e r t  space with the  cons tan t  
inner  product ,  then w i s ,  on H x H which we may i d e n t i f y  with - 
t he  complexified H i l b e r t  space,  equal  to  the imaginary p a r t  of the  
i nne r  product :  L e t  e = e + i e 2  , f = f  + i f  1 1 . Then 
Canonical Transformations. 
Le t  P , w be a  weak symplectic manifold; i . e .  w i s  a  
weak symplectic form on P . A (smooth) map f  : P 4 P i s  c a l l e d  
.l. -Ir 
canonica l  or  symplectic when f"w = w . I t  fol lows t h a t  f"(m A . . . A w) = 
o A . . . A w ( k  t imes) .  I f  P i s  2n dimensional ,  IJ, = w A . . . A w 
( n  times) i s  nowhere vanishing;  by a  computation one f i n d s  t o  be 
a  mu l t i p l e  of the  Lebesgue measure i n  canonica l  coo rd ina t e s .  We c a l l  
p the  phase volume or the  L i o u v i l l e  form. Thus a  symplectic map 
preserves  the  phase volume, and i s  n e c e s s a r i l y  a  l o c a l  diffeomorphism. 
We b r i e f l y  d i s cus s  symplectic maps induced by maps on the  
base space of a  cotangent  bundle. 
Theorem. Let  M be a  manifold and f  : M + M a  diffeomorphism, 
-
de f ine  the  L i f t  of f % 
-9- -9- ;'i 
Then T"f i s  symplectic and i n  f a c t  ( ~ " f )  8 = 8 , where 8 i s  the  
canonica l  one form. (We cou ld ,  equal ly  we l l  consider  diffeomorphisms 
from one manifold t o  ano the r . )  
-9- 
proof. By definition, (T"~)*@(w) = 0(~~"'fa W) = 
-
-9. -I. -v. -.- -1. -*+ 
-~"f(a~)- (TT"TT"~ W) = -T"~(W~)* (T(<'.T''~). W) 
.!- .#. 
= -a ( ~ f -  T(T"~T"~)*w) 
m 
-1. 
= -a (~(f OT"OT"~)* W) 
m 
- - 
- am 
*(TT *w) = e(w) 
-9- 
,, ;'c 
since, by construction, f o ~  OT f = T ' . I7 
9c 
One can show conversely that any diffeomorphism of P = T M 
which preserves 0 is the lift of some diffeomorphism of M . But, 
on the other hand, there are many other symplectic maps of P which 
are not lifts. 
Corollary. Let M be a weak Riemannian manifold and the 
corresponding weak symplectic form. Let f : M 4 M be a diffeomorphism 
-
which is an isometry: <%, w>~ = a f *  V, Tfaw> . Then 
f(x) - 
Tf : TM 4 TM is symplectic. 
Proof. The result is immediate from the above and the fact that 
-9- .L 
~ " f  cp 0 Tf = c p  where cp : T M ~ T " M  is as on p . 3 4 .  
Hamiltonian Vector Fields and Poisson Brackets. 
Definition. Let P , w be a weak symplectic manifold. A vector 
field X : D 4 TP with manifold domain D is called Hamiltonian if 
there is a C' function H : D 4 R such that 
a s  1-forms on D . We say X i s  l o c a l l y  Hamiltonian i f  i w i s  X 
c losed .  
We w r i t e  X = 5 because u sua l ly  i n  examples one i s  given 
H and then one c o n s t r u c t s  t h e  Hamiltonian vec to r  f i e l d  53 * 
Because w i s  only weak, given H : D 4 R , XH need no t  
e x i s t .  Also,  even i f  H i s  smooth on a l l  of P w i l l  i n  genera l  
be defined only on a c e r t a i n  subse t  of P , bu t  where i t  i s  de f ined ,  
i t  i s  unique. 
The condi t ion  
= dH reads 
x  E D , v  E TxD C TxM . From t h i s  we note  t h a t ,  n e c e s s a r i l y ,  f o r  
each x f D , dH(x) : TxD 4 R i s  extendable t o  a  bounded l i n e a r  
func t iona l  on TxP . 
The r e l a c i o n  w(s, v> = dHav i s  the  geometr ical  formulat ion 
of the same cond i t i on  XH(<) = Jegrad H(F;) with which we motivated 
the  d i scus s ion .  
Some P r o p e r t i e s  of Hamiltonian Systems. 
We now give a  couple of simple p r o p e r t i e s  of Hamiltonian 
systems. The proofs  a r e  a  b i t  more t echn ica l  f o r  densely defined 
r 
vec tor  f i e l d s  so f o r  purposes of t he se  theorems we work with C vector  
f i e l d s  . 
Theorem. Let % be a Kamiltonian vector field on the symDlectic 
P , w and let Ft be the flow of . Then 
(i) Ft is symplectic, F'kw=w t 
and (ii) energy is conserved; H o F = H . t 
proof. (i) Since F = identity, it suffices to show that 
-- 0 
d - Ftw = 0 . But by lecture 1, 
at 
= ~*[di w] (x) + ~:[i dul (x) 
51 5 
The first term is zero because it is ddH and the second is zero 
because dw = O . 
(ii) By the chain rule, 
but this is zero in view of the skew symmetry of w.  17 
An immediate corollary of (i) is Liouville's theorem: Ft 
preserves the phase volume. I t  seems likely that a version of 
Liouvillek theorem holds in infinite dimensions as well. The phase 
volume would be a Wiener measure induced by the symplectic form. 
More generally than (ti) one can show that for any function 
f : P - > R ,  
where [ f ,  g )  = w(Xf, Xg) i s  the Poisson bracket ;  i n  f a c t  i t  i s  easy 
t o  see t h a t  
I f ,  81 = f . 
g 
-9. 
(Note t h a t  ~ " f  = f  OF f o r  func t ions . )  
t t 
The Wave Equation a s  a  Hamiltonian System. 
The wave equat ion f o r  a  func t ion  u (x ,  t )  , x E R~ , t E R 
i s  given by 
with u  given a t  t = O  , We consider  
where H1 c o n s i s t s  of func t ions  i n  L 2  whose f i r s t  d e r i v a t i v e s  a r e  
a l s o  i n  L Le t  
and 
with symplec t i c  form t h a t  a s soc i a t ed  with the  L2 met r ic  
r e  
W((U,  b). ( v ,  G ) )  = L u  - j uv . J 
(Reca l l  t h a t  there  i s  always an a s soc i a t ed  complex s t r u c t u r e  -- i n  
t h i s  ca se  t h a t  of L2(R, C)  ; i n  f a c t  t h e r e  i s  a l s o  one making the  
flow of 5 u n i t a r y  a s  i n  Cook [ I ] ,  a t  l e a s t  i f  m >  0) . Define 
~t i s  an easy v e r i f i c a t i o n  ( i n t e g r a t i o n  by p a r t s )  t h a t  X 
H Y W  and H 
a r e  i n  the  proper r e l a t i o n ,  so i n  t h i s  sense the wave equat ion i s  
Hamiltonian. 
That t h i s  equat ion has  a  flow on P fol lows from the  
hyperbol ic  vers ion  of t he  Hil le-Yosida theorem s t a t e d  i n  l e c t u r e  1. 
The Schrodinger Equation. 
Le t  P = H a  complex H i l b e r t  space with w = I m  <,> . Let  
H be a  s e l f  a d j o i n t  opera tor  with domain D and l e t  
and 
Again i t  i s  easy t o  check t h a t  w , % and H a r e  i n  t he  c o r r e c t  
r e l a t i o n .  
I n  t h i s  sense 5 i s  Hamiltonian. Note t h a t  $ ( t )  i s  an 
i n t e g r a l  curve of 5 i f  
t he  a b s t r a c t  Schrodinger equa t ion  of quantum mechanics.  
That 5 has  a  f low i s  another  case  of t he  Hil le-Yosida 
theorem c a l l e d  S tone ' s  theorem; i . e .  i f  H i s  s e l f  a d j o i n t ,  then in 
-
i t H  g e n e r a t e s  a  one parameter u n i t a r y  group, denoted e  . 
We know from genera l  p r i n c i p l e s  t h a t  t he  f low e  itH w i l l  be 
symplect ic .  The a d d i t i o n a l  s t r u c t u r e  needed f o r  u n i t a r i t y  i s  exac t l y  
complex l i n e a r i t y .  
We s h a l l  r e t u r n  t o  quantum mechanical systems i n  a  l a t e r  
l e c t u r e  . 
We next  t u r n  our a t t e n t i o n  t o  geodesics  and more gene ra l l y  
t o  Lagrangian sys tems. 
The Spray of a  Met r ic .  
L e t  M be a weak Riemannian manifold with met r ic  <, >x 
on t he  tangent  space TxM . We now wish t o  de f ine  t he  spray S  of 
t he  me t r i c  <, >x . This  should be a  vec to r  f i e l d  on TM ; S  : M + T% 
whose i n t e g r a l  curves  p r o j e c t  on to  geodes ics .  Loca l l y ,  i f  ( x ,  v) E TxM , 
w r i t e  S (x ,  v) = ( ( x ,  v ) ,  ( v ,  y ( x ,  v ) )  . I f  M i s  f i n i t e  dimensional ,  
i i i k  the  geodesic  spray i s  given by p u t t i n g  y  ( x ,  v) = - r .  ( x ) v  v  . I n  
~k 
t he  genera l  c a s e ,  t he  c o r r e c t  d e f i n i t i o n  f o r  y i s  
where D <v, v> . w means the  d e r i v a t i v e  of <v, v > ~  with r e spec t  t o  
X X 
x i n  the  d i r e c t i o n  of w . I n  the  f i n i t e -d imens iona l  c a s e ,  t he  
r i g h t  hand s ide  of (1) i s  given by 
i j k  
which i s  the  same a s  - f .  v  v  w 
J k  
So with t h i s  d e f i n i t i o n  of y , i 
s i s  taken t o  be the  spray.  The v e r i f i c a t i o n  t h a t  S i s  well-defined 
independent of t he  c h a r t s  i s  no t  too d i f f i c u l t .  Notice t h a t  y i s  
quadra t ic  i n  v . One can a l s o  show t h a t  S i s  j u s t  the  Hamiltonian 
vec tor  f i e l d  on TM as soc i a t ed  with t he  k i n e t i c  energy k<v, v> . 
This w i l l  a c t u a l l y  be done below; c f .  Abraham [ 2 ]  and Chernoff- 
Marsden [ l ] .  
The po in t  i s  t h a t  the d e f i n i t i o n  of y i n  (1) makes sense 
i n  the i n f i n i t e  a s  wel l  a s  the f i n i t e  dimensional c a s e ,  whereas the  
u sua l  d e f i n i t i o n  of ri makes sense only i n  f i n i t e  dimensions. This jk 
then g ives  u s  a  way t o  dea l  with geodesics  i n  i n f i n i t e  dimensional 
spaces.  
Equations of Motion i n  a  P o t e n t i a l .  
Le t  t tt ( x ( t )  , v ( t ) )  be an i n t e g r a l  curve of S . That i s :  
These a r e  the equat ions of motion i n  the  absence of a  p o t e n t i a l .  Now 
l e t  V : M + R ( t h e  p o t e n t i a l  energy) be given.  A t  each x , we have 
J- 
t he  d i f f e r e n t i a l  OE V , dV(x) E T ~ M  , and we de f ine  grad V(x) by: 
( 3 )  <grad V(x),  w > ~  3 dV(x)*w . 
I t  i s  a  d e f i n i t e  assumption t h a t  grad V e x i s t s ,  s i nce  t he  map 
T M +T"M induced by t he  me t r i c  i s  no t  n e c e s s a r i l y  b i j e c t i v e .  
X X 
The equa t ion  of motion i n  t he  p o t e n t i a l  f i e l d  V i s  given 
by: 
The t o t a l  energy,  k i n e t i c  p l u s  p o t e n t i a l ,  i s  given by H(v ) = 
X 
v  1 1  + ( x )  . I t  i s  a c t u a l l y  t r u e  t h a t  the vec to r  f i e l d  2 x XH 
determined by H and t he  symplect ic  s t r u c t u r e  on TM induced by t he  
met r ic  i s  given by ( 4 ) .  This  w i l l  be p a r t  of a more gene ra l  d e r i v a t i o n  
of Lagrange's equa t ions  below. 
Lagrangian Systems. 
We now want t o  gene ra l i z e  t he  idea  of motion i n  a  p o t e n t i a l  
t o  t h a t  of a  Lagrangian system; t he se  a r e ,  however, s t i l l  s p e c i a l  
types of Hamiltonian systems. See Abraham [ 2 ]  f o r  an a l t e r n a t i v e  
expos i t i on  of t he  f i n i t e  dimensional c a s e ,  and Marsden [ I ]  , and Chernof f -  
Marsden [ I ]  f o r  a d d i t i o n a l  r e s u l t s .  
We begin with a  manifold M and a  given f u n c t i o n  L : TM -,R 
c a l l e d  t he  Lagrangian. I n  case  of motion i n  a  p o t e n t i a l ,  one t akes  
which d i f f e r s  from the  energy i n  t h a t  we use  - V  r a t h e r  than +V . 
Now L  de f ine s  a  map, c a l l e d  t he  f i b e r  d e r i v a t i v e ,  
-9- 
FL : TM -t T"M a s  fol lows:  l e t  v ,  w E T  M . Then set 
X 
d  
FL(v)-w E -L(v + tw) I d t  t = O  
That i s ,  n ( V ) * w  i s  t he  d e r i v a t i v e  of L along t he  f i b e r  i n  
d i r e c t i o n  w . 
1 I n  case  of ~ ( v  ) = --<v v  > - V(x) , we see  t h a t  
X 2 X Y X X  
-1. 
F L ( V ~ ) - W  = <v w > so we recover  t he  usua l  map of TM 4 T"M 
X x y  X X 
assoc ia ted  with t he  b i l i n e a r  form <, >x . 
-9- 
As we saw above, T"M c a r r i e s  a  canonica l  symplect ic  form 
w . Using FL we ob t a in  a  c lo sed  two form on TM by L  
.I- 
u = (FL) u . L 
I n  f a c t  a  s t r a igh t fo rward  computation y i e l d s  t he  fo l lowing  l o c a l  
formula f o r  w . i f  M i s  modeled on a  l i n e a r  space E , so l o c a l l y  
L ' 
TM looks l i k e  U x E where U c E i s  open, then le, ( u ,  e )  f o r  L  
( u ,  e )  E U x E i s  the  skew symmetric b i l i n e a r  form on E X E given by 
where Dl D2 denote  t h e  i n d i c a t e d  p a r t i a l  d e r i v a t i v e s  of L . 
I t  i s  easy  t o  s e e  t h a t  w i s  (weakly) nondegenerate  i f  L 
D2D2L(u, e )  i s  (weakly) nondegenerate .  But we want t o  a l s o  a l l o w  degenerate  
c a s e s  f o r  l a t e r  purposes ,  I n  c a s e  of motion i n  a  p o t e n t i a l ,  nondegeneracy 
of m amounts t o  nondegeneracy of t h e  m e t r i c  <, >x . The a c t i o n  L 
of L i s  de f ined  by A : TB + R , A(v) = F L ( v ) @ v  , and t h e  energy of 
L i s  E = A - L . In c h a r t s ,  
and i n  f i n i t e  dimensions i t  i s  t h e  e x p r e s s i o n  
( summation convent ion  P )  
Now given L , we say t h a t  a v e c t o r  f i e l d  Z on TM i s  a  
Lagrangian v e c t o r  f i e l d  o r  a  Lagrangian system f o r  L i f  the  Lagrangian 
c o n d i t i o n  h o l d s :  
f o r  a l l  v  E TbM , and w E TV(TM) . H e r e ,  dE denotes  t h e  d i f f e r e n t i a l  
of E a 
Below we s h a l l  s e e  t h a t  f o r  motion i n  a  p o t e n t i a l ,  t h i s  l e a d s  
t o  the  same e q u a t i o n s  of motion which we found above. 
I f  % were a  weak symplect ic  form t h e r e  would be a t  most 
one such Z . The f a c t  t h a t  w may be degenerate  however means L  
t h a t  Z i s  n o t  uniquely determined by L  so t h a t  t h e r e  i s  some 
a r b i t r a r i n e s s  i n  what we may choose f o r  Z . Also i f  i s  degen- 
e r a t e ,  Z may no t  even e x i s t .  I f  i t  does ,  we say t h a t  we can de f ine  
c o n s i s t e n t  equa t ions  of motion. These i dea s  have been d iscussed  i n  
t he  f i n i t e  dimensional case  by Dirac [ 1 ]  and Kunzle [ I ] .  
The dynamics i s  obtained by f i n d i n g  t he  i n t e g r a l  curves  of 
z ; t h a t  i s  the  curves  v ( t )  such t h a t  v ( t )  E TM s a t i s f i e s  
(dv /d t )  ( t )  = Z ( v ( t ) )  . From the  Lagrangian cond i t i on  i t  i s  t r i v i a l  
t o  check t h a t  energy i s  conserved even though L may be degenerate:  
Propos i t ion .  Let Z be a  Lagrangian vec to r  f i e l d  f o r  L  and l e t  
v ( t )  E TM be an i n t e g r a l  curve of Z . Then E ( v ( t ) )  i s  cons t an t  
i n  t . 
-
Proof .  By the  cha in  r u l e ,  
by t he  skew symmetry of m 
L * 
We now want t o  gene ra l i z e  our prev ious  l o c a l  express ion  f o r  
t he  spray of a  m e t r i c ,  and t he  equa t ions  of motion i n  t he  presence of 
a  p o t e n t i a l .  I n  t he  genera l  c a se  the  equa t ions  a r e  c a l l e d  "Lagrange's 
equat ions".  
P r o p o s i t i o n .  Let Z be a  Lagrang ian  sys tem f o r  L  and suppose Z 
i s  a  second o r d e r  e q u a t i o n  ( t h a t  i s ,  i n  a  c h a r t  U x E for TM , 
Z ( u ,  e )  = ( e ,  Z2(u ,  e ) )  f o r  some map Z 2  : U x E -+ E )  . Then i n  t h e  
c h a r t  U x E , a n  i n t e g r a l  c u r v e  ( u ( t ) ,  v ( t ) )  E U x E of Z s a t i s f i e s  
L a g r a n g e ' s  e q u a t i o n s :  
f o r  a l l  w E E . I n  c a s e  L  i s  nondegenera te  we have  
I n  c a s e  of motion i n  a  p o t e n t i a l ,  ( 2 )  r e d u c e s  r e a d i l y  t o  t h e  
e q u a t i o n s  we found p r e v i o u s l y  d e f i n i n g  t h e  s p r a y  and g r a d i e n t .  
P r o o f .  From t h e  d e f i n i t i o n  of t h e  ene rgy  E we have  
dE(u,  e ) * ( e l ,  e 2 )  = D  ( D L ( u ,  e ) ' e  + D D L ( u ,  e ) * e a e  - D L L ( u ,  e ) e e  1 2  1 2 2  2  1 ' 
L o c a l l y  we may w r i t e  Z(u, e )  = ( e ,  Y(u ,  e ) )  a s  Z i s  a  second o r d e r  
e q u a t i o n .  Using t h e  formula  f o r  w , t h e  c o n d i t i o n  on Y may be 
L 
w r i t t e n ,  a f t e r  a  s h o r t  computat ion:  
DIL(u, e ) * e  = D (D L ( u ,  e ) e e l ) e e  f D (D L ( u ,  e ) * Y ( u ,  e ) ) *  e l  1 1 2  2  2  
f o r  a l l  e  E E . 1 
T h i s  i s  t h e  formula  ( 2 )  above.  Then, i f  ( u ( t ) ,  v ( t ) )  i s  a n  i n t e g r a l  
c u r v e  of Z we o b t a i n ,  u s i n g  d o t s  t o  d e n o t e  t ime d i f f e r e n t i a t i o n ,  
.. 
DIL(u, e ) - e  = D ( D  L (u ,  ;)ee 0 ;  + D  D L (u ,  u ) * u * e  1 1 2  1 2  2 1 
d  
= -D ~ ( u ,  ;)* e  d t  2  1 
by the cha in  r u l e .  
From these  c a l c u l a t i o n s  one s ee s  t h a t  i f  w i s  nondegenerate L  
z i s  au tomat ica l ly  a second o rde r  equa t ion  ( c f .  Abraham [ Z ] ) .  Also,  
the cond i t i on  of being second o rde r  i s  i n t r i n s i c ;  Z i s  second order  
i f  TnoZ = i d e n t i t y  , where n : TM 4 M  i s  the  p r o j e c t i o n .  See 
Abraham [ 2 ]  , or  Lang [ 11. 
Often L  i s  ob ta ined  i n  t he  form 
f o r  a  Lagrangian dens i t y  L and p some volume element on some 
manifold Q . Then M i s  a  space of func t i ons  on Q o r  more gene ra l l y  
s ec t i ons  of a  vec to r  bundle over Q . I n  t h i s  c a s e ,  Lagrange 's  
equa t ions  may be converted t o  the  u sua l  form of Lagrange ' s  equa t ions  
f o r  a  d e n s i t y  L . We s h a l l  see how t h i s  i s  done i n  a  couple of 
s p e c i a l  c a se s  i n  l a t e r  l e c t u r e s .  (See a l s o  Marsden [ I ] ) .  
3.  E l l i p t i c  Operators  and Function Spaces. 
I n  t h i s  l e c t u r e  we s h a l l  d i s cus s  some of t he  bas ic  spaces 
of func t ions  which a r e  used i n  a n a l y s i s .  I n  a d d i t i o n  we s h a l l  d i s cus s  
some of the fundamental p r o p e r t i e s  of e l l i p t i c  o p e r a t o r s ,  f i r s t  i n  
the  case of the  Laplac ian ,  and then i n  gene ra l ,  These r e s u l t s ,  
e s p e c i a l l y  the " s p l i t t i n g  theorems" a r e  of cons iderable  use i n  proving 
c e r t a i n  subse ts  of the func t ion  spaces a r e  a c t u a l l y  submanifolds. This 
w i l l  f i n d  a p p l i c a t i o n  i n  hydrodynamics and gener a1  r e l a t i v i t y  . 
F i n a l l y ,  we s h a l l  cons ider  some elementary p r o p e r t i e s  of t h e  space of 
maps of one manifold t o  another .  
We begin then with a  d i s cus s ion  of the  Sobolev spaces.  
Sobolev spaces.  
Le t  W c Rn be an open bounded s e t  with cm boundary. 
- 
Le t  0 be the  c lo su re  of R . Define cm(n ,  Rn) t o  be the  s e t  of 
-L 
func t ions  from R i n t o  Rn t h a t  can be extended" t o  a  crn func t ion  
- m 
on some open s e t  i n  Rn conta in ing  R . Let  Co(n2 Rm) = 
( f  E cm(n ,  Rm)1 the support  of f  i s  contained i n  a  compact subse t  
of n} . 
To desc r ibe  the  Sobolev spaces i n  an elementary f a sh ion ,  
we temporari ly in t roduce  some more n o t a t i o n .  An n  mult i - index i s  
m 
* This d e f i n i t i o n  i s  - the  same a s  saying t h a t  the func t ions  a r e  C- 
on the  c losed  s e t  R (with d i f f e r ence  quo t i en t s  taken wi th in  R) 
by v i r t u e  of the  %i tney  ex tens ion  theorem. See the appendix of 
Abraham-Robbin [ I ] .  The same technique can be appl ied  t o  Sobolev 
spaces;  c f .  t he  Calderon ex tens ion  theorem below and Marsden [ 8 ] .  
an ordered s e t  of n  non-negative i n t e g e r s .  I f  k  = ( k l ,  ..., kn) 
i s  an n  mul t i - index ,  then pu t  ]k l  = k 1 + k2 + . . . + k n  . ~f  
k  
E cm(R, Rm) , de f ine  D u  by the  formula 
0 
and D (u)  = u . For u € Cm(n, Rm) ( o r  c I ( ~ ,  Rn)) , de f ine  
2  [ i -- k 2 l u l l s  = ) I ~ u ( x ) l  d x .  
S m 
NOW X (n, R ) ( r e s p .  H:(R, R ~ ) )  i s  def ined  t o  be t he  completion of 
cm(R, Rm) ( r e s p .  cO(R, Rm)) under the  1 I s  norm. These H' 
0 m 0  m 
spaces a r e  c a l l e d  the Sobolev spaces.  Note t h a t  HO(R, R ) = H (R, R ) = 
~ , ( n ,  R ~ )  3 H'(Q, Rm) ; b u t  f o r  s  2 1 , H;(Q, R ~ )  # n s ( n ,  R ~ )  a s  we 
s h a l l  see below. 
There i s  another equ iva l en t ,  and perhaps b e t t e r ,  d e f i n i t i o n  
k  
of the  SoboPev norm. Let  d  u  be t he  k th  t o t a l  d e r i v a t i v e  of u  
k  
so t h a t  d  u  : -+ Lk(Rn, Rm) where Lk(Rn, Itm) denotes the k - l i n e a r  
maps on R~ x Rn x . . . x Rn -+ Rm with the  s tandard norm. Then i f  we s e t  
\ 
k times 
the  1 1 and I ] I s  norms a r e  equ iva l en t .  This i s  a  simple exe rc i s e .  
Also note t h a t  HS(n, Rn) and H:(o, Rn) a r e  H i l b e r t  spaces 
w i t h  t h e  i n n e r  p r o d u c t  
Sobolev Theorem. 
k  ( a )  Let s > (n/2)  + k  . Then HS(C2, Rm) c C  (0, Rm) and 
-
t h e  i n c l u s i o n  map i s  c o n t i n u o u s  ( i n  f a c t  i s  compact)  when ck(C2, Rm) 
h a s  t h e  s t a n d a r d  Ck  t o p o l o g y ,  ( t h e  sup o f  t h e  d e r i v a t i v e s  o f  o r d e r  
_ < k )  * 
( b )  If s  > (1-112) then H ~ ( R ,  R ~ )  i s  a  r i n g  under  p o i n t w i s e  
m u l t i p l i c a t i o n  of components.  ( T h i s  i s  o f t e n  c a l l e d  t h e  Schauder  r i n g . )  
( c )  s  > h f  E HS(C2, Rm) fhen f l a n  t H S - l i  . 
( d )  (Ca lde ron  E x t e n s i o n  Theorem). I f  f  E HS(n ,  Rm) then 
-
f  h a s  an  e x t e n s i o n  f  E H ' ( R ~ ,  Rm) . 
Regarding ( c ) ,  s e e  P a l a i s  [ l ]  f o r  a  d i s c u s s i o n  of c o n t i n u o u s  
Sobolev c h a i n s ;  i . e . ,  t h e  d e f i n i t i o n  of H S  f o r  s n o t  a n  i n t e g e r ;  
b a s i c a l l y  one c a n  use  t h e  F o u r i e r  t r a n s f o r m  o r  one c a n  i n t e r p o l a t e .  
S ( d )  means t h a t  f  c a n  be ex tended  a c r o s s  aR i n  a n  H way. 
D i f f e r e n t i a b i l i t y  p r o p e r t i e s  a t  t h e  boundary p r e s e n t s  some 
t e c h n i c a l  problems b u t  a r e  v e r y  i m p o r t a n t  i n  hydrodynamics.  Thus i t  
S i s  i m p o r t a n t  t o  d i s t i n g u i s h  H: from H . 
The proof of t h e  Sobolev Theorem c a n  be found i n  Ni renberg  
[ l ]  a n d  P a l a i s  [I]; s e e  a l s o  S o b o l e v  [ l ] .  
F o r  m o s t  o f  h y d r o d y n a m i c s  we w i l l  n e e d  s > ( n / 2 ) + 1 .  
One o f  t h e  o u t s t a n d i n g  p r o b l e m s  i n  t h e  f i e l d  i s  d e t e r m i n i n g  
t o  w h a t  e x t e n t  we c a n  r e l a x  t h i s  c o n d i t i o n  o n  s .  F o r  
many p r o b l e m s ,  o n e  w o u l d  l i k e  t o  a l l o w  c o r n e r s  a n d  d i s c o n -  
t i n u i t i e s  i n  s u c h  t h i n g s  a s  t h e  d e n s i t y  o f  t h e  f l u i d  o r  t h e  
v e l o c i t y  f i e l d .  = wkjP s p a c e s  a r e  o f t e n  u s e f u l  for t h i s .  
P  
H~ Spaces of Sec t ions .  
Le t  M  be a  cornpact manifold,  poss ib ly  with boundary. 
Also, l e t  E be a  f i n i t e  dimensional vec to r  bundle over M . For 
example E may be the  tangent  bundle,  o r  a  tensor  bundle over M . 
Let n : E + M  be the  canonica l  p ro j ec t ion .  The fol lowing f a c t  i s  
usefu l  and i s  obvious from the  d e f i n i t i o n  of a  vec to r  bundle ( s ee  
l e c t u r e  1) . 
m Propos i t ion .  Suppose f o r  each x  E M , we have ir-l(x) 3 R . 
t he re  i s  a  f i n i t e  open cover ( U  Of M  such t h a t  each Ui  
- 1 m 
c h a r t  of M  and rr (Ui) 2 Ui x R f o r  each i . 
Such a  cover i s  c a l l e d  t r i v i a l i z i n g .  Reca l l  t h a t  a  s ec t ion  
of E i s  a  map h  : M  + E such t h a t   ah = i d  
M .  
Informally , we 
d e f i n e ,  f o r  s 2 0 , H'(E) t o  be t he  s e t  of s e c t i o n s  of E whose 
d e r i v a t i v e s  up t o  order  s  a r e  i n  L2 
This makes sense s ince  i n  view of the p ropos i t i on ,  a  s ec t ion  
of E can l o c a l l y  be thought of a s  a  map from R~ t o  R~ where n  
i s  t h e  dimension of M . S i m i l a r l y ,  we c a n  p u t  a  H i l b e r t  s t r u c t u r e  
on H'(E) by u s i n g  a  t r i v i a l i z i n g  c o v e r .  However, s i n c e  t h i s  
H i l b e r t  space s t r u c t u r e  depends on t h e  c h o i c e  of c h a r t s ,  t h e  norm on 
S H'(E) i s  n o t  c a n o n i c a l ,  s o  we c a l l  H (E) a  H i l b e r t i b l e  Space ( i e . ,  
i t  i s  a  space on which some complete  i n n e r  p r o d u c t  e x i s t s ) .  To o b t a i n  
a  good norm on H'(E) one needs  some a d d i t i o n a l  s t r u c t u r e  such a s  a  
c o n n e c t i o n .  
One h a s  t o  check t h a t  t h e  d e f i n i t i o n  of H'(E) i s  independent  
of t h e  t r i v i a l i z a t i o n  and t h i s  c a n  be done by v i r t u e  of compactness 
of M 0 
Of c o u r s e  t h e  Sobolev theorems have ana logues  f o r  H'(E) . 
I n  p a r t i c u l a r  i f  s _> 1 i t  makes s e n s e  t o  r e s t r i c t  a  s e c t i o n  
h E HS(E) t o  aM . T h i s  i s  by p a r t  ( c )  of t h e  Sobolev Theorem. Of 
c o u r s e  i f  s > (1112) , h  w i l l  be c o n t i n u o u s  and s o  t h i s  w i l l  be c l e a r .  
For  s = 0 , w e  have L2(E) and r e s t r i c t i o n  t o  a M  does  n o t  make 
s e n s e .  
One d e f i n e s  H:(E) i n  a  s i m i l a r  way. For s  > f , when we 
r e s t r i c t  h  t H:(E) t o  a M  , h  w i l l  v a n i s h ,  a s  w i l l  i t s  d e r i v a t i v e s  
t o  o r d e r  s - + . 
Much of the  t h e o r y  goes over  f o r  M noncompact, b u t  we must 
s p e c i f y  a  m e t r i c  on M and a  c o n n e c t i o n  on E  ; f u r t h e r  M must be 
complete  and obey some c u r v a t u r e  r e s t r i c t i o n  such a s  s e c t i o n a l  c u r v a t u r e  
bounded above; s e e  Cantor  [ 2 ] .  
o p e r a t i o n s  on D i f f e r e n t i a l  Forms. 
Now, l e t  M be a  compact o r i e n t e d  Riemannian n-manifold  
wi thout  boundary. 
As i n  L e c t u r e  1, l e t  hk be t h e  v e c t o r  bundle  over  M 
whose f i b e r  a t  x  E M c o n s i s t s  of k - l i n e a r  skew-symmetric maps from 
T ~ M  , t h e  t a n g e n t  space t o  M a t  x  E M , t o  R . For each x  , 
n  k  IIk forms a  graded a l g e b r a  w i t h  t h e  wedge p r o d u c t .  Then H'(A ) @k=0 x  
S i s  a  space of H d i f f e r e n t i a l  k-forms. The e x t e r i o r  d e r i v a t i v e  d  
then i s  a n  o p e r a t o r :  
~t drops  one degree  of d i f f e r e n t i a b i l i t y  because d  d i f f e r e n t i a t e s  
once; i . e . ,  i s  a  f i r s t  o r d e r  o p e r a t o r .  
k  The s t a r  o p e r a t o r  * : tIS(* ) + H S ( ~ n - k )  i s  g iven  on A k  
a t  x E M  by 
and 
where t h e  "+" i s  t a k e n  i f  t h e  dxl A ... A dxn i s  p o s i t i v e l y  
o r i e n t e d  and I t - "  o t h e r w i s e ,  x1, ..-, x form a  c o o r d i n a t e  system 
n  
o r thogona l  a t  x  , and 7': i s  extended l i n e a r l y  a s  an o p e r a t o r  
k  k  h  4 hn-k . Now i f  a E H'(A ) then c l e a r l y  $:a E H ~ ( A ~ - ~ )  , so :I
can be taken a s  an opera tor  from Hs(nk) t o  Hs(hn-k) . 
The space hk c a r r i e s ,  a t  each po in t  x € M , an inner  
product .  I t  i s  t he  usua l  business:  the  met r ic  conver t s  cova r i an t  
t enso r s  t o  con t r ava r i an t  ones ( i . e . ,  i t  r a i s e s  or  lowers i nd i ces )  and 
then one c o n t r a c t s .  I f  oi , R j  a r e  one forms, we have 
el A ... A mk ,  R 1  A ... A P > = det[<oli9 P.>] . I t  i s  no t  hard t o  k  J 
check t h a t  i f  i s  the  volume form on M then 
Note t h a t  the inner  product may be defined by the above 
formula. See Flanders  [ I ]  f o r  more d e t a i l s  on these  ma t t e r s .  Define 
s+l  k  the  opera tor  6 : H ( A )  ~ H ' ( A ~ - ' )  by 5 = (-1) n(k+l)+l,d7v: . There 
O k  i s  an inner  product on H (A ) (and hence on H'(A)) given by 
( a ,  P) = +, B>Q . 
' M 
k  k+ 1 Propos i t ion .  For m E H'(A ) B E H'(A ) 
k  Proof.  Note t h a t  d ( a  A *P) = dQ A *B + ( -  1) a A 
= d~  A >':R - A 9:SR 
Since  a M  = f~ , by Stokes Theorem, we g e t  
= ( d a y  B) - ( a ,  6B) . 
Rephrasing, one says  t h a t  d  and 6 a r e  a d j o i n t s  i n  t he  ( ,) inner 
product . 
The 6 ope ra to r  corresponds t o  the  c l a s s i c a l  divergence 
opera tor .  T h i s  i s  e a s i l y  seen: l e t  X be a  vec to r  f i e l d  on M . 
Then because of t he  Riemannian s t r u c t u r e  X corresponds t o  a  1-form 
- w 
X , where X(v) = Q(, v> . 
Propos i t ion .  div(X) = -6(?) . 
proof and Di scuss ion .  L e t  LXp be the  L ie  d e r i v a t i v e  of p  with 
r e spec t  t o  X . Then by d e f i n i t i o n ,  div(X)p = LXp ( s e e  Abraham [ 2 ] ) .  
We have t h e  g e n e r a l  formula 
N 
Now d(p)  = 0 s i n c e  p i s  an n-form, so L p  = d ( i  p )  = d(J;X) (one X X 
N 
e a s i l y  checks t h a t  i = X )  . Hence 
s ince  f o r  k  = 1 , ( -1)  n(k+l )+l  = - I .  a 
The Lap lace  de Rham o p e r a t o r  i s  d e f i n e d  by A = 6d + d6 . 
k  s - 2  k  
Note t h a t  A : HS(h ) - t H  (A ) . I f  f  i s  a  r e a l  v a l u e d  f u n c t i o n  
on R~ , i t  i s  e a s y  t o  c h e c k ,  u s i n g  t h e  above e x p r e s s i o n s  f o r  d  , 6  , 
2 2  
t h a t  A( f )  = -e ( f )  where V f  = d i v ( g r a d  f )  i s  t h e  u s u a l  L a p l a c i a n .  
Note 6f = 0 on f u n c t i o n s .  
k  P r o p o s i t i o n .  Let cu E HS(h ) , then Aol = 0 iff 
da/ = 0 and &a/ = 0 . 
-
P r o o f .  I t  i s  obvious  t h a t  i f  dct = 0 and 6ol = 0 t h e n  Am = 0 . 
To show t h e  c o n v e r s e ,  assume = 0 . Then 0 = (Acu, cu) = 
( ( d 6  + Sd)cu, D) = (6@,  6a)  + ( d a y  da)  , s o  t h e  r e s u l t  f o l l o w s .  
A form f o r  which AQ = 0 i s  c a l l e d  harmonic .  
The Hodge decomposi t ion theorem ( f o r  a M  = @). 
s+E k - 1  
 heo or em. L e t  - w E HS(Ak) . Then t h e r e  i s  a F H (A ) , 
8 E H ~ + ' ( A ~ " + ~ )  y Cm(hk) such t h a t  m = d o  + b e  + y 
k k  A(y) = 0 . Here cm(A ) d e n o t e s  t h e  C~ s e c t i o n s  of A . 
-
Furthermore  d ~  , 66 , and Y a r e  m u t u a l l y  L  o r t h o g o n a l  and s o  a r e  2 
u n i q u e l y  de te rmined .  
k  k  I f  H = (y  E C"(A ) = 0) , t h e n  t h e  above may be 
summarized by 
m 
The f a c t  t h a t  t he  Harmonic forms xk a r e  a l l  C , fo l lows  
from r e g u l a r i t y  theorems on t he  Laplacian.  This  f a c t  i s  a l s o  c a l l e d  
weylls  lemma o r ,  i t s  g e n e r a l i z a t i o n ,  F r i e d r i c h ' s  theorem. We s h a l l  
discuss  t h i s  f u r t h e r  below. 
The Hodge theorem goes back t o  V.  W.  D ,  Hodge [ I ] ,  i n  t he  
1930's.  S u b s t a n t i a l  c o n t r i b u t i o n s  have been made by many a u t h o r s ,  
leading up t o  t he  p r e s e n t  theorem. See f o r  example Weyl [ I ] ,  and 
~ o r r e y - E e l l s  [ I ] .  
We can e a s i l y  check t h a t  t he  spaces i n  t he  Hodge decomposition 
a r e  or thogonal .  For example 
2 
s ince  6 i s  t he  a d j o i n t  of d and d  = 0  . 
The bas ic  idea  behind the Hodge theorem can  be a b s t r a c t e d  
a s  fo l lows .  We cons ider  a  l i n e a r  ope ra to r  T on a  H i l b e r t  space E 
2  
with T  = 0  . I n  our case  T  = d  and E i s  t he  L~ forms. (We 
ignore the  f a c t  t h a t  T i s  only densely de f ined ,  e t c . )  Le t  T* be 
the a d j o i n t  of T  . Le t  H = (x E E ~ T X  = 0  and T*x = 0 )  . We a s s e r t  
E = Range T  Range T* @ 
which, a p a r t  from t e c h n i c a l  p o i n t s  on d i f f e r e n t i a b i l i t y  and so on i s  
t he  e s s e n t i a l  conten t  of t he  Hodge decomposition. 
To see  t h i s ,  n o t e ,  a s  before  t h a t  the  ranges of T and T* 
a r e  orthogonal  because 
2 
a x ,  T>'cy> = a x ,  y> = 0 . 
Let  @ be the  orthogonal  complement of Range T O Range T;'c . 
Cer t a in ly  kl c C . But i f  x E C , 
a y ,  x > =  0 f o r  a l l  y  =>T+cx = 0 . 
Simi l a r ly  Tx = 0 , so C c 51 and hence C, = M . 
The complete proof of the theorem may be found i n  Morrey [ I ] .  
For more elementary expos i t i ons ,  a l s o  consu l t  Flanders  [ I ]  and Warner 
[ I ] .  
An i n t e r e s t i n g  consequence of t h i s  theorem i s  t h a t  ilk i s  
isomorphic t o  t he  k th  de Rham cohomology c l a s s  ( t h e  c l a sed  k-forms mod 
the exac t  ones) .  This i s  c l e a r  s ince  over M , each c losed  form u, 
may be w r i t t e n  u, = dm + y . (One can check t h a t  the  68  term drops 
out  when m i s  c losed;  indeed we ge t  0 = d6P so (dSB, B) = 0 o r  
( S P ,  6P) = 0 so 6P = 0 .) 
The Hodge theorem plays  a  fundamental r o l e  i n  incompressible 
hydrodynamics, a s  we s h a l l  see i n  l e c t u r e  4 .  I t  enables  one t o  introduce 
the  pressure  f o r  a  given f l u i d  s t a t e .  
Below we s h a l l  genera l ize  the Hodge theorem t o  y i e l d  some 
decomposition theorems f o r  genera l  e l l i p t i c  ope ra to r s  ( r a t h e r  than the 
s p e c i a l  case of the Laplacian)  . However, we f i r s t  pause t o  d i s cus s  
what happens  i f  a  boundary i s  p r e s e n t .  
~ o d g e  t h e o r y  f o r  m a n i f o l d s  w i t h  boundary.  
T h i s  t h e o r y  was worked o u t  by Icodaira [ I ] ,  Duff-Spencer  [ I ] ,  
and Morrey [ I ] .  (See  Morrey [2] , Chapte r  7 . )  D i f f e r e n t i a b i l i t y  a c r o s s  
the  boundary i s  v e r y  d e l i c a t e ,  b u t  i m p o r t a n t .  The b e s t  p o s s i b l e  
r e s u l t s  i n  t h i s  r e g a r d  were worked o u t  by Morrey.  
Also  n o t e  t h a t  d  and 6 may n o t  be a d j o i n t s  i n  t h i s  c a s e ,  
because boundary terms a r i s e  when we i n t e g r a t e  by p a r t s .  Hence we 
must impose c e r t a i n  boundary c o n d i t i o n s .  
k  L e t  oc E HS(A ) . Then a i s  p a r a l l e l  o r  t a n g e n t  t o  aM 
i f  t h e  normal p a r t ,  noc = i*(*a) = 0 where i : aM 4 M  i s  t h e  
i n c l u s i o n  map. Analogously  a i s  p e r p e n d i c u l a r  t o  3~ i f  t~ = i"(@) = 0 . 
L e t  X be  a  v e c t o r  f i e l d  on M . Using t h e  m e t r i c ,  we know 
when X i s  t a n g e n t  o r  p e r p e n d i c u l a r  t o  aM . X c o r r e s p o n d s  t o  t h e  
- 
one-form X and a l s o  t o  t h e  n  - 1 form iXp (p  i s ,  a s  u s u a l ,  t h e  
- 
volume fo rm) .  Then X i s  t a n g e n t  t o  aM i f  and o n l y  i f  X i s  t a n g e n t  
t o  aM i f f  i p i s  normal t o  aM . S i m i l a r l y  X i s  normal t o  aM X 
i f f  iXp i s  t a n g e n t  t o  aM . S e t  
HS(Ak) = ( a  E H ' ( A ~ )  / a  i s  t a n g e n t  t o  3 ~ )  
k k  
H ~ ( A  ) = { a  E HS(A ) / a  i s  p e r p e n d i c u l a r  t o  a ~ )  
and 
The cond i t i on  t h a t  do! = 0 and 6a/ = 0 i s  now s t ronge r  than La, = 0 . 
Following Kodaira [ I ] ,  one c a l l s  e lements  of xS , harmonic f i e l d s .  
The Hodge Theorem. 
k  s f 1  k- 1 s+l  k+l 
H'(A ) = d ( ~ ~  cn 1) a S(H, cn ) )  m ns(nk)  . 
One can e a s i l y  check from the  formula 
r 
( d a ,  l3) = ( a ,  6P) + j cu A *p 
a M  
t h a t  the  summands i n  t h i s  decomposition a r e  or thogonal .  
There a r e  two o the r  c l o s e l y  r e l a t e d  decompositions t h a t  a r e  
of i n t e r e s t .  
Theorem. 
where 
and dua l l y  
S 
where Cn a r e  t he  c lo sed  forms normal t o  a M  . 
D i f f e r e n t i a l  Operators  and Thei r  Symbols. 
Le t  E and F be vec to r  bundles over M and l e t  
c r n ( ~ )  , H'(E) denote the Crn and H~ s ec t ions  of E a s  above. 
Assume M i s  Riemannian and the  f i b e r s  of E and F  have inner  
products  . 
A k th  order  d i f f e r e n t i a l  opera tor  i s  a  l i n e a r  map 
D : crn(E) -+ c ~ ( F )  such t h a t  i f  f  E crn(E) and f  vanishes t o  k th  
order  a t  x  E M , then D(f ) (x)  = 0 . (Vanishing t o  k th  order  makes 
i n t r i n s i c  sense independent of c h a r t s  .) 
Then i n  l o c a l  c h a r t s  D has  the form 
where j  = ( j , .  . , j )  i s  a  mult i - index and a  i s  a  cm func t ion  j  
mapping E t o  F  . 
Now D has  an a d j o i n t  opera tor  D* given i n  c h a r t s  (with 
the  s tandard Euclidean inner  product on f i b e r s )  by 
1 
where pdx A . . . A dxn i s  the volume element and a* i s  the  t ranspose j  
of a  j s  The c r u c i a l  property of D* i s  
( g ,  D;kh) = (Dg, h) 
where ( , ) denotes t he  inner  product ,  g  E c ~ ( E )  , and h E c;(F) . 2 
A k t h  o r d e r  o p e r a t o r  induces  n a t u r a l l y  a  map 
S-k 
D : H'(E) +H ( F )  . 
For example we have t h e  o p e r a t o r s  
k  d  : H'(A ) + H ~ - ' ( A ~ + ' )  
6 : R ' ( A ~ )  
and A : H ' ( A ~ )  . 
The symbol of D a s s i g n s  t o  each 5 E T;M , a  l i n e a r  map 
I t  i s  d e f i n e d  by 
m 
where g  E c r n ( ~ ,  R) , dg(x)  = 5 and f E C ( E )  , f ( x )  = e  . I f  t h e r e  
i s  danger of  c o n f u s i o n  we w r i t e  nc-(D) t o  deno te  t h e  dependence on D . 
By w r i t i n g  t h i s  o u t  i n  c o o r d i n a t e s  one s e e s  t h a t  2 i s  a  polynomial  
e x p r e s s i o n  i n  5 of degree  k o b t a i n e d  by s u b s t i t u t i n g  each F i n  j  j: 
p l a c e  of a  a / a x  ' i n  t h e  h i g h e s t  o r d e r  term. For example,  i f  
a Lf D(f)  = C g i j  --- -t ( lower  o r d e r  terms)  
axi& 
then  
( j  i s  f o r  each i j  a  map of  Ex t o  Fx) . For  r e a l  v a l u e d  
f u n c t i o n s ,  t h e  c l a s s i c a l  d e f i n i t i o n  of a n  e l l i p t i c  o p e r a t o r  i s  t h a t  
the above q u a d r a t i c  form be d e f i n i t e .  T h i s  can  be g e n e r a l i z e d  a s  
fol lows:  
D i s  c a l l e d  e l l i p t i c  i f  i s  a n  isomorphism f o r  each 5 
5 B O  
We have now seen  a l l  t h r e e  c l a s s i c a l  t y p e s  of p a r t i a l  
d i f f e r e n t i a l  e q u a t i o n s :  
e l l i p t i c :  t y p i f i e d  by AQ = @ 
a~ p a r a b o l i c :  t y p i f i e d  by - 
a t  = A U  
TO s e e  t h a t  A : J3"(hk) 4 l l se2(nk)  i s  e l l i p t i c  one u s e s  t h e  
f a c t s  t h a t  
(1 )  t h e  s y m b o l o f  d  i s  o5 = 517 
( 2 )  t h e  symbol of 6 i s  5 = i 
E c 
and (3)  t h e  symbol i s  m u l t i p l i c a t i v e :  CT (D O D  ) = o ( D  ) o g  (D ) . 
5 1 2  5 2  
The R e g u l a r i t y  Theorem and S p l i t t i n g  Theorems. 
Theorem. Let M be compact wi thou t  boundary. L e t  D be e l l i p t i c  of 
o r d e r  k . - L e t  f  E L2(E) and suppose D ( f )  E H'(F) . Then 
f  E I - I ~ + ~ ( E )  . 
One c a n  a l l o w  boundar ies  i f  t h e  a p p r o p r i a t e  boundary c o n d i t i o n s  
a r e  used. See Nirenberg [ I ] .  As a  s p e c i a l  case  of t h i s  theorem we 
g e t  Weyl's lemma: Af = 0 => f  i s  cm . 
The proof of t he  theorem i s  too  i n t r i c a t e  t o  go i n t o  h e r e ;  
see P a l a i s  [ I ]  o r  Yosida [ I ] .  I t  i s  important  t o  no te  t h a t  t h i s  s o r t  
of r e s u l t  i s  c e r t a i n l y  f a l s e  i f  we use ck spaces ,  a l though Holder 
spaces ck* , 0  < cy < 1 would be s u i t a b l e .  
Theorem. (Fredholm A l t e r n a t i v e )  Let D be a s  above. Then 
s+k H'(F) = D(H ( E ) )  O ke r  D* 
S-k (D* : H'(F) -t H ( E ) )  . Indeed t h i s  ho ld s  t r u e  i f  we merely assume 
t h a t  e i t h e r  D D* ha s  i n j e c t i v e  symbol. 
The proof of t h i s  l eans  h e a v i l y  on t he  r e g u l a r i t y  theorem. 
s+k The main t e chn i ca l  p o i n t  i s  t o  show t h a t  D(H ) i s  c l o sed .  (One uses  
t he  f a c t  t h a t  l f l s + k  _< const(llfl ls + [ l ~ f l l ~ )  , f o r  D e l l i p t i c . )  Then 
s+k 
one shows t h a t  the  L 2  or thogonal  complement of D(H ) i s  i n  
ke r  D* , j u s t  a s  i n  t he  Hodge argument. This  y i e l d s  an L2  s p l i t t i n g  
S 
and we g e t  an H  s p l i t t i n g  v i a  r e g u l a r i t y .  The s p l i t t i n g  i n  case  
D h a s  i n j e c t i v e  symbol r e l i e s  on the  f a c t  t h a t  D;':D i s ,  i n  t h i s  
c a s e ,  e l l i p t i c .  One could u se ,  e .g . :  D = d  t o  g e t  the  Hodge theorem. 
For d e t a i l s  on t h i s ,  see  Berger-Ebin [ I ] .  
I n  l a t e r  a p p l i c a t i o n s  ( s e e  l e c t u r e s  4 and 10) we w i l l  use  t h i s  
r e s u l t  i n  the  fo l lowing  way. Ce r t a in  s e t s  i n  which we a r e  i n t e r e s t e d  
w i l l  be def ined  by c o n s t r a i n t s  f ( x )  = 0  . The r e l a t i o n  v g, TXf*v  
w i l l  be a  d i f f e r e n t i a l  ope ra to r .  To show i t  i s  s u r j e c t i v e  (and 
hence f - l ( ~ )  i s  a  submanifold) we can show ( T )  i s  i n j e c t i v e  
with i n j e c t i v e  symbol. For then ker(Txf)* = 0 , so  T f  i t s e l f  w i l l  
X 
be on to .  
Manifolds of Maps. 
H i s to ry .  
The bas i c  idea  was f i r s t  l a i d  down by E e l l s  [ I ]  i n  1958. 
He cons t ruc ted  a  smooth manifold ou t  of t he  cont inuous maps between 
two manifolds .  I n  1961, Smale and Abraham worked ou t  the  more general  
k  
case  of C mappings. Their  no t e s  a r e  p r e t t y  much unava i l ab l e ,  bu t  
t he  1966 survey a r t i c l e  by E e l l s  [ 2 ]  i s  a  good r e f e r e n c e .  The H S  
case  i s  found i n  a  1967 a r t i c l e  by E l l i a s s o n  [ I ] .  This  i s  a l s o  found 
i n  P a l a i s  [ 4 ]  where i t  i s  done i n  t he  more genera l  con t ex t  of f i b e r  
bundles . 
Making t he  manifold ou t  of t he  Ck diffeomorphism group on 
a  compact manifold without  boundary was done independently by Abraham 
( s e e  E e l l s  [Z])  and L e s l i e  [ I ]  around 1966. The H' c a se  i s  found i n  
a  paper by Ebin [ I ]  and one by Omori [ I ]  around 1968. Ebin a l s o  
showed t h a t  the  volume p re se rv ing  diffeomorphisms form a manifold.  
F i n a l l y  Ebin-Marsden [ I ]  worked ou t  t he  manifold s t r u c t u r e  f o r  t he  
H S  diffeomorphisms, the  symplect ic  and volume p re se rv ing  d i f f  eomorphisms 
f o r  a  compact manifold with smooth boundary. 
Other papers  on manifolds  of maps inc lude  those of Saber [ I ]  , 
L e s l i e  [ 2 ,  31, Omori [ 2 ] ,  Gordon 1 1 1 ,  Penot [ 2 ,  31 ,  and Graff [ I ] .  
Some f u r t h e r  r e f e r ences  a r e  given below. 
Local S t ruc tu re .  
Le t  M and N be compact manifolds and assume N i s  
without  boundary. Le t  n  be t he  dimension of M , and R t he  
dimension of N . Say f E H'(M, N) i f  f o r  any m E M and any c h a r t  
( U ,  v) conta in ing  m and any c h a r t  ( V ,  I)) a t  f(m) i n  N , the  
- 1 
map 41 o f  ocp R : cp(U) 4 R' i s  i n  HS(cp(U), R ) . This can be shown t o  
be a  wel l  defined no t ion ,  independent of c h a r t s  f o r  s  > (n/2) . The 
bas i c  f a c t  one needs i s  t h a t  by the  Sobolev Theorem we have 
0  H'(M, N) c C (M, N) . Things a r e  not  a s  n i c e ,  however, f o r  s  < (n/2) . 
I t  i s  pos s ib l e  f o r  a  map t o  have a  ( d e r i v a t i v e )  s i n g u l a r i t y  which i s  
L2 in t eg rab l e  i n  one coord ina te  system on N and no t  be i n t eg rab l e  i n  
another .  So f o r  s  < (n/2) , H'(M, N) cannot  be def ined  i n v a r i a n t l y .  
Hence, from now on we assume s  > (n /2)  . 
I n  order  t o  f i n d  c h a r t s  i n  H'(M, N) we f i r s t  need t o  
determine the  app rop r i a t e  modeling space. Le t  f E H'(M, N) . The 
modeling space,  should i t  e x i s t ,  must be isomorphic t o  T ~ H ' ( M ,  N) , 
whatever t h a t  i s .  So a  way t o  begin i s  t o  f i n d  a  p l a u s i b l e  candida te  
f o r  T ~ H ' ( M ,  N) . I f  P i s  any manifold and p  E P then T P can 
P 
be cons t ruc ted  by cons ider ing  any smooth curve c  i n  P such t h a t  
c(0)  = p ; then c t ( 0 )  E T P ( s ee  l e c t u r e  1 ) .  
P  
With t h i s  i n  mind, l e t  us cons ider  a curve c . 1-1, 1[ +H' (M,  N f  - 
such t h a t  c  (0)  = f  . Now i f  m E M , then the func t ion  t cf  ( t )  (m) f  
i s  a curve i n  N ( i . e . ,  f o r  each t t 1-1, 1[ , c f ( t )  E H'(M, N) and 
therefore  c f ( t )  : M 4 N .) Now cf(0)(m) = f(m) , so t he  d e r i v a t i v e  
of t h i s  curve a t  0  , ( d / d t ) ~ ~ ( t ) ( m ) l ~ = ~  i s  an element of Tf (m) . 
so the map m b ( d / d t ) ~ ~ ( t ) ( m ) l ~ = ~  maps M t o  TN and covers  f  , 
i . e . ,  i f  n . TN -+ N i s  the  canonica l  p r o j e c t i o n ,  t h i s  diagram N ' 
commhtes: 
d  
c l ( 0 )  = --c ( t )  I f  d t f  t = O  
where 
d  
c;(O) (m) = z c f  ( t )  (m) I t=O 
Making the  i d e n t i f i c a t i o n  
d  d ( z c f (  t )  l t=O) (m) = ;j;cf ( t )  (m) I t=O 9 
c;(O) i s  a  good candida te  for  the  tangent  t o  c  a t  f  . f  
With the  above mot iva t ion ,  l e t  us de f ine  
S s  TfH (M, N) = (X E H (My TN)InNox = f )  . 
Note t h i s  i s  a  l i n e a r  space,  f o r  i f  V and Xi a r e  i n  T£H'(M, N)  , 
f  
we can def ine  aVf + Xf ( a  E R) a s  the map m b a V f ( m )  + Xf(m) where 
Vf(m) and Xf(m) a r e  i n  T  N . I t  i s  t h i s  space which we use  
f (m> 
a s  a  model f o r  H ~ ( M ,  N) near  f  . 
To show t h i s  we need t h e  map expN ". T N -t f o r  p  E N . 
P 
R e c a l l  t h a t  i f  v  E T N t h e r e  i s  a  unique geodes ic  o through p  
P  P  v  P  
whose t a n g e n t  v e c t o r  a t  p  i s  v  Then exp ( v  ) = o (1) . I n  
P  P  P  v  P  
g e n e r a l  expv i s  a  diffeomorphism from some neighborhood of 0 i n  
T N o n t o  a  neighborhood p i n  N . However, s i n c e  N i s  compact 
P  
and w i t h o u t  boundary, i t  i s  g e o d e s i c l y  complete  and hence expv i s  
d e f i n e d  on a l l  of T N . T h i s  map can  be extended t o  a  map exp : TN + N  
P 
such t h a t  i f  v  E TN then  exp(v ) = exp ( v  ) . With t h i s  map we 
P P P P 
- S d e f i n e  t h e  map expf : TP (M, N) I H'(M, N) 
X b exp 0 X . 
- 
We a s s e r t  t h a t  expf maps t h e  l i n e a r  space T ~ H ' ( M ,  N) onto 
a  netghborhood of f  i n  H'(M, N) t a k i n g  0 t o  f  and hence i s  a  
c a n d i d a t e  f o r  a  c h a r t  i n  H'(M, N) . I t  should be remarked t h a t  i n  
s p i t e  of the  u s e  of t h e  map exp , t h e  s t r u c t u r e  i s  independent  of t h e  
m e t r i c  on N . The a s s e r t i o n  i s  easy  t o  check i n  c a s e  t h i n g s  a r e  cm 
o r  cS  , by u s i n g  s t a n d a r d  p r o p e r t i e s  of exp ; Milnor  [ I ] .  
For t h e  H S  c a s e  and t o  show t h a t  the  change of c h a r t s  i s  
w e l l  d e f i n e d  ( i . e . ,  maps i n t o  t h e  r i g h t  spaces )  and i s  smooth, one 
needs  t h e  f o l l o w i n g  lemma. 
Loca l  o-Lemma. ( L e f t  Composition of M w ,  L e t  U be a  bounded 
-- -
s  n  p e n  s e t  i n  R' , and h  : Rn + R m  be cm . wh : H ( U ,  R ) 4 
- 
H S ( ~ ,  Rrn) def ined by m ( f )  = hof is cm m a p .  h  
This  conc lus ion  i s  no t  t r u e  i f  h  i s  merely an H S  o r  cS 
map. The problem can be seen i n  t h i s  way. I f  M and N a r e  manifolds  
and g  : ?I + N i s  C1 then f o r  p  E M and v  E T M , we have 
P P  
Tpg : T M 4 T N , which i s  determined i n  t he  usua l  way: l e t  
P g(p) 
c  : 1-1, 1 [  E M  be a  curve such t h a t  c (0 )  = p and c l ( 0 )  = v 
P 
Then T  g(v ) = ( d / d t ) g ( c ( t ) )  1 t=O . Applying t h i s  procedure t o  P P Wh 
and us ing  t he  cha in  r u l e ,  we f i n d  f o r  X E T ~ H ' ( u ,  R ~ )  t h a t  t he  
tangent  of wh i s  t he  map Tfwh : X H ThoX . But s i n c e  Th i s  only 
HS-  1 s -  1 
, ThoX i s ,  a t  b e s t ,  i n  H ( U ,  R ~ )  and TW d o e s e m a p  i n t o  
t he  tangent  space of H'(u, R ~ )  a t  wh(f) . 
This  n e c e s s i t y  of d i f f e r e n t i a t i n g  h  i s  a  c r u c i a l  d i f f e r e n c e  
between composition on t he  l e f t  and composition on t he  r i g h t .  
The exac t  proof of the  w-lemma may be found i n  Ebin [ I ]  and 
t he  o the r  r e f e r ences  above. I n  f a c t ,  t he  r e s u l t  e s s e n t i a l l y  goes back 
t o  Sobolev [ I ]  p. 223 .  See a l s o  Marcus-Mizel [ I ] ,  and Bourguinon - 
Brez i s  [ I ] .  
Using t he  w-lemma, i t  i s  now r o u t i n e  t o  check t h a t  expf 
S 
y i e l d s  smooth c h a r t s  on H ( M ,  N) . For o the r  methods of ob t a in ing  
c h a r t s ,  see P a l a i s  [ 4 ] ,  Penot [ 3 ]  and Kr ikor ian  [ I ] .  
4 .  The Motion of an Incompressible F lu id .  
This  l e c t u r e  i s  concerned with some fundamental p r o p e r t i e s  
of p e r f e c t  f l u i d s .  We s h a l l  begin with some motivat ion and an i n t u i t i v e  
o u t l i n e  of the r e s u l t s .  Then we s h a l l  f i l l  i n  a  number of the gaps. 
The r e s u l t s  of t h i s  s ec t ion  lean  on work of Arnold [ I ]  and Ebin- 
Marsden [ I ] .  They a r e  pr imar i ly  concerned with i n t e r p r e t i n g  the  
equat ions a s  a  Hamiltonian system and with the a s soc i a t ed  ex is tence  
theory .  These go hand i n  hand, and a s  a  bonus, when one regards  the  
equat ions  from the  Hamiltonian po in t  of view the ex i s t ence  theory 
unexpectedly becomes e a s i e r .  The d i f f e r ence  i s  e s s e n t i a l l y  t h a t  
between "Eulerian" and "Lagrangian ( fo l lowing  the f l u i d )  " coord ina t e s ,  
a s  we hope t o  expla in .  A s imi l a r  b i t  of a n a l y s i s  can be made f o r  
+l- 
e l a s t i c i t y .  
Basic Ideas  i n  Hydrodynamics. 
Throughout, l e t  M be a  f i xed  compact, o r i e n t e d ,  Riemannian, 
n-manifold, poss ib ly  with a  cm boundary. I n t u i t i v e l y ,  M i s  the  
space i n  which the  f l u i d  moves. For example, M might be the u n i t  
3 b a l l  i n  R . As an a s i d e ,  f o r  the genera l  theory there  seems t o  be 
no p a r t i c u l a r  advantage of assuming M i s  open i n  R~ . This i s  
because the spaces of mappings of M t o  M t h a t  we w i l l  s h o r t l y  
d i s cus s  a r e  s t i l l  very non l inea r .  
A diffeomorphism on M i s  a  cm b i j e c t i v e  map 7 : M + M  
- 1 
such t h a t  1 i s  a l s o  cm . 
 h his remark is based on some recent joint work with T. Hughes. 
We l e t  fi = { o r i e n t a t i o n  p r e se rv ing  diffeomorphisms on M )  . 
I f  t he  Riemannian s t r u c t u r e  i s  given l o c a l l y  by g  : M 4 R , 
i j 
then the  volume element p  on M i s  t he  n-form which, i n  a  ( p o s i t i v e l y  
o r i en t ed )  coord ina te  c h a r t ,  i s  given by 
o r ,  i n t r i n s i c a l l y ,  p (v l .  . . . , vn) = Jdet<vl, v.> f o r  v ly  . . . v 
3 n 
or i en t ed  tangent  v e c t o r s .  We say a diffeomorphism 7 i s  volume 
p re se rv ing  i f  T/?':p = = . The cond i t i on  7 7 ' 9  = p means t h a t  the  
Jacobian of 7 i s  one. 
By the  change of v a r i a b l e s  formula,  i t  fo l lows  t h a t  a  
diffeomorphism 7 i s  volume p re se rv ing  i f  and only i f  f o r  every 
measurable s e t  A c M , p(A) = p,(Tj(A)) . Here we a l s o  use  y t o  s tand 
f o r  the  measure defined by p ( c f .  Abraham [ 2 ] ,  912). 
S e t  >Q = {'fl E i s  volume p re se rv ing ] .  
u 
For t e c h n i c a l  reasons  i t  w i l l  be convenient  t o  en l a rge  1Q and 
B t o  s l i g h t l y  l a r g e r  spaces.  Namely l e t  iQS ( r e s p .  iQS ) be t he  
IJ. iL 
completion of a9 , ( r e s p .  % ) under the  Sobolev H' topology; 
t h i s  w i l l  be d i scussed  i n  d e t a i l  l a t e r .  
A t  l e a s t  i n  t he  beginning,  we w i l l  be d i s cus s ing  p e r f e c t  
f l u i d s ;  i . e . ,  f l u i d s  which a r e  nonviscous,  homogeneous and incompressible .  
We a l s o  ignore  e x t e r n a l  f o r c e s  f o r  s i m p l i c i t y .  
Consider ,  then ,  our manifold M whose po in t s  a r e  supposed 
t o  r ep re sen t  t he  f l u i d  p a r t i c l e s  a t  t = 0 . Let  us look a t  the  f l u i d  
moving i n  M As t i n c r e a s e s ,  c a l l  qt(m) the  curve 
followed by the f l u i d  p a r t i c l e  which i s  i n i t i a l l y  a t  m E M . For 
f i xed  t , each T t  w i l l  be a  diffeomorphism of M . I n  f a c t ,  s i nce  
t he  f l u i d  i s  incompressible ,  we have I t  E B . The func t ion  t & I t  
I-1 
i s  thus a  curve i n  B ( t hey  a r e  e a s i l y  seen t o  be o r i e n t a t i o n  pre-  
L'. 
serv ing  s ince  they a r e  connected t o  TI , the  i d e n t i t y  func t ion  on M) . 0 
Note t h a t  i f  M has  a  f i xed  boundary the  flow w i l l  be p a r a l l e l  t o  aM . 
The motions of a  p e r f e c t  f l u i d  a r e  governed by the  Euler  
equat ions  which a r e  a s  fol lows 
(Euler  equat ions)  d i v  v t  = 0 
v  t i s  tangent  t o  aM . 
I n  these  equat ions ,  B v  i s  the cova r i an t  d e r i v a t i o n  and i t s  i t h  
v t  t 
component i s  given i n  a  coord ina te  c h a r t  by 
and pt  = p ( t )  i s  some (unknown) r e a l  valued func t ion  on M c a l l e d  
the p re s su re .  
I n  the case  of Euclidean space ,  each ri = 0 and then we 
j k 
g e t ,  us ing  vec tor  a n a l y s i s  no t a t i on  
Note. We s h a l l  always use a  subscr ip ted  v a r i a b l e  t o  denote 
-
t h a t  the  v a r i a b l e  i s  he ld  f i x e d ,  a s  i n  v  
t 
I t  w i l l  never denote 
d i f f e r e n t i a t i o n .  
The phys i ca l  de r iva t ion  of t he se  equat ions i s  q u i t e  simple 
i n  R~ . We use Newton's Law F = ma . We can ignore the mass because 
of homogeneity ( i . e . ,  cons tan t  mass dens i ty )  and we a r e  assuming t h e r e  
a r e  no e x t e r n a l  f o r c e s ,  so the  only f o r c e s  r e s u l t  from the  i n t e r n a l  
pressure .  We wish t o  dea l  with conserva t ive  fo rce  f i e l d s  and the re fo re  
one assumes these  i n t e r n a l  f o r c e s  a r i s e  a s  the  g rad i en t  of a  r e a l  valued 
func t ion ,  the pressure .  So we have 
a c c e l e r a t i o n  = -grad p 
t 
C lea r ly  the  a c c e l e r a t i o n  i s  given by 
v ( t  + A t ,  x ( t  + At)) - v ( t ,  x ( t ) )  
a  = l i m  
A t 4  A t  
Here we have j u s t  used the  cha in  r u l e .  This  g ives  us  the c o r r e c t  
equat ion  f o r  &/a t  . Now d i v  v  = 0 i s  t he  same a s  assuming i s  t 
volume p re se rv ing ,  and v  p a r a l l e l  t o  aM j u s t  corresponds t o  
p a r t i c l e s  no t  moving ac ros s  3M . 
As the  Euler  equa t ions  s t and ,  they a r e  no t  Hamiltonian. I n  
f a c t  t he  way they a r e  w r i t t e n ,  t h e i r  form a s  an evo lu t i on  equat ion i s  
no t  mani fes t .  To r e c t i f y  the  l a t t e r  problem, we use: 
Theorem. - Le t  X be an (H') vec to r  f i e l d  on M . Then X can be 
uniuuelv w r i t t e n  
X = Y + grad p 
f o r  Y (H') divergence f r e e  vec tor  f i e l d  p a r a l l e l  t o  3M & 
-
s+l  7k p - an (H ) func t i on .  Here s > O  . W e l e t  P ( X ) = Y  a n d c a l l  
P  t he  p ro j ec t i on  onto-the divergence f r e e  p a r t .  
- -- 
This  fo l lows  d i r e c t l y  from the  Hodge decomposition appl ied  
t o  t he  corresponding one forms d iscussed  i n  l e c t u r e  3. 
Le t  E denote the  space of a l l  divergence f r e e  vec to r  
f i e l d s  on M which a r e  p a r a l l e l  t o  aM . Define T  : E + E by 
T(v) = -P(VVv) . Note t h a t  
-P(vvv) = -(V v V - grad p) = -Vvv + grad 
and t he re fo re  we can r ewr i t e  the  Euler equa t ion  (modulo a  t r i v i a l  s i gn  
convent ion on p) a s  a  d i f f e r e n t i a l  equa t ion  on t he  l i n e a r  space E : 
avt 
- -  
at - T(vt) vO i s  given.  
.r 3 H ~ + l  I n  case  M were non-compact, e.g. M = R , p would only be l o c a l l y  
s -  1 Not ice  t h a t  T  maps H' t o  H and s o ,  a s  d i s c u s s e d  i n  
l e c t u r e  one ,  t h e  u s u a l  e x i s t e n c e  and un iqueness  theorem d o e s n ' t  a p p l y .  
~t i s  p o s s i b l e  t o  u s e  o t h e r  methods however,  such a s  t h e  Nash-Moser 
t echn ique  and G a l a e r k i n  methods.  
Observe t h a t  t h e  e q u a t i o n  i s  n o n - l o c a l .  T h i s  i s  due t o  t h e  
n o n - l o c a l  o p e r a t o r  P ; i . e . ,  g iven  X i n  a  neighborhood of x 0 ' 
i t  i s  not p o s s i b l e  t o  compute P(X) a t  x 0  R a t h e r  P i s  a n  i n t e g r a l  
opera  t o r .  Indeed ,  from 
X = Y + grad  p  , 
6X = Ap 
- 1 
s o  p  = A 6X 
- 1 
and A i s  an  i n t e g r a l  o p e r a t o r  i n v o l v i n g  c o n v o l u t i o n  w i t h  a  s u i t a b l e  
g r e e n ' s  f u n c t i o n .  
Summary of t h e  Main R e s u l t s .  
Before  g e t t i n g  down t o  some t e c h n i c a l  d e t a i l s  we would l i k e  
t o  p r e s e n t  t h e  punch l i n e .  To do t h i s  we need t o  s t a t e  a few f a c t s  
proven below. 
As above,  l e t  $2 deno te  a l l  cm diffeomorphisms of M , 
7 : M + M  . One can show t h a t  a9 i s  ( i n  a  c e r t a i n  s e n s e )  a  smooth 
mani fo ld  model led on a  ~ r 6 c h e t  space  and i t  i s  a "Lie group" i n  t h a t  
t h e  group o p e r a t i o n s  of compos i t ion  and i n v e r s i o n  a r e  smooth. 
The t a n g e n t  space  t o  ~0 a t  t h e  i d e n t i t y ,  T  B c o n s i s t s  of 
e  
a l l  v e c t o r  f i e l d s  on M . T h i s  i s  a s  i n  l e c t u r e  3: I n d e e d ,  i f  
d  
l ( t )  c i s  a  c u r v e ,  - ~ ( t ) ( m ) l ~ = ~  d t  r e p r e s e n t s  a  v e c t o r  f i e l d  on 
M i f  q(O)(m) = m . G e n e r a l l y ,  T B = (X : M 4 TM(rr0~ = 'Q] where 
ri 
n n. TM 4 M i s  t h e  p r o j e c t i o n .  
Also a s  above ,  we l e t  B = (v E 817 i s  volume p r e s e r v i n g )  . 
P 
Then a! i s  a l s o  a  "Lie groupss and 
CL 
T  B = (X E ~ ~ f i l d i v e r ~ e n c e  of X = d i v  x  = 0 )  
e  P 
I f  M h a s  boundary we must a lways  add t h e  c o n d i t i o n  t h a t  X i s  
p a r a l l e l  t o  t h e  boundary.  
Now p u t  a  m e t r i c  on JQ and hence A by 
IJ. 
f o r  X , Y E T  A . I t  i s  e a s y  t o  s e e  t h a t  ( ) i s  r i g h t  i n v a r i a n t  3 
on JQ T h i s  m e t r i c  c o r r e s p o n d s  e x a c t l y  t o  t h e  t o t a l  k i n e t i c  ene rgy  
P 
of t h e  f l u i d :  
where v  i s  t h e  v e l o c i t y  f i e l d  of t h e  f l u i d :  
Given a tirne dependent  v e c t o r  f i e l d  v ( t ,  x) s a t i s f y i n g  t h e  
Eule r  e q u a t i o n s ,  we can  c o n s t r u c t  i t s  flow l') - i t  i s  t h e  s o l u t i o n  t o  
t ' 
and of course  c o n v e r s e l y , g i v e n  l'lt we c a n  o b t a i n  v  
t 
The f i r s t  i m p o r t a n t  f a c t  i s  t h e  f o l l o w i n g :  
Theorem. (Arnold) .  A  t ime dependent v e c t o r  f i e l d  v ( t ,  x) on M 
-
s a t i s f i e s  the  Eu le r  e q u a t i o n s  
<=> i t s  f l o w  i s  a  geodes ic  i n  aQ . 
t I-1 
The second one i s :  
Theorem. (Ebin-Marsden) . The s p r a y  governing t h e  g e o d e s i c s  on D 
P '  
2 Z : TB 4 T B i s  a  ern map i n  ?AS : Z : ~ $ 2 '  + T % ~  . Hence t h e  
P '4 - P P  
s t a n d a r d  e x i s t e n c e  and un iqueness  theorem can  be used .  
The f i r s t  r e s u l t  i s  analogous t o  t h e  way i n  which one c a n  
d e s c r i b e  the motion of  a  r i g i d  body e i t h e r  by look ing  a t  i t s  v e l o c i t y  
v e c t o r  i n  E u l e r i a n  ( s p a c e )  c o o r d i n a t e s  o r  a s  a  geodes ic  i n  t h e  L i e  
group SO(3)  (body c o o r d i n a t e s ) .  I n  f a c t  one c a n  proceed i n  g e n e r a l  
t o  d e s c r i b e  Hamil tonian systems on L i e  groups i n  g e n e r a l  of which 
hydrodynamics and t h e  r i g i d  body a r e  s p e c i a l  c a s e s  ( s e e  Arnold [ I ] ,  
Marsden-Abraham [I]  and I a c o b  [ I ] ) .  
The second r e s u l t  should be s u r p r i z i n g  i n  view of our  
previous d iscuss ion  t h a t  the  s tandard ex i s t ence  and uniqueness theorem 
could not be used i n  Euler ian  coo rd ina t e s .  
We would now l i k e  t o  t r y  t o  give t he  essence of t h i s  i dea .  
The key th ing  i s  t h a t  i n  Lagrangian coo rd ina t e s ,  the  equat ions change 
t h e i r  cha rac t e r  completely. Suppose then t h a t  
on n3 . We l e t  be the  flow of v and look a t  the  new v a r i a b l e s  
T t , X = v o q  i n s t e a d o f  v  i t s e l f .  Now t t  
-3 
s ince  v  s a t i s f i e s  ( & / a t )  + ( ~ 0 7 ) ~  = -grad p  . 
I n  order  f o r  the  spray Z t o  be smooth, the  map 
S s  " n, has  t o  a t  l e a s t  map H t o  H . Now grad p  (11, X) 4 , , Y  a t  
+ 
i s  t he  g rad i en t  p a r t  of (v*V)v , so  i t  i s  no t  completely obvious t h a t  
grad p  i s  H' i f  v i s  H' . However we can see  i t  by a  simple 
c a l c u l a t i o n :  Indeed take the divergence of 
S 
s ince  d i v  v  = 0  . Thus i f  v  i s  H~ , grad p w i l l  be H  a s  w e l l  
( r e g u l a r i t y  of t h e  Lap lace  o p e r a t o r ) .  
By combining t h e  p r e v i o u s  two theorems wi th  t h e  e x i s t e n c e  
and un iqueness  theorem, we o b t a i n  t h e  f o l l o w i n g .  
c o r o l l a r y .  - L e t  s > + 1 ( n  = dimension of M) , and v a  2 0  - 
divergence f r e e  H~ v e c t o r  f i e l d  p a r a l l e l  t o  aM . Then t h e r e  i s  a  
S 
unique H v t  e q u a l l i n g  v  a t  t = 0  which s a t i s f i e s  t h e  E u l e r  0  - 
equa t ions  ( t h a t  i s ,  t h e r e  i s  a  p ( x ,  t )  such t h a t  t h e  E u l e r  e q u a t i o n s  
h o l d ) ,  d e f i n e d f o r  -E: < t < c  f o r  some E > O  . I f  v  i s  cm ,so 
- 0 - 
i s  v  
- t - 
R e c e n t l y  Bourguignon and B r e z i s  [ I ]  have o b t a i n e d  t h e s e  
r e s u l t s  i n  a  more c l a s s i c a l  way w i t h o u t  u s i n g  i n f i n i t e  d imens iona l  
mani fo lds .  The same r e s u l t s  a r e  a l s o  o b t a i n e d  i n  t h e  s p a c e s  w S y P  , 
The q u e s t i o n  n a t u r a l l y  a r i s e s  i f  we c a n  i n f i n i t e l y  ex tend  
t h e  s o l u t i o n s  i n  t h e  c o r o l l a r y .  Such s o l u t i o n s  would be c a l l e d  g l o b a l .  
Theorem. (Wolibner ( 1 9 3 3 ) ,  ~ u d o v i c h  ( 1 9 6 4 ) ,  Kato ( 1 9 6 7 ) ) .  I f  
-
dim M = 2 , t h e  s o l u t i o n s  i n  theorem 2 can  be i n d e f i n i t e l y  extended f o r  
a l l  t E R (and remain smooth).  
-
The problem i s  open i f  dim M = 3 . 
The problem is also open, in general, if we consider the 
equations with viscosity. This leads us to a hamiltonian system with 
a dissipative term. 
Navier-S tokes I div v = 0 equations ( v = 0 on aM (note the change in boundary 
conditions) 
The term vbv is an approximation to viscous forces in the 
fluid which tend to slow the fluid down. Thus the chances for a 
global solution are increased. 
For the Euler equations it is known (see Marsden-Ebin-Fischer 
1 [I]) that if the C norm of v is bounded on an interval [0, T[ , 
then the solution can be extended beyond T . Thus one gets global 
1 
solutions if an a priori bound is known on the C norm. One can do 
better for the Navier-Stokes equations: 
Theorem. (Leray [ 3 ] ) .  Let v be a solution to the Navier-Stokes 
- t  
equations, dim M = 3 . Suppose one has an a priori bound on the 
spatial L norm of v on finite t-intervals, where p > 3 . Then 
P t 
the solution can be infinitely extended to [0, m [  as a smooth 
solution. 
One can also show that one has global solutions if the 
initial data is sufficiently small (Ladyzhenskaya [2]) and for fixed 
bu t  pe rhaps  l a r g e  i n i t i a l  d a t a  t h e  t ime of e x i s t e n c e  i s  of t h e  o r d e r  
of v . I t  i s  r e a l l y  t h e  c a s e  o f  " l a rge1 '  i n i t i a l  d a t a  which i s  o f  
i n t e r e s t  and f o r  t h e s e ,  ~ e r a ~ l s  theorem g i v e s  a  c r i t e r i o n  which i s  
necessa ry  and s u f f i c i e n t ,  b u t  i s  n o t  t o o  e a s y  t o  v e r i f y  ( s e e  remarks 
below) . 
I n  t h e  n e x t  l e c t u r e  we s h a l l  d i s c u s s  a  method, u s i n g  
" C h o r i n q s  formula" ,  which g i v e s  a  fundamental  improvement on t h e  t ime 
of e x i s t e n c e  f o r  g e n e r a l  i n i t i a l  d a t a .  
These d i f f i c u l t i e s  w i t h  g l o b a l  s o l u t i o n s  b e a r  on t h e  n a t u r e  
of t u r b u l e n c e .  (See  t h e  n e x t  l e c t u r e  f o r  f u r t h e r  d i s c u s s i o n . )  Indeed 
Leray b e l i e v e d  t h a t  i t  i s  p o s s i b l e  f o r  s o l u t i o n s  t o  become non-smooth 
and non-unique a f t e r  some time i n t e r v a l  [ 0 ,  T ]  , a t  which t ime t h e y  
t u r n  i n t o  weak, o r  Hopf s o l u t i o n s  and t h i s  was supposed t o  r e p r e s e n t  
t u r b u l e n c e .  
Nowadays, t h e  o p p o s i t e  p o i n t  of view p r e v a i l s ,  b a t  i t  i s  n o t  
y e t  comple te ly  s e t t l e d .  I n  o t h e r  words ,  we now b e l i e v e  t h a t  t u r b u l e n c e  
r e p r e s e n t s  v e r y  c o m p l i c a t e d ,  b u t  s t i l l  smooth s o l u t i o n s  t o  t h e  e q u a t i o n s .  
But  t h e  s i t u a t i o n  i s  v e r y  d e l i c a t e  and one must be c a r e f u l .  
)L 
For example a  law of Kolmogorov, e x p e r i m e n t a l l y  v e r i f i e d  f o r  t u r b u l e n t  
f l o w s ,  when t r a n s l a t e d  i n t o  norms i n d i c a t e s  t h a t  one h a s  an a  p r i o r i  
bound on t h e  L  norm of v  f o r  p  < 3 ! T h i s  j u s t  m i s s e s  t h e  
P  t 
c r i t i c a l  v a l u e  of p  = 3 , b u t  r e f i n e m e n t s  of t h i s  may be  a b l e  t o  
r a i s e  t h e  v a l u e  of p  above 3 . 
* We refer to  the - 513 law; see Landau-Lifschitz (1). The experimental verification 
is not conclusive and is also consistent with other possible laws. 
There a r e  o t h e r  r e a s o n s  f o r  t h i s  view and we s h a l l  d i s c u s s  them 
below i n  l e c t u r e  5.  B r i e f l y ,  t u r b u l e n c e  i s  b e l i e v e d  t o  be a  r e s u l t  
of s u c c e s s i v e  l o s s e s  of s t a b i l i t y  ( r a t h e r  than  smoothness) .  
From A r n o l d ' s  theorem we c a n  r e p h r a s e  t h e  problem of 
e x t e n d i n g  s o l u t i o n s  of t h e  Eu le r  e q u a t i o n s  a s  f o l l o w s :  
S Problem. L e t  M be a  (compact) 3-manifold .  Then i s  R g e o d e s i c a l l y  
i-L 
complete?  (Tha t  i s ,  do geodes ics  e x i s t  f o r  a l l  t ime? From Wol ibner ' s  
* 
r e s u l t ,  t h e  answer i s  y e s ,  i f  dim M = 2 .) 
The f o l l o w i n g  s imple  lemma b e a r s  on t h e  problem ( t h e  lemma 
i s  s t a n d a r d ) ;  s e e  Wolf [ I ] ,  p .  89 and l e c t u r e  6 below. 
Lemma. L e t  G be a  f i n i t e  dimensional  L i e  group w i t h  a  r i g h t  i n v a r i a n t  
- -
r iemannian m e t r i c  . Then G i s  g e o d e s i c a l l y  comple te .  
The lemma a l s o  h o l d s  i f  G i s  a  ' Q i l b e r t  group-manifoldT' ,  
b u t  u n f o r t u n a t e l y ,  i t  does  n o t  app ly  t o  our  problem because t h e  
topology of our  m e t r i c  ( r e c a l l  i t  g i v e s  t h e  L~ norm) does n o t  
c o i n c i d e  wi th  t h e  topology on as . I f  t h e  requ i rement  d i v  v  = 0  
LL 
were dropped,  t h e  r e s u l t  i s  d e f i n i t e l y  f a l s e  -- t h i s  i s  t h e  phenomenon 
of shock waves i n  compress ib le  f low.  (For  example t h e  s o l u t i o n  of 
( a u / a t )  + u(au /ax)  = 0  i n  one dimension i s  u ( t ,  x)  = uO(y)  where 
x  = y  + t u  ( y )  . One c a n  s e e  a s  soon a s  x  )-, y  becomes n o n - i n v e r t i b l e ,  0 
t h a t  d e r i v a t i v e s  of u  blow up.)  
* A t  p r e s e n t  t h e  m o s t  r e a s o n a b l e  s o u n d i n g  c o n j e c t u r e  f o r  t h i s  
p r o b l e m  i s  "no1 '  b e c a u s e  o f  " v o r t e x  s h e e t s "  b u t  " y e s "  f o r  
t h e  N a v i e r - S t o k e s  e q u a t i o n s  f o r  w h i c h  v o r t e x  s h e e t s  a r e  
i m p o s s i b l e  b y  L e r a y ' s  t h e o r e m .  
Kelvin C i r c u l a t i o n  Theorem. 
T h i s  i s  a  s t a n d a r d  c l a s s i c a l  theorem of hydrodynamics t h a t  
i s  v e r y  easy  t o  prove i n  our  c o n t e x t .  I t  s a y s  t h e  amount of c i r c u l a -  
t i o n  abou t  any c l o s e d  loop i s  c o n s t a n t  i n  t ime .  
Kelvin  C i r c u l a t i o n  Theorem. Let M be a  mani fo ld  and c M - a
smooth c l o s e d  loop i . e . ,  a  compact one mani fo ld .  L e t  u  be a  
t -
s o l u t i o n  t o  t h e  E u l e r  Equa t ions  on M and Q ( t )  be t h e  image of  R 
a t  time t when each p a r t i c l e  moves under  t h e  f l o w  7 of u  i . e . ,  
t - t - 
d "  - - 
- 
d t  u  = 0 ( u t  i s  t h e  one form d u a l  t o  u  ) 
R ( t >  t t 
- 
Proof .  We have t h e  i d e n t i t y  L u  = B u  + kd<u, u>, v a l i d  f o r  any 
U Ll 
v e c t o r  f i e l d  u  on t h e  manifold  M . We l e a v e  t h e  v e r i f i c a t i o n  a s  an 
e x e r c i s e .  
Then, i d e n t i f y i n g  t h e  d i f f e r e n t i a l  forms w i t h  t h e i r  d u a l  
v e c t o r  f i e l d s ,  we f i n d  P  (L~:) = P  (ouu)  s i n c e  P  a n n i h i l a t e s  
e x a c t  forms.  (Remember P p r o j e c t s  o n t o  t h e  d i v e r g e n c e  f r e e  p a r t ) .  
So s u b s t i t u t i n g  i n t o  t h e  E u l e r  e q u a t i o n s ,  we g e t  t h e  f o l l o w i n g  
a l t e r n a t i v e  form: 
L e t  be t h e  f l o w  of  u  . Then R ( t )  = Tj (A) , and s o  changing 
t t t 
v a r i a b l e s ,  
which becomes, on ca r ry ing  ou t  t he  d i f f e r e n t i a t i o n ,  
,-., - 
Let  P (LUu) = L u  - grad q  . By Stokes theorem 
U "J, grad 4 = 0 , 
w 
d ' -  - P M 
- 
a u 
d t  ' u  = l*(L u  + - - grad q)  = 0  . 17 
' J ( t >  t . . A t  u a t  
I n  p r a c t i c a l  f l u i d  mechanics,  t h i s  i s  an  important  theorem. 
One can ob t a in  a  l o t  of q u a l i t a t i v e  in format ion  about  s p e c i f i c  f lows 
by fo l lowing  a  c losed  loop throughout time and u s ing  the  f a c t  the  
c i r c u l a t i o n  i s  c o n s t a n t .  
- 
The quan t i t y  du = rn i s  the  v o r t i c i t y .  ( I n  t h r e e  dimensions 
;;)= d x  2 .) From (*) we g e t  & +  L w = 0 and so wO = T;wt , a t  u 
showing t h a t  v o r t i c i t y  moves with t he  f l u i d .  This  i s ,  v i a  Stokes 
theorem,another way of phras ing  Ke lv in ' s  theorem. 
Steady Flows. 
A f low i s  s teady  i f  i t s  vec to r  f i e l d  s a t i s f i e s  ( a u f a t )  = 0  , 
i . e . ,  u  i s  cons t an t  i n  time. This  cond i t i on  means t h a t  t he  "shape" 
of t he  f l u i d  f low i s  n o t  changing. Even i f  each p a r t i c l e  i s  moving 
under t h e  f l o w ,  t h e  g l o b a l  c o n f i g u r a t i o n  of t h e  f l u i d  does n o t  change.  
Not much i s  r e a l l y  known abou t  s t e a d y  f l o w s ,  t h e i r  s t a b i l i t y ,  
or  what i n i t i a l  c o n d i t i o n s  r e s u l t  i n  s t e a d y  f l o w s .  We should ment ion ,  
however, t h a t  f o r  v i s c o u s  f low q u i t e  a  b i t  more i s  known. See f o r  
example Ladyzhenskaya 121 and Finn [ I ] .  There  a r e  some e lementa ry  
e q u i v a l e n t  f o r m u l a t i o n s  of t h e  E u l e r  problem. 
P r o p o s i t i o n .  Let u be a  s o l u t i o n  t o  t h e  E u l e r  e q u a t i o n s  on a  
t 
manifold M & 7 i t s  f low.  Then t h e  f o l l o w i n g  a r e  e q u i v a l e n t :  t 
( 1 )  uO E T  iJS y i e l d s  a  s t e a d y  f l o w  ( i  . e . ,  ( a u / a t )  - 0) 
l.L 
( 2 )  T i t  i s  a  one parameter  subgroup of i Q i ( ~ )  
- (3)  LU uO i s  an e x a c t  form 
0  
(4)  i du i s  a n  e x a c t  form. 
Uo O 
The d e t a i l s  a r e  o m i t t e d .  
s I t  f o l l o w s  a t  once from (4 )  t h a t  i f  uO E T A (M) i s  a  
lJ. 
- 
harmonic v e c t o r  f i e l d ;  i . e . ,  u  s a t i s f i e s  6u = 0  and duo= 0  0  0  
then  i t  y i e l d s  a  s t a t i o n a r y  f low.  Also i t  i s  known t h e r e  a r e  o t h e r  
s t e a d y  f lows  f o r  mani fo lds  wi th  boundary. For example,  on a  c l o s e d  
2 - d i s c ,  w i t h  p o l a r  c o o r d i n a t e s  ( r ,  8)  , v = f(r)(a/a8) i s  t h e  v e l o c i t y  
f i e l d  of  a  s t e a d y  f low because 
'7 v  = -Vp , where p ( r ,  8)  = f L ( s ) s  d s  . 
v  0 
C l e a r l y  such  a  v  need no t  be harmonic .  
For t h e  remainder  of t h i s  c h a p t e r  we s h a l l  f i l l  i n  a  number 
of d e t a i l s .  I n  p a r t i c u l a r  we s h a l l  p rove  &IS i s  a  smooth m a n i f o l d ,  
i-L 
w i l l  prove A r n o l d ' s  theorem and o u t l i n e  t h e  proof  t h a t  t h e  g e o d e s i c  
s p r a y  i s  smooth. ( I n  Arnold [ I ] ,  and Marsden-Abraham [ I ] ,  t h e  r e s u l t  
of Arnold i s  proved u s i n g  L i e  group methods ) .  
Groups of Diffeomorphisms.  
These o b j e c t s  have a  v e r y  i n t e r e s t i n g  y e t  compl ica ted  
s t r u c t u r e .  For t h i s  s e c t i o n  we l e t  M be  a  compact man i fo ld  w i t h o u t  
boundary.  L e t  LJ'(M) = {f E H ~ ( M ,  M) [ f  i s  one-one,  o r i e n t a t i o n  
- 1 p r e s e r v i n g  and f  E H ~ ( M , M ) ]  . The f a c t  t h a t  B ~ ( M )  i s  a m a n i f o l d  
i s  a  t r i v i a l  consequence of t h e  f a c t  t h a t  H'(M, M) i s  a  man i fo ld  and 
t h e  f o l l o w i n g  p r o p o s i t i o n ;  
P r o p o s i t i o n .  If s > (1-112) + 1 , then B'(M) i s  open i n  H ~ ( M ,  M) 
P r o o f .  S ince  s  > (1112) f 1 , we have  a  c o n t i n u o u s  i n c l u s i o n  
S 1 
H (M, M) c C (My M) (by  t h e  Sobolev Theorem). So i t  i s  s u f f i c i e n t  t o  
show t h a t  i f  a  map g  on M i s  C1 c l o s e  t o  a  d i f feomorphisrn ,  t h e n  
g i s  a  d i f feomorphism.  To show t h i s ,  n o t e  t h a t  G : f  p infxEMJf ( x )  
1 i s  a  c o n t i n u o u s  r e a l  v a l u e d  map on C (My M) , where J f ( x )  i s  t h e  
J a c o b i a n  of f  : f ; ' ~  = ( J f ) p  . A l s o ,  s i n c e  M i s  compact ,  i f  
f  E aS(M) , t hen  G( f )  # 0 . By c o n t i n u i t y  of G , t h e r e  i s  a  ne ighbor -  
1 hood U of f  i n  C (My M) such t h a t  i f  g  E U t hen  ~ ( g )  # 0 . 
By t h e  i n v e r s e  f u n c t i o n  theorem U c o n s i s t s  of l o c a l  d i f feomorphisms.  
I t  i s  e a s y  t o  show t h a t  i f  g  E U t hen  g  i s  a n  o n t o  map. T h i s  i s  
because g(M) i s  open i n  M , a s  g  i s  a  l o c a l  d i f feomorphism and 
s ince  g  i s  c o n t i n u o u s  and M i s  compact ,  t h e n  g(M) i s  c l o s e d .  
Hence i f  M i s  connec ted  g(M) = M . ( I f  M i s  n o t  c o n n e c t e d ,  one 
need j u s t  remark t h a t  g  maps i n t o  each component of M s i n c e  f  
does and g  i s  un i fo rmly  c l o s e  t o  f  .) I t  remains  t o  show t h e r e  i s  
a  neighborhood of f  c o n t a i n i n g  o n l y  1-1 f u n c t i o n s .  ( I t  i s  n o t  t r u e  
t h a t  a  l o c a l  d i f feomorphism on a  compact s e t  i s  a  d i f feomorphism.  
c o n s i d e r  t h e  map which wraps s L  around i t s e l f  t w i c e . )  I t  i s  a n  e a s y  
e x e r c i s e  i n  p o i n t  s e t  topology t o  show t h a t  i f  M i s  connec ted  t h e n  
any l o c a l  d i f feomorphism on M i s  a  c o v e r i n g  map; t h a t  i s ,  i s  g l o b a l l y  
k t o  1 f o r  some i n t e g e r  k . A l s o ,  t h e  f u n c t i o n  t h a t  a s s i g n s  t o  a  
- 1 l o c a l  d i f feomorphism f  t h e  number of e l ements  i n  f  ( x )  f o r  any 
x E M i s  c o n t i n u o u s  i n  t h e  C' t opo logy  o n t o  t h e  i n t e g e r s .  I n  
p a r t i c u l a r  t h e r e  i s  a  neighborhood of a  d i f feomorphism c o n t a i n i n g  o n l y  
d i f  f  eomorphisms . O 
Because of t h e  above p r o p o s i t i o n ,  we w i l l  h e n c e f o r t h  assume 
s  > (1112) + 1 . 
S I t  i s  unknown whe the r ,  i n  g e n e r a l ,  t h e  compos i t ion  of two H 
S 
maps i s  a g a i n  H . I n  a l l  known p r o o f s  one needs  t h a t  one of t h e  maps 
03 
i s  a  d i f feomorphism o r  i s  C . The main compos i t ion  p r o p e r t i e s  a r e  
s t a t e d  i n  t h e  f o l l o w i n g .  
Theorem. ( a )  a s  i s  a  group under  compos i t ion .  
( b )  (@-Lemma) $2 Tj E f l S  t h e  map R : 9'  4 1 ~ '  , n 
5 ~ 5  0 cc" map ( i n  f a c t  R  i s  c l e a r l y  " f o r m a l l y  l i n e a r "  11 
and c o n t i n u o u s )  . 
( c )  (m-Lemma-Global) If Tj E &IS , then L  - 5 bl\ 0 5 
0 
11 - 
C . ( T h i s  map i s  d e f i n i t e l y  n o t  smooth,  i n  f a c t  i t  i s  n o t  even a  
J- 
l o c a l l y  L i p s c h i t z  map, ) 
( c )  ' More g e n e r a l l y ,  t h e  map 
s+R 
aQ x as  + a s  
(ll, 5 ) e r l  O 5 
R i s  C . 
-
( d )  a s  i s  a  t o p o l o g i c a l  group.  
Remark. ( d )  f o l l o w s  from t h e  o t h e r  p a r t s  o f  t h e  theorem because  of 
t h e  f o l l o w i n g  lemma of Montgomery [ I ] :  
Lemma. L e t  G be a  group t h a t  i s  a l s o  a  t o p o l o g i c a l  s p a c e .  Assume 
- -
f u r t h e r  t h a t  G i s  a  s e p a r a b l e ,  m e t r i z a b l e ,  B a i r e  space  and m u l t i p l i c a t i o n  
i n  G i s  s e p a r a t e l y  c o n t i n u o u s .  Then G i s  a  t o p o l o g i c a l  group.  
-
We s h a l l  n o t  prove ( a ) ,  ( b ) ,  ( c ) ' ,  h e r e  s i n c e  we have a l r e a d y  
g i v e n  t h e  b a s i c  i d e a s  i n v o l v e d .  The proof  may be found i n  Eb in  [ I ] .  
s  Another u s e f u l  f a c t  proved by Ebin  i s  t h a t  i f  i s  an  H map w i t h  
1 s  
a  C i n v e r s e ,  t h e n  t h e  i n v e r s e  i s  H T h i s  i s  ana logous  t o  what 
one h a s  i n  t h e  ck i n v e r s e  f u n c t i o n  theorem (Lang [ 2 ] ) .  These r e s u l t s  
a l s o  ex tend  t o  t h e  L~ and c ~ + ~  s p a c e s ;  c f .  Bourguinon and B r e z i s  
P 
[ I ]  and Ebin-Marsden [ I ] .  
* That  i t  canno t  be  l o c a l l y  L i p s c h i t z  f o l l o w s  from an example g i v e n  by 
T* Kate. See t h e  f o o t n c t e  on page 118.  
as  a s  a  "Lie group". 
$JS i s  n o t  p r e c i s e l y  a  L i e  g roup ,  ( s i n c e  a  l e f t  m u l t i p l i c a t i o n  
i s  c o n t i n u o u s ,  b u t  n o t  smooth) b u t  i t  s h a r e s  some i m p o r t a n t  L i e  group 
m 
I f  we were t o  work w i t h  = JQ , we would have L i e  g roup ,  
but n o t  a  Banach m a n i f o l d .  
I n  g e n e r a l  i f  G i s  a  L i e  group and e  E G i s  t h e  u n i t  
e lement ,  t h e n  t h e  L i e  Algebra  2 of G may be i d e n t i f i e d  w i t h  TeG . 
s s Hence, TesS(M) = (M) = H (TM) = H' v e c t o r  f i e l d s  on M ( r e c a l l  
members of TeaS(M) cover  t h e  i d e n t i t y  map on M) s e r v e  a s  t h e  L i e  
a lgebra  f o r  a s  . S i n c e  r i g h t  m u l t i p l i c a t i o n  i s  smooth,  we c a n  t a l k  
about  r i g h t  i n v a r i a n t  v e c t o r  f i e l d s  on a s  . By t h e  w-lemma, i f  
- s  X € X ~ + '  , t h e  map X :  l j e x  0 i s  a  C' map from fi t o  
TB' (A 2 0)  ; i n  p a r t i c u l a r  X 0 1 E T  as  and s o  i t  i s  a  v e c t o r  
ri 
f i e l d  on n S  . I n  f a c t  X i s  a  r i g h t  i n v a r i a n t  C' v e c t o r  f i e l d  
s  - N 
0 Q i . . ,  R ) = 0 1] f o r  1 € a s  and X = x(C) ET? ' )  11 5 5 e 
- 
Conversely  i f  X i s  a  r i g h t  i n v a r i a n t  CR v e c t o r  f i e l d ,  t h e n  
- 
X(e) E fS+' . I n  f a c t  t h e  r i g h t  i n v a r i a n t  C' v e c t o r  f i e l d s  a r e  
s+R isomorphic t o  by e v a l u a t i o n  a t  e  , and i n  p a r t i c u l a r  ~ ~ a 9 ~  i s  
isomorphic t o  t h e  C O  r i g h t  i n v a r i a n t  v e c t o r  f i e l d s .  
For R _> 1 , t h e r e  i s  a  n a t u r a l  L i e  b r a c k e t  o p e r a t i o n  on t h e  
s  C' r i g h t  i n v a r i a n t  v e c t o r  f i e l d s  on 8 . T h i s  d e f i n e s  t h e  b r a c k e t  
o p e r a t i o n  on t h e  c o r r e s p o n d i n g  members of T ~ & ' ( M )  . We now e s t a b l i s h  
t h a t  t h e  L i e  a l g e b r a  s t r u c t u r e  o f  a s  i s  t h e  u s u a l  L i e  a l g e b r a  
s t r u c t u r e  on t h e  v e c t o r  f i e l d s .  
s+R Theorem. Let R > 1  a n d f o r  X , Y E H  (TM) ,let 2 and ? - be 
S 
t he  corresponding r i g h t  i n v a r i a n t  vec to r  f i e l d s  on A . - Then 
N N 
[X, Y ] ~  = [X, Y ]  , the  usua l  L i e  bracke t  of vec tor  f i e l d s  on M . 
proof .  Reca l l  t h a t  l o c a l l y  [X, Y ]  = DX * Y - DY - X (where DX i s  
t he  d e r i v a t i v e  of X ; c f .  l e c t u r e  1. However, a s  shown above, f o r  
N 
€ as ( 1 )  = X 0 and Y ( 7 )  = Y o 1 , so i n  p a r t i c u l a r  s i nce  
- Pd - 
x = n * X we g e t  ['?,?le = (DT ? - D? ?le = Dx(e) Y(e) - 
~ y ( e ) ? ( e )  = DX Y - DY X . 
s+R- 1 Note s i nce  DX Y E H (m) , we r e a l l y  cannot pu t  t h i s  
s  s+R bracke t  on TedS = X and none of the  ,$ (TM) a r e  L i e  a lgeb ra s  
s i nce  they a r e  no t  c losed  under the  bracke t  ope ra t i on ;  one would have 
CO 
t o  pass  t o  &! = &! . 
For any Lie  group G , t he r e  i s  a  s tandard  exp map from 9 
onto a  neighborhood of the  i d e n t i t y  e  i n  G . I f  X E 2 , t he r e  i s  
a  unique one parameter smooth subgroup c  i n  G ( i . .  , c ( t + s )  = c ( t )  
c ( s )  and c ( 0 )  = e )  such t h a t  c ' ( 0 )  = X . I n  t h i s  c a se  X i s  t he  
i n f i n i t e s i m a l  genera tor  of c  ; c  i s  t he  s o l u t i o n  of c V ( t )  = ? ( c ( t ) )  
, 
'V 
where X i s  the  r i g h t  i n v a r i a n t  vec to r  f i e l d  equa l ing  X a t  e  . 
Define exp(X) = c (1 )  . 
I f  G h a s  a  Riemannian s t r u c t u r e ,  then t he re  i s  another  map 
- 
exp : 9 + G  defined ( a s  above) by fo l lowing  geodesics  i n s t e a d  of 
subgroups. If the  met r ic  i s  b i - i n v a r i a n t  ( i . e . ,  i f  g  = (g i j )  i s  
t he  Riemannian m e t r i c ,  then f o r  a  E G , (Ra);'t(g) = (L,)>'<(g) = g  ) 
then  i t  i s  easy  t o  show t h e  two exp maps c o i n c i d e .  
I n  t h e  c a s e  of iQS , we w i l l  c o n s t r u c t  a  m e t r i c  t h a t  i s  
r i g h t  i n v a r i a n t ,  b u t  n o t  l e f t  i n v a r i a n t ,  and s o  t h e  two exp maps w i l l  
i n  g e n e r a l  be d i f f e r e n t .  
s  A c t u a l l y  as  (and Q )  have no b i - i n v a r i a n t  m e t r i c s  . 
( I n d e e d ,  a s  i n  S t e r n b e r g  [ I ] ,  a  group G h a s  a  b i - i n v a r i a n t  m e t r i c  i f f  
the  image of G under t h e  a d j o i n t  map i s  r e l a t i v e l y  compact . )  
L e t  X E T ~ ~ Q ~  . Then X E H'(TM) = zS and t h e r e f o r e  h a s  a  
f low Ft (Ft(m) i s  t h e  i n t e g r a l  c u r v e  of  X s t a r t i n g  a t  m) . T h i s  
i s  a  one parameter  group s i n c e  Fs+t  = Fs 0 Ft . Since  M i s  compact,  
Ft i s  d e f i n e d  on a l l  of M f o r  a l l  t E R . (Flows of cr v e c t o r  
f i e l d s  on compact mani fo lds  a r e  always complete . )  
L e t  u s  a r g u e  t h a t  we should have 
exp X = F 1  
where exp i s  t h e  ( r i g h t )  e x p o n e n t i a l  map on B . Indeed we need t o  
- 
show Ft i s  an i n t e g r a l  cu rve  of X d e f i n e d  above. But 
d  
-F (m) = X(F (m)) d t  t t 
d  - 
-F = X 0 Ft = X(Ft) . d t  t 
S - 
Hence F t  i s  a n  i n t e g r a l  c u r v e  i n  >Q of X . T h i s  j u s t i f i e s  u s  i n  
s a y i n g  t h a t  exp X = F 1 ' 
A c t u a l l y  i t  i s  n o t  obvious  t h a t  Ft € as  ; i . e . ,  t h e  f low 
S 
of a n  H' v e c t o r  f i e l d  i s  H . ( T h i s ,  of c o u r s e ,  i s  well-known i n  
k  s 
t h e  C c a s e  --  s e e  l e c t u r e  1 . )  However t h e  H v e r s i o n  i s  a l s o  
t r u e .  See Ebin-Marsden [ I ]  , Bourguinon and B r e z i s  [ I ]  and F i s c h e r -  
Marsden [ 2 1  f o r  p r o o f s .  
So v i a  t h i s  theorem and t h e  remark t h a t  F  = i d  , we have 0  
a  s o r t  of L i e  group e x p o n e n t i a l  map from T ~ B ' ( M )  into a neighborhood 
of i d e n t i t y ,  X Fl . I t  i s  n a t u r a l  t o  a s k  why n o t  use  t h i s  exp 
map t o  d i r e c t l y  d e f i n e  c h a r t s  on $IS(M) . We cannot  do t h i s  because 
i t  i s  a  f a c t  t h a t  exp does  - n o t  map on to  any neighborhood of t h e  i d e n t i t y  
i n  aS(M) . T h i s  i s  e q u i v a l e n t  t o  s a y i n g  t h a t  t h e r e  a r e  di f feomorphisms 
n e a r  e  n o t  embeddable i n  a  f l o w .  I n  o t h e r  words f o r  any neighborhood 
U of e  i n  a s  , t h e r e  i s  E U such t h a t  t h e r e  i s  no f low Ft 
wi th  F1 = T l  . I n  f a c t  w i l l  n o t ,  i n  g e n e r a l ,  have a  square  r o o t .  
E x p l i c i t  examples have been g iven  by s e v e r a l  peop le  such a s  E e l l s  and 
Smale. One i s  w r i t t e n  down i n  Omori [ I ]  and i n  F r i e f e l d  [ I ] .  
A consequence of t h i s  i s  t h a t  t h e  exp map on T ~ ~ o ~  i s  n o t  -
C' , f o r  i f  i t  were ,  i t  would be l o c a l l y  o n t o  by t h e  i n v e r s e  f u n c t i o n  
theorem. 
Volume P r e s e r v i n g  Diffeomorphisms. 
For now l e t  M be a  compact Riemannian mani fo ld  wi thou t  
boundary. (The boundary c a s e  i s  done below.) L e t  p be t h e  volume 
form g iven  by t h e  m e t r i c  on M . R e c a l l  from t h e  i n t r o d u c t i o n  t h a t  
S 
= ( f  E JQ 1 f*(p,) = p,) . We s h a l l  show t h a t  as  i s  a  smooth sub- 
P LJ- 
S 
manifold  of B . 
R e c a l l  t h a t  i f  f  : P 4 Q  i s  a  smooth map between m a n i f o l d s ,  
f  i s  a  submers ion on a  s e t  A c P i f  Txf : TxP I Tf (x)Q i s  a  
s u r j e c t i o n ,  f o r  each x  E A and t h e  k e r n e l  s p l i t s .  We showed i n  
l e c t u r e  one t h a t  i f  P  , Q a r e  H i l b e r t  m a n i f o l d s  and f  : P + Q i s  
- 1 
a  cCO map, t h e n  f o r  g  E Q , f  ( g )  i s  a  cm submanifold  of P , 
- 1 i f  f  i s  a  submers ion on f  ( g )  . 
We s h a l l  need t h e  f o l l o w i n g :  
Lemma. A be an  n-form on M such t h a t  rMA = 0 . T h e n  A is 
e x a c t ;  k = d ~  f o r  an  n -1  form u . 
T h i s  i s  a  s p e c i a l  c a s e  of de Rham's theorem,  s t a t i n g  t h a t  a 
c l o s e d  form i s  e x a c t  i f  a l l  i t s  p e r i o d s  v a n i s h .  For t h e  p r o o f ,  s e e  
f o r  example Warner [ I ] .  A d i s c u s s i o n  i s  a l s o  found i n  F l a n d e r s  [ I ] .  
Theorem. Let s > (1-112) + 1 . Then as  i s  a  c l o s e d  cW &- 
P 
mani fo ld  of A!' . 
P r o o f .  L e t  p, be t h e  volume form on M . By t h e  Hodge theorem,  
s+l n - 1  [p,] = p + d(H (A ) )  i s  a  c l o s e d  a f f i n e  subspace of H ~ ( A ~ )  , 
s+ l  b e i n g  t h e  t r a n s l a t e  of t h e  c l o s e d  subspace d(H (An-')) by p . 
Def ine  t h e  map 
Now 1 9 9  E [p] s i n c e  
Hence p  - Ij;':p = dda/ by t h e  lemma. By t h e  w-Lemma, one c a n  e a s i l y  
s+l - 1 
s e e  t h a t  $ i s  a  cm map. Now A (M) = $ (p,) , s o  i f  $ i s  a  
L 
s+l s+l 
submers ion then  AC (M) i s  a  C~ submanifold  of A (M) . 
u 
We s h a l l  show t h i s  a t  e  E A Q ~ ( M )  ( e  i s  t h e  i d e n t i t y  map). 
s+l I t  t u r n s  o u t  t h a t  TeJI(X) = LXp where X E Tea (M) . Indeed l e t  
Il t  be a  c u r v e  t a n g e n t  t o  X , such a s  i t s  f l o w .  Then 
Te$(X) = (d/dt)T:u 1 t=O which i s  indeed  t h e  L i e  d e r i v a t i v e .  Using t h e  
"magic" formula  L  p  = d i  p + i + f o r  t h e  L i e  d e r i v a t i v e  and t h e  f a c t  X X X 
t h a t  dp = 0 , we g e t  
Hence t o  show T $ i s  a  s u r j e c t i o n ,  we o n l y  need show t h a t  
e  
- 
But iXp, = ;':X and * i s  a  b i j e c t i o n  between n -1  forms and 1-forms.  
Hence T $ i s  o n t o .  S i m i l a r l y  TT$ i s  o n t o .  
However t h i s  l a s t  s t e p  i n  t h e  proof  o n l y  h o l d s  i f  y i s  a 
(nowhere ze ro)  n-form o r  a  c l o s e d  nondegenerate  2-form. This  remark 
a l lows us  t o  show t h a t  the  diffeomorphisms t h a t  p r e s e r v e  a  symplec t i c  
form form a  submanifold of the  diffeomorphism group u s i n g  t h e  same 
s o r t  of argument.  
I t  f o l l o w s  from t h e  b a s i c  connec t ion  between L i e  d e r i v a t i v e s  
and f lows g iven  i n  L e c t u r e  one t h a t  a  v e c t o r  f i e l d  g e n e r a t e s  volume 
p r e s e r v i n g  diffeomorphisms i f  and only i f  i t  i s  d i v e r g e n t  f r e e .  I n  
our c o n t e x t  t h i s  means T  fiS(M) = (X E Ss(M)!6Z = 0)  . T h i s  i s  c l e a r l y  
P 
a subspace of T ~ Q ' ( M )  and i n  f a c t  T  aS(M) i s  c l o s e d  under  t h e  
i.l 
b r a c k e t  o p e r a t i o n ,  i n  t h e  same sense  a s  T ~ J Q ~ ( M )  ( s e e  page 92 above) .  
Manifolds  wi th  Boundary. 
Suppose M i s  a compact, o r i e n t e d ,  Riemannian Manifold  w i t h  
- 
smooth boundary. L e t  be t h e  double of M , i . e  . , M i s  two 
c o p i e s  of M wi th  t h e  boundar ies  i d e n t i f i e d ,  w i t h  t h e  obvious  
. - 
d i f f e r e n t i a l  s t r u c t u r e .  Now M i s  a  compact,  o r i e n t e d ,  Riemannian 
rc. 
manifold  w i t h o u t  boundary and M has  a n a t u r a l  imbedding i n  M . We 
have t h e  manifold  s t r u c t u r e  of H'(M, ??) by our  above work. C l e a r l y  
dS(M) c H ~ ( M ,  G) and i n  f a c t :  
Theorem. ~ Q ~ ( M )  is cm submanifold of llS(M, %) . 
- Sketch of P roof .  B r i e f l y ,  we p u t  a  m e t r i c  on M such t h a t  a M  c % 
i s  t o t a l l y  geodes ic .  Then l e t  E : THS(M, %) 4 HS(M, %) be t h e  
e x p o n e n t i a l  map a s s o c i a t e d  with t h i s  m e t r i c .  
L e t  n E AQ'(M) c H'(M, ??) and choose an e x p o n e n t i a l  c h a r t  
E : U c T H'(M, Gci) - + H ' ( M ,  z) a b o u t  . Also we shou ld  have  n 
T AQ'(M) = {X E H'(M, 7%) I X  c o v e r s  and 1 
X(x) E T 2M f o r  a l l  x  E aM) 
rl(x> 
which i s  a  c l o s e d  subspace of 
S i n c e  a M  i s  t o t a l l y  g e o d e s i c ,  E t a k e s  U fl T B'(M) o n t o  a  7 
neighborhood of i n  A Q S ( ~ )  . See Ebin-Marsden [ I ]  f o r  d e t a i l s .  
s 
By i n s p e c t i n g  t h e  above argument .xe s e e  T ~ ~ ' ( M )  = [H v e c t o r  
f i e l d s  on M t h a t  a r e  t a n g e n t  t o  aM] . Formal ly ,  t h i s  i s  a  L i e  
a l g e b r a  i n  t h e  same s e n s e  a s  we had when M had no boundary.  
Theorem. If y i s  t h e  volume on M and >QS(M) i s  t h e  s e t  of 
P 
S 
volume p r e s e r v i n g  d i f feomorph i sms ,  then  JQ'(M) c $3 (M) i s  a  smooth 
P 
submani fo ld .  
T h i s  i s  proven a s  i n  t h e  c a s e  t h a t  M h a s  n o  boundary,  
T h i s  proof  works h e r e  because  we have t h e  Hodge theorems f o r  m a n i f o l d s  
w i t h  boundary.  The r e s t  of t h e  m a t e r i a l  from t h e  no  boundary c a s e  ( s u c h  
a s  t h e  a and w-lermnas) c a r r i e s  over  t o  t h e  c a s e  when M h a s  a  
boundary.  For  t h e  non-compact c a s e ,  see  Cantor  [ 1 , 2 ] .  
I f  M h a s  boundary,  t h e n  H'(M,M) w i l l  n o t  be  a  smooth 
mani fo ld ,  b u t  w i l l  have "corners" .  Thus i t  i s  i n t e r e s t i n g  t h a t  
n e v e r t h e l e s s ,  A Q S ( ~ )  i s  a  smooth mani fo ld .  
Topology of t h e  D i f f  eomorphism Group, 
m 
For t o p o l o g i c a l  theorems we c a n  work i n  B(M) = (M) . 
 deed i t  f o l l o w s  from v e r y  g e n e r a l  r e s u l t s  of Cerf  [ I ]  and P a l a i s  [ 3 ]  
s  
t h a t  t h e  topo logy  of >Q and JQ a r e  t h e  same; one u s e s  t h e  f a c t  
s  
t h a t  t h e  i n j e c t i o n  of B i n t o  JQ i s  dense .  The f i r s t  theorem i n  
t h i s  f i e l d  was proven by Smale [ I ]  i n  1959. He showed t h a t  a ( s L )  i s  
c o n t r a c t a b l e  t o  SO(3) ; h e r e  s2  i s  t h e  2 - s p h e r e ,  and SO(3) i s  t h e  
3  
s p e c i a l  or thogor ia l  group on R , which we can  r e g a r d  a s  t h e  ( i d e n t i t y  
component of t h e )  i somet ry  group of sL  . T h i s  theorem was ex tended  
to  a l l  compact 2-manifolds  by E a r l e  and E e l l s  [ I ]  and t o  t h e  boundary 
case  by E a r l e  and S c h a t z  [ I ] .  
I t  i s  f a F r l y  s imple  t o  show t h a t  1!(s1) i s  c o n t r a c t a b l e  t o  
SO(2) . The f o l l o w i n g  argument i s  based on a  s u g g e s t i o n  of J . E e l l s .  
F i r s t  f i x  s  E S' . L e t  8 : [ 0 ,  11 4 S' be a  p a r a m e t e r i -  
z a t i o n  of S' such t h a t  4 (0 )  = 0 ( 1 )  = s  . Now l e t  f  be a  d i f f e o -  
morphism t h a t  l e a v e s  s f i x e d .  Then t h e  map 
i s  a n  homotopy from f  t o  i d  . 
S 
1 1  Suppose g  : S 4 S maps s t o  g ( s )  s  ; t h e n  t h e r e  i s  
1 
a r o t a t i o n  r : S -, S' t h a t  c a r r i e s  g ( s )  t o  s and t h e r e f o r e  
r o g ( s )  = s . Hence, by t h e  above argument r o g  i s  homotopic t o  t h e  
- 1 i d e n t i t y .  There fore  g i s  homotopic t o  r , which i s ,  n a t u r a l l y ,  
a l s o  a r o t a t i o n .  17 
For dimension 3 t h e  s i t u a t i o n  i s  much more compl ica ted  and 
1 - i t t l e  i s  known. The work of Cerf [ 2 ]  seems i n d i c a t i v e  of t h e  
complex i ty .  A n t o n e l i  e t  a l .  [ I ]  have shown t h a t  i f  M h a s  h i g h  
dimension iQ(M) w i l l  n o t  have t h e  homotopy type  of a f i n i t e  c e l l  
complex. Var ious  peop le  have a l s o  been working towards  showing >Q(M) 
i s  a s imple  group; c f .  Herman [ I ] ,  E p s t e i n  [ I ]  and Herman-Sergeraer t  
[ I ] .  T h i s  r e s u l t  was a c t u a l l y  known t o  von Neumann f o r  t h e  c a s e  of 
homeomorphisms. I t  h a s  r e c e n t l y  been announced f o r  B(M) by W. 
Thurs ton .  
Another impor tan t  r e s u l t  i n  t h i s  f i e l d  i s  t h a t  of Omori [ I ] .  
He proved t h a t  f o r  any compact Riemannian manifold  w i t h o u t  boundary 
&(M) i s  c o n t r a c t a b l e  t o  aF(M) , t h e  s e t  of volume p r e s e r v i n g  d i f f e o -  
morphisms. I n  f a c t  i f  1/ = {U E crn(nn) ( v  i s  nondegenera te ,  p o s i t i v e l y  
o r i e n t e d  and rMv = f#} (crn(nn) a r e  t h e  cm n-forms) then  a(M) 
i s  d i f feomorph ic  t o  AO x V . T h i s  i m p l i e s  8(M) i s  c o n t r a c t a b l e  
P 
t o  B (M) s i n c e  1/ i s  c o n t r a c t a b l e  t o  P . ( I n  f a c t  1/ i s  convex.) 
IJ. 
The proof t h a t  B ( M )  = A (M) X 1/ u s e s  an impor tan t  r e s u l t  of Moser [ I ] .  
C1 
Theorem. [Moser].  I f  on a compact manif* M , t h e r e  a r e  2 volume 
elements  p & u such t h a t  rMv = J# , t h e n  t h e r e  i s  map f t &(M) 
such t h a t  f*(v)  = IJ. . 
We f o r m u l a t e  t h e  r e s u l t s  f o l l o w i n g  Ebin-Marsden [ I ] .  
Theorem. - L e t  M be compact w i t h o u t  boundary w i t h  a  smooth volume 
e lemen t  p  . - L e t  
Then &! i s  d i f f e o m o r p h i c  t o  B  x Y . I n  p a r t i c u l a r  ( s i n c e  v is 
- P -
c o n v e x ) ,  fip i s  a d e f o r m a t i o n  r e t r a c t  of  $3 . 
For  t h e  p r o o f ,  we b e g i n  by p r o v i n g  Moser ' s  r e s u l t .  
S 
Lemma. There  i s  a  map x : vS 4 B  , s  > ( n / 2 )  + 1 such t h a t  
t : iJS + vS-' , tp(V)  = l * ( p )  s a t i s f i e s  $ O X  = i d e n t i t y .  F u r t h e r ,  
1-1 I-L 
X : Y 4 8  is cm - map.
p r o o f .  For  v € Y , l e t  v t  = t v  + ( 1  - t), , s o  t h a t  v  E Ys . 
S t 
S i n c e  rp = Jv , we c a n  w r i t e ,  a s  b e f o r e ,  p - v  = ddoc . Define  Xt  
by i ~ t v t  
= doc s o  t h a t  X t  E H'(IM) . L e t  I t  be t h e  f low of x 
t ' 
- 1 
s o  TI t  E iJs . D e f i n e  X ( V )  = T I  . We want t o  show t h a t  T*(v ) = p 
t t  
by showing d/dt(Tj;(vt)) = 0 . I n d e e d ,  we h a v e ,  from t h e  b a s i c  f a c t  
a b o u t  L i e  d e r i v a t i v e s  
Note t h a t  x i s  c a n o n i c a l l y  d e f i n e d ,  g i v e n  t h e  Riemannian m e t r i c  on M . 
P r o o f .  Def ine  @ : D x 1/ + a 4  by m(5, v) = S O X ( V )  . Then 
I-L 
- 1 - 1 @ (1) = ( ~ o ( ~ ~ * ) ( p , ) )  , l+:(p)) a s  i s  e a s i l y  checked .  
T h i s  can be g e n e r a l i z e d  t o  t h e  boundary c a s e  a s  w e l l .  
The b a s i c  t echn ique  used h e r e  i s  e s s e n t i a l l y  t h e  same a s  
t h a t  used i n  t h e  proof of Darboux 's  theorem i n  l e c t u r e  2 .  
I t  i s  a l s o  p o s s i b l e  t o  s t u d y  o t h e r  groups  of d i f feomorphisms.  
For example,  l e t  M be a  compact man i fo ld  and l e t  G be a  compact 
group.  L e t  P : G I: M -I M be a  group a c t i o n ,  and l e t  Pg(m) = P ( g ,  m) . 
S e t  
T h i s  i s  a  subgroup of aS(M) , a  cW submanifold  and h a s  "Lie 
a lgebra ' !  
T ~ A Q ~ ( M )  = ( V  t T ~ I U ' ( M )  I V  commutes w i t h  a l l  
i n f i n i t e s i m a l  g e n e r a t o r s  of @ }  
Of c o u r s e ,  we can  a l s o  t a k e  9' (M) = gS(M) P &:(MI S i n c e  t h i s  
p, ? @  P 
i n t e r s e c t i o n  i s  n o t  i n  g e n e r a l  t r a n s v e r s a l ,  i t  i s  n o t  obvious  t h a t  
(M) i s  a  submanifold .  I t  i s  t r u e ,  b u t  r e q u i r e s  some argument 
P. 2 @  
(Marsden [ 7 ] ) .  The group &IS (M) i s  i m p o r t a n t  i n  t h e  s t u d y  of f lows  
iJ. ,@ 
w i t h  v a r i o u s  symmetries ( e . g . ,  a  f l o w  i n  R 3  t h a t  i s  symmetric w i t h  
r e s p e c t  t o  a  g i v e n  a x i s ) .  A l s o ,  i n  g e n e r a l  we f i n d  t h a t  dim(B+(M)) 
and codim(8 (M)) a r e  bo th  i n f i n i t e  s o  F r o b e n i u s  methods do n o t  work m 
( ~ e s l i e  [ 2 ]  and Omori [ I ,  31 have shown t h a t  i f  2 i s  a  L i e  sub- 
a l g e b r a  of T B  w i t h  f i n i t e  d imension o r  cod imens ion ,  t h e n  3 comes 
from a  smooth subgroup of A) . 
s  
The m e t r i c  on a . 
P 
I t  f o l l o w s  from t h e  r e s u l t s  we e s t a b l i s h e d  above t h a t  t h e  
s  
t a n g e n t  space  t o  s;(M) a t  a  p o i n t  l] E fl i s  g i v e n  by 
P 
- 1 T ~ ~ : ( M )  = {X t H'(M, TM)Ix c o v e r s  'l), 6(Xo'l) ) = 0 , and X i s  
p a r a l l e l  t o  3M] . Note t h a t  i f  X E T &JS(M) t h e n  xoT-' i s  a  1 P 
v e c t o r  f i e l d  on M . i f  we a r e  working on BS t h e n  t h e  d ive rgence  
- 1 
c o n d i t i o n  S(X.7 ) = 0 i s  dropped,  s o  T &JS c o n s i s t s  of H' s e c t i o n s  
ri 
p a r a l l e l  t o  a M  which cover  l] . 
L e t  M be a  compact Riemannian mani fo ld  m E M and l e t  
<, >m be t h e  i n n e r  p r o d u c t  on TmM a Now we p u t  a  m e t r i c  on AQ'(M) 
a s  f o l l o w s :  L e t  l] E B'(M) and X , Y E T  aS(M) . Then X(m) and 11 
Y(m) a r e  i n  
T1(m>M Nohi d e f i n e :  
T h i s  i s  a  symmetric b i l i n e a r  form on each t a n g e n t  space  T  a s  of 
rl 
&IS(M) . By r e s t r i c t i o n  i t  a l s o  d e f i n e s  a  symmetric b i l i n e a r  form on 
each t a n g e n t  space  of as  . 
I-L 
The norm induced by t h i s  i n n e r  p r o d u c t  i s  c l e a r l y  a n  L  2 
S 
norm and hence t h e  topo logy  i t  induces  i s  weaker t h a n  t h e  H  topology 
s  
on each Tnfi (M) . Thus,  i n  t h e  t e rmino logy  of l e c t u r e  2 ,  ( , ) i s  a  
weak m e t r i c .  I t  i s  impor tan t  t o  a l l o w  weak m e t r i c s  a l though  most 
d e f i n i t i o n s  of Riemannian m a n i f o l d s  exc lude  t h i s  ( a s  i n  Lang [ I ] ) .  
Also ,  r e c a l l  t h a t  t h i s  i s  t h e  p h y s i c a l l y  a p p r o p r i a t e  m e t r i c  f o r  
hydrodynamics,  s i n c e  f o r  X E T dS(M) , k ( X ,  X) r e p r e s e n t s  t h e  t o t a l  ?1 
- 1 k i n e t i c  energy of a  f l u i d  i n  s t a t e  and v e l o c i t y  f i e l d  v  = X o v  . 
So f i n d i n g  geodes ics  i s  f o r m a l l y  t h e  same a s  f i n d i n g  a  f l o w  s a t i s f y i n g  
a l e a s t  energy  c o n d i t i o n .  ( T h i s  i s  t h e  c o n n e c t i o n  wi th  v a r i a t i o n a l  
p r i n c i p l e s  o r  l e a s t  a c t i o n  p r i n c i p l e s  i n  f l u i d  mechanics .) 
T h i s  m e t r i c  ( , )T j u s t  c o n s t r u c t e d  i s  smooth i n  t h i s  
sense :  I f  B(T &IS T~s;) i s  t h e  v e c t o r  bundle  of  b i l i n e a r  maps over  71 p Y  
t h e  t angen t  spaces  of $JS(M) ( e .  , i f  g  E B(T A' T &IS) then  
ri 1 1 ~ '  7~ 
S 
g7 : Tqp(M)  X T &IS(M) 4 R i s  b i l i n e a r ) ,  t h e n  t h e  map 7 e ( , ) v  i s  7 P 
a  s e c t i o n  of t h i s  bund le ,  and t o  say  t h e  m e t r i c  i s  smooth i s  t o  say  
t h i s  s e c t i o n  i s  smooth. (Here each f i b e r  of B ( T  A' T  a s )  h a s  t h e  1 '  r i p  
s t a n d a r d  topology p u t  on b i l i n e a r  maps on banach s p a c e s ,  and one 
c o n s t r u c t s  t h e  bundle  a s  i n  Lang [ I ] ,  Ch. 111, $ 4 . )  
Note.  I t  i s  n o t  a lways t r u e  t h a t  a  weak m e t r i c  y i e l d s  g e o d e s i c s .  For 
-
example,  suppose M # . Then on a 4 S ( ~ )  , t h i s  weak m e t r i c  would 
y i e l d  g e o d e s i c s  which would t r y  t o  c r o s s  t h e  boundary of M . We s h a l l  
s e e  t h i s  i n  more d e t a i l  below. 
The Spray on &IS . 
C1 
S We now wish t o  c o n s t r u c t  t h e  s p r a y  on AQ co r responding  t o  
P  
the  m e t r i c  ( , ) . R e c a l l  from l e c t u r e  2 t h a t  t h i s  means f i n d i n g  t h e  
Hami l ton ian  v e c t o r  f i e l d  on T~S'  co r responding  t o  t h e  energy 
i-1 
K(X) = %(X, X) . Assume 
Theorem. - L e t  Z be t h e  spray  of t h e  m e t r i c  on M . Then t h e  spray  
s  
of ( , ) (M) i s  given by 
-
We s h a l l  j u s t  make t h e  r e s u l t  p l a u s i b l r ,  l e a v i n g  d e t a i l s  t o  
t h e  r e a d e r .  See a l s o  Ebin-Marsden [ I ]  and E l i a s s o n  [ I ] .  
S Nofe. As w i t h  T , i t  i s  n o t  hard t o  see  t h a t  T ~ ( T J Q ~ )  c o n s i s t s  of 
2 H' maps Y : M + T M which cover X ; i . e . ,  such t h a t  n Y = X , 1 
2 
where n : T M +TM i s  t h e  p r o j e c t i o n .  The spray  Z s a t i s f i e s  1 
n,  0 Z = i d e n t i t y ,  s i n c e  Z i s  a v e c t o r  f i e l d .  Thus Z(X) E TXTaS 
so  Z i s  indeed a v e c t o r  f i e l d  on TB' . 
The i d e a  behind t h e  proof i s  t o  r e a l i z e  t h a t  we can  e x p l i c i t l y  
w r i t e  down what should be t h e  geodes ics  on A S ( ~ )  . From t h e  
- 
c o n s t r u c t i o n  of c h a r t s  on aS(M) , t h e r e  i s  t h e  map exp : TA'(M) + ~s'(M) 
- 
where exp(X) = expox and exp : TM 4 M  i s  t h e  Riemannian e x p o n e n t i a l  
map on M . F i r s t  we a s s e r t  t h a t  f o r  X E T~J!J'(M) , t h e  geodesic  on 
~s'(M) through e  i n  t h e  d i r e c t i o n  X i s  given by t tt exp( tX) . 
What t h i s  geodes ic  looks l i k e  i s  seen by c o n s i d e r i n g  any rn € M . Then 
t , = ( t ~ )  (m) = e x p ( U m )  i s  t h e  geodes ic  s t a r t i n g  a t  m i n  t h e  
d i r e c t i o n  Xm . So exp(tX) r e p r e s e n t s  a l l  of t h e  geodes ics  on M 
i n  t h e  d i r e c t i o n  of t h e  v e c t o r  f i e l d  X e v a l u a t e d  a t  m E M . Now 
i n  g e n e r a l  , a s  t i n c r e a s e s  i t  i s  l i k e l y  t h a t  some p a i r  of geodes ics  
w i l l  i n t e r s e c t .  Say t h i s  happens a t  t = t Then exp(tOX) i s  n o t  
a  di f feomorphism.  Hence even i f  M i s  a  s imple  man i fo ld  ( l i k e  t h e  
f l a t  2 - t o r u s ) ,  aS(M) i s  g e o d e s i c l y  comple te .  
I f  we c a n  show t exp t X  i s  a  geodes ic  on &IS , t hen  t h e  
formula  f o r  Z f o l l o w s  a t  o n c e ,  s i n c e  f o r  each m E M , v ( t )  = 
( d / d t ) e x p ( t x ( m ) )  s a t i s f i e s  ( d / d t ) v ( t )  -= Z ( % r : t ) )  , and v ( 0 )  = X(m) . 
Hence i t  s u f f i c e s  t o  e s t a b l i s h  our  a s s e r t i o n  c o n c e r n i n g  t h e  g e o d e s i c s  
on a s  . 
Of c o u r s e  a  fundamental  p r o p e r t y  of g e o d e s i c s  i s  t h a t  they  
l o c a l l y  minimize l e n g r h .  Suppose we have  a  f a m i l y  of g e o d e s i c  c u r v e s  
t e q ( t ) ( m )  , s t a r t i n g  a t  m € M , where f o r  t € R , to n e a r  0  , t h e  0 
map m b l J ( t O ) ( m )  i s  a  d i f feomorphism s o  t h a t  t gt J t  i s  a  c u r v e  i n  
s  
~ 0 '  . Then s i n c e  t h e  l e n g t h  of a  c u r v e  i n  B (M)  g i v e n  by our  weak 
m e t r i c  i s  t h e  i n t e g r a l  over  M of t h e  l e n g t h s  of each c u r v e ,  
t I t (m)  , t h i s  i n t e g r a t e d  l e n g t h  i s  a l s o  minimized.  Hence i t  i s  
r e a s o n a b l e  t h a t  t y l ( t )  shou ld  be  a  g e o d e s i c  on AQ'(M) . The 
c u r v e s  t G ( t ~ ) ( m )  have a l l  t h e  above p r o p e r t i e s  s o  t g-t exp( tX)  
shou ld  be a  geodes ic  on f l S ( ~ )  , T h i s  c o n c l u d e s  our j u s t i f i c a t i o n  
- s  C o r o l l a r y .  Z is cCm v e c t o r  f i e l d  on TAQ . 
T h i s  i s  a  consequence of t h e  omega lemma s i n c e  Z i s  a  C* map. 
L e t  us  c o n s i d e r  a  s imple  example.  L e t  J~ be t h e  f l a t  2 - t o r u s .  
2 2 2 2 2  Then T(T ) 1. 9 x R~ i s  a l s o  a f l a t  4-manifoid  and T(TT ) 3 (T x R ) x 
2 2  (R x R ) . I n  t h i s  c a s e  t h e  s p r a y  f o r  t h e  f l a t  m e t r i c  i s  g i v e n  by 
The x  i n  t h e  f i r s t  c o o r d i n a t e  i s  j u s t  t h e  b a s e  p o i n t  of t h e  t a n g e n t  
v e c t o r  i n  T T ~  . The v i n  t h e  t h i r d  c o o r d i n a t e  i s  an  i m p o r t a n t  
formal  p r o p e r t y  of s p r a y s  r e f l e c t i n g  t h e  f a c t  t h a t  t h e  geodes ic  
e q u a t i o n s  a r e  "second o r d e r "  ( s e e  Lang [ I ] )  and t h e  0 i n  t h e  Las t  
c o o r d i n a t e  r e f l e c t s  t h e  f a c t  t h a t  t h e  m e t r i c  i s  f l a t ,  hence each 
i fjk = 0 . I n  t h i s  c a s e  t h e  g e o d e s i c s  a r e  of t h e  form I j ( t )  (m) = 
m + tX(m) (where X E TeaS(T2) and u s i n g  t h e  obv ious  i d e n t i f i c a t i o n )  . 
These a r e  s t r a i g h t  l i n e s  and hence i s  " f l a t " .  I n  g e n e r a l ,  
1 n  i n  c o o r d i n a t e s  x  = ( x  , . . . , x  ) on a  man i fo ld  M , we have 
i j k  
Z(x9 V) = ( ( ~ 9  v), ( v ,  - r j k v  V 1) " 
We now c o n s i d e r  t h e  m e t r i c  f o r  ~o'(M) C aoS(M) . Even i f  
P 
aS(M) i s  g e o m e t r i c a l l y  r e l a t i v e l y  s i m p l e ,  a s  above f o r  T' , f l i ( ~ )  
may be g e o m e t r i c a l l y  v e r y  c o m p l i c a t e d .  Cons ide r  t h e  above example.  
I t  shou ld  be  c l e a r  t h a t  t h e  diffeomorphisrn s p e c i f i e d  by h a v i n g  each 
p o i n t  moving a l o n g  s t r a i g h t  l i n e s  i s  g e n e r a l l y  n o t  volume p r e s e r v i n g .  
s  So r e q u i r i n g  each p o i n t  on a  geodes ic  i n  A t o  be volume p r e s e r v i n g  
musc i n t r o d u c e  some c u r v a t u r e .  I n  f a c t  t h e  c u r v a t u r e  of t h e  space  
2 .  iJS i s  r a t h e r  c o m p l i c a t e d .  For M = 7 ~t i s  worked o u t  i n  Arnold [ I ] .  
Ll  
Suppose S i s  a submanifold  of a  Riemannian mani fo ld  Q 
such t h a t  we have an  o r t h o g o n a l  p r o j e c t i o n  of 
TPQ 
o n t o  T S  f o r  each 
P  
p  E S . T h i s  g i v e s  u s  a  bundle  map P : TQ r S  -t TS (where 
TQ S  = { v  € ~ ~ l / p  E S) )  . T h i s  i s  of c o u r s e  t h e  s i t u a t i o n  we have 
P 
S f o r  B'(M) a s  a  submanifold  of AQ (M) where t h e  p r o j e c t i o n  i s  given 
P 
by t h e  Hodge theorem ( i . e . ,  we p r o j e c t  o n t o  t h e  d i v e r g e n t  f r e e  p a r t  
of X o r  X E T ~ $ I ' ( M ) )  . I n  t h i s  s i t u a t i o n ,  t h e  f o l l o w i n g  t e l l s  u s  
how t o  p u t  t h e  s p r a y  on t h e  submanifold .  
Lemma. I f  Z i s  t h e  s p r a y  on Q t h e n  TPoZ i s  t h e  s p r a y  on S . 
- - -
T h i s  i s  a  s t a n d a r d  r e s u l t  i n  Riemannian geometry ,  s e e  e . g .  
Hermann [ I ] .  A proof  u s i n g  Hami l ton ian  t h e o r y  may be  found i n  Ebin-  
Marsden [ 11 . 
Now Z i s  a  v e c t o r  f i e l d  on TQ a s  i s  TPoZ on TS . 
However t h e i r  d i f f e r e n c e ,  s a y  h  , c a n  be  i d e n t i f i e d  ( t e c h n i c a l l y  by 
means o f  t h e  v e r t i c a l  l i f t  - -  s e e  below) w i t h  a map o f  TS i n t o  
TQ r S , which t u r n s  o u t  t o  be ( t h e  q u a d r a t i c  p a r t  o f )  t h e  second 
fundamental  form of S  a s  a  submani fo ld .  S p e c i f i c a l l y  f o r  v  E TS , 
h ( v )  i s  t h e  normal component of B v  ; s e e  Hermann [ l ]  o r  Chernof f -  
v  
Marsden [ I ]  f o r  d e t a i l s .  Thus t h i s  d i f f e r e n c e  h  i n  t h e  s p r a y s  t e l l s  
u s  how curved S i s  i n  Q . (More e x a c t l y  t h e  c u r v a t u r e s  on Q and 
on S  a r e  r e l a t e d  through t h i s  second fundamental  form by t h e  Gauss- 
Codazzi  e q u a t i o n s ;  c f .  Yano [ I ] ,  p .  94 and l e c t u r e  9 . )  
Def ine  
by c a r r y i n g  a  v e c t o r  f i e l d  t o  i t s  d i v e r g e n t  f r e e  p a r t .  As we mentioned 
above,  t h i s  i s  an  L' o r t h o g o n a l  p r o j e c t i o n  a s  i t  i s  o r t h o g o n a l  f o r  t h e  
weak i n n e r  p roduc t  on TeaS(M) . We d e f i n e  f o r  X € T  flS(M) ; 
ri 
T h i s  makes P r i g h t  i n v a r i a n t  and i s  c o r r e c t  s i n c e  the  m e t r i c  on 
aS(M) i s  r i g h t  i n v a r i a n t  a s  we now show 
P  
p r o p o s i t i o n .  
( i )  7 E f i s ( ~ )  ; 2 ( R ~ ) * x ~  = xS0V (where 5 t i 9 ' ( ~ )  9 
s 
: ~~a (M) 4 T ~ ~ ~ ~ ~ ( M ) )  
S ( i i )  7 E (M) then ((Rri)-X , (RII);~:Y)Cori = (X, Y ) S  
I-L 
where X , Y € T  JQ'(M) . 5 
P r o o f .  P a r t  ( i )  h a s  been used b e f o r e  and i s  e a s i l y  seen .  We w i l l  
show t h e  second p a r t .  L e t  7 t B;(M) ; then:  
- 1 - 1 Bur,  s i n c e  i s  volume p r e s e r v i n g ,  (TI )*(dp) = dw and 7 (M) = M . 
Hence 
P 
((RV)*X. ( h l / ) " Y )  = a ( m )  , Y(m'>L(m) 
" M 
dcl 
Note t h a t  t h e  m e t r i c  on a s  i s  n o t  r i g h t  i n v a r i a n t .  
P u t t i n g  a l l  t h i s  t o g e t h e r  we can  w r i t e  down t h e  s p r a y  S 
on fi;(M) . Namely, f o r  X E TJQ'(M) we have S(X) = TP(Z(X)) = TP(Z0X) 
w 
There  i s  a  major assumption i n  w r i t i n g  down t h i s  fo rmula .  When we 
w 
w r i t e  TP , we assume P i s  a  C map. T h i s  i s  n o t  a t  a l l  obvious  
s i n c e  i f  X E T  o'(M) , we compose X w i t h  , p r o j e c t ,  and then  v P 
compose w i t h  7 . As we have  s e e n ,  compos i t ion  of H' maps i s  n o t  
smooth b u t  i s  a t  most c o n t i n u o u s .  However, we have 
Theorem. P  Cm bundle  map. Tha t  i s  P : T&'(M) r L~(M) i 
m s TAQ'(M) C Hence t h e  s p r a y  S  on a4 , S(X) = TP(Z0X) , 
P - P 
w 
a l s o  a  C v e c t o r  f i e l d  on T~!Q' . 
.- 
c1 
For a  proof s e e  Ebin-Marsden [ I ] .  There  i s  an  a l t e r n a t i v e  
and pe rhaps  s i m p l e r  proof  t o  t h e  one i n  t h e  a fo rement ioned  p a p e r .  In 
t h i s  proof  one d e f i n e s  a n o t h e r  m e t r i c  on TJQ'(M) ; namely f o r  
x , Y t T>Q'(M) s e t  
(X, Y )  = (X, Y) + ( A ~ / ~ X ,  A ~ / ~ Y )  
where ( , ) i s  t h e  L~ m e t r i c  on T ~ E J ' ( M )  . and A i s  t h e  
L a p l a c i a n .  Then ex tend  ( , ) s  t o  make i t  r i g h t  i n v a r i a n t .  
I t  t u r n s  o u t  t h a t  t h i s  m e t r i c  i s  smooth and by r e g u l a r i t y  
p r o p e r t i e s  of A i s  e q u i v a l e n t  t o  t h e  H' m e t r i c .  Smoothness f a c t s  
l i k e  t h i s  a g a i n  a r e  n o t  obvious  b u t  a r e  proven i n  Ebin  [ E l .  These 
f a c t s  a r e  a l s o  u s e f u l  f o r  o t h e r  p u r p o s e s .  The Hcdge decornpositbon i s  
t hen  e a s i l y  s e e n  t o  be o r t h o g o n a l  i n  t h i s  s t r o n g  m e t r i c  ( , ) s  and 
hence i t  f o l l o w s  a u t o m a t i c a l l y  t h a t  t h e  p r o j e c t i o n  P i s  smooth. 
T h i s  r e s u l t  i s  i m p o r t a n t  f o r  we a r e  go ing  t o  a p p l y  t h e  P i c a r d  
theorem from o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  t o  t h e  e q u a t i o n :  
and t h i s  r e q u i r e s  t h a t  S i s  a t  l e a s t  a  E i p s h i t z  map. 
I n  c a s e  M h a s  boundary,  we do n o t  g e t  a  s p r a y  on &IS , b u t  
we do g e t  one on &IS . T h i s  i s  b a s i c a l l y  because  P  p r o j e c t s  from 
P 
v e c t o r  f i e l d s  s t i c k i n g  o u t  of M , o n t o  v e c t o r  f i e l d s  p a r a l l e l  t o  
dM . We s h a l l  j u s t  a c c e p t  a s  p l a u s i b l e  t h a t  t h i s  e x t e n s i o n  can  be 
made. 
As mentioned e a r l i e r ,  i t  i s  unknown whether d ; ( ~ )  i s  
g e o d e s i c a l l y  comple te .  (By ArnQld's theorem, t h i s  i s  t h e  same t h i n g  a s  
s a y i n g  s o l u t i o n s  t o  t h e  E u l e r  e q u a t i o n s  go f o r  a l l  t i m e ,  and remain 
i n  H') . Note t h a t  t h i s  i s  n o t  e q u i v a l e n t  t o  s a y i n g  t h e  induced 
d i s t a n c e  m e t r i c  i s  complete  s i n c e  t h e  m e t r i c  i s  o n l y  weak. I n  f a c t  
Q;(M) i s  n o t  complete  i n  t h i s  d i s t a n c e  s e n s e  s i n c e  t h e  comple t ion  of 
Q;(M) under  an  L 2  topology i s  much l a r g e r  than  . (Presumably 
i t  c o n s i s t s  of a  c l a s s  of measure p r e s e r v i n g  maps from M t o  M .) 
D e r i v a t i o n  o f  t h e  E u l e r  E q u a t i o n s .  
To show g e o d e s i c s  i n  &;(M) s a t i s f y  t h e  E u l e r  e q u a t i o n s ,  we 
need t o  know a  b i t  more abou t  T2M . L e t  TT : TM + M be t h e  p r o j e c t i o n  
2 
s o  t h a t  Ti-r : T  M -t TM . An element  w E T% i s  c a l l e d  v e r t i c a l  i f  
Tn(w) = 0  ( i n  c o o r d i n a t e s  t h i s  means t h e  t h i r d  component i s  0)  . 
Now l e t  v  , w E TmM ; d e f i n e  t h e  v e r t i c a l  l e f t  of w w i t h  r e s p e c t  
R d  2 ( w )  = ( v  + tw) 1 t TVM = Tv(TM) . d t  t = O  
I n  c o o r d i n a t e s  t h i s  i s  simply 
The proof t h a t  geodes ics  i n  a s  y i e l d  s o l u t i o n s  t o  t h e  
P 
E u l e r  e q u a t i o n s  e s s e n t i a l l y  i s  c a l c u l a t i o n s .  The i d e a  i s  t o  show t h a t  
i f  a  curve  X t  € TLQ' s a t i s f i e s  t h e  s p r a y  e q u a t i o n  
P 
t h e n  X t  g i v e s  r i s e  t o  a  s o l u t i o n  t o  t h e  E u l e r  e q u a t i o n s  i n  a  s e n s e  
e x p l a i n e d  below. For a l t e r n a t i v e  p r o o f s ,  s e e  Arnold [ I ] ,  Marsden- 
Abraham [ I ] ,  o r  Chernoff-Marsden [ I ]  ; s e e  a l s o  Hermann [ 11. 
Lemma. Z(X) = Z o X  = TXoX - ( v  x)' f o r  X E TeaS X X -  
P r o o f .  I n  c o o r d i n a t e s  
T h i s  t h e n  p u t s  t h e  r i g h t  e x p r e s s i o n s  i n  t h e  f o u r t h  component. 
R Note t h a t  bo th  TXoX and (VxX)X a r e  e l ements  of T  8' . 
X P 
The l a t t e r  i s  by c o n s t r u c t i o n  of t h e  v e r t i c a l  l i f t .  To s e e  t h i s  f o r  
2 TXoX , l e t  rrl : T  M 3 TM be t h e  p r o j e c t i o n ;  t h e n  s i n c e  TT oTX = X O T T  1 
we have 
s i n c e  noX i s  t h e  i d e n t i t y .  
A s  we have o b s e r v e d ,  t h e  map X 6 Z O X  ( f o r  X E T~s ' (M))  i s  
s - 1  cW . Hence even though TXoX and V X a r e  o n l y  H , t h e i r  X 
d i f f e r e n c e  must be H' . 
R R Lemma. L e t  a X be i n  T  aS(M) then T P [ ( O ) ~ ]  = ( P ( o ) ) ~  . 
- - 7 P 
P r o o f .  S i n c e  P  i s  l i n e a r  on each f i b e r  and P(X) = X  , we g e t  
d  
= T P ( x ( X  + t o ) )  / t = O  ( c h a i n  r u l e )  
Lemma. L e t  7 E as and X E T $ J ~ ( M )  ; T P ( T ( X O ~ - ' )  OX) = 
- - P - 
[ T ( P ~  [ x ~ T - ' I  ) I O X  - 
- 1 s  p r o o f .  X o J  i s  an  H v e c t o r  f i e l d  on M . L e t  Ft  be i t s  f l o w  
- 1 - 1 ( o r  any c u r v e  t a n g e n t  t o  X ) .  L e t  G t  = (X.7 )oF t  . Then Go = X . 1  
and (dG / d t )  = T ( X O ~ - ~ ) O ( X O ~ - ~ )  a Thus we g e t  
t 
- 1 - 1 d  
TP(T(XO'T ) .(X07 ) )  = z P ( G t )  1 t=O ( c h a i n  r u l e )  
But by r i g h t  i n v a r i a n c e  T P ( T ( X O ~ - ~ )  o ( X o T - l ) )  = T P ( T ( ~ . J - ' )  .x) . I? 
P r o p o s i t i o n .  The s p r a y  on TAQ' i s  g iven  by 
L1 
S(X) = T ( x o ~ - ~ ) ~ x  - -1 ,t ( P e H o v -  l X ~ 7  )  where X E T  JQ'(M) 7 cl 
P r o o f .  T h i s  f o l l o w s  d i r e c t l y  from t h e  above lemmas. 
So now t h a t  we have an  e x p l i c i t  formula  f o r  t h e  s p r a y ,  l e t  
u s  i n s p e c t  t h e  E u l e r  e q u a t i o n s ,  R e c a l l  t h a t  t h e s e  d e s c r i b e  t h e  t ime 
e v o l u t i o n  of t h e  v e l o c i t y  v e c t o r  f i e l d  on M . The e q u a t i o n s  a r e  
w r i t t e n  o u t  i n  E u l e r i a n  c o o r d i n a t e s  and a r e  e q u a t i o n s  i n v o l v i n g  e lements  
of T ~ ~ ' ( M )  . The s p r a y  on t h e  o t h e r  hand i s  a  map on a l l  of TiqS(M) 
The i n t e g r a l  c u r v e s  of t h e  s p r a y  a r e  t h e  v e l o c i t i e s  w r i t t e n  i n  Lagrang ian  
c o o r d i n a t e s .  So i f  X t  E T  fiS(M) i s  an  i n t e g r a l  c u r v e  of t h e  s p r a y ,  
I (  t )  
- 1 
we wish t o  show t h a t  t h e  p u l l b a c k  of X t  , i . e . ,  X t o l t  t Teas(n)  , i s  
a  s o l u t i o n  of t h e  E u l e r  e q u a t i o n s .  L e t  u s  r e c a l l  t h a t  t h e  v e c t o r  
f i e l d  ~ ( t )  = X 07-I i s  j u s t i f i e d  a s  f o l l o w s .  We want t o  be  t t  t 
t h e  f l o w  of v , s o  t h i s  means t h a t  
S ince  we a r e  d e a l i n g  wi th  g e o d e s i c s  and hence ( d T / d t )  = X , we g e t  
- 1 t h e  d e s i r e d  r e l a t i o n  v t  = X t o l t  . 
I t  t u r n s  o u t ,  a s  we s h a l l  s e e  momentar i ly ,  t h a t  t h e  d e r i v a t i v e  
l o s s  of t h e  E u l e r  e q u a t i o n s  o c c u r s  i n  t h i s  p u l l b a c k  o p e r a t i o n  ( o r  
" c o o r d i n a t e  change") .  
We a r e  i n t e r e s t e d  i n  computing ( d v / d t )  , and so  we need 
t h i s  lemma. 
Lemma, We have:  
P r o o f .  T h i s  f o l l o w s  by d i f f e r e n t i a t i n g  b o t h  p l a c e s  t o c c u r s ,  u s i n g  
t h e  c h a i n  r u l e  and t h e  formula  
The l a s t  formula  f o l l o w s  from t h e  c h a i n  r u l e  a p p l i e d  t o  
So ,  p u t t i n g  t h i s  t o g e t h e r ,  we g e t :  
Now u s i n g  t h e  p r e v i o u s  formula  f o r  S(X) , t h i s  becomes 
- 
R 
- -(PeVVv ), . ~ o t e  s p e c i a l l y  t h e  c a n c e l l a t i o n  of  t h e  Tvov terms 
which h a s  o c c u r r e d .  Rut a s  we r e c a l l  Pe(Vv v t )  = V v - Bpt where 
t 
p  i s  a  smooth func'cion.  We can i d e n t i f y  Pe(V vt):t w i t h  Pe(VV v t )  
v  t t 
( s i n c e  d v / d t  r e a l l y  s t a n d s  f o r  i t s  v e r t i c a l  l i f t )  and hence g e t  t h e  
E u l e r  e q u a t i o n s  
(The minus s i g n  on t h e  p r e s s u r e  c a n  be  r e c o v e r e d  by u s i n g  
- p t  .) Thus 
we have proved: 
Theorem. i s  an  i n t e g r a l  c u r v e  o f  t h e  s p r a y  on 
- 1 p u l l b a c k  v t  = X t d t  does  s a t i s f y  t h e  E u l e r  e q u a t i o n s .  I n  o t h e r  
words ,  T t  i s  a  geodes ic  on a s  i f f  i t s  v e l o c i t y  f i e l d  s a t i s f i e s  
P 
t h e  E u l e r  e q u a t i o n s .  
By i n s p e c t i n g  t h e  above c a l c u l a t i o n  i t  becomes c l e a r  where 
s t h e  d e r i v a t i v e  l o s s  o c c u r s .  I f  X i s  an  H v e c t o r  f i e l d  on M , 
S 
we know S(X) i s  an  H v e c t o r  f i e l d  on TM . However i t  i s  t h e  
s- 1 
sum of two H v e c t o r  f i e l d s  on TM . The top  d e r i v a t i v e s  c a n c e l ,  
b u t  when t h i s  i s  p u l l e d  back t o  E u l e r i a n  c o o r d i n a t e s  one of t h e s e  terms 
d i s a p p e a r s ,  namely TXtoX and s o  what we a r e  l e f t  wi th  i s  one of t h e  
H s -  1 
summands. 
A l l  of t h e  above goes  through f o r  mani fo lds  wi th  boundary 
s i n c e  t h e  Hodge theorem p r o j e c t s  v e c t o r  f i e l d s  a t  t h e  boundary on to  
those  which a r e  t a n g e n t  t o  t h e  boundary a s  mentioned b e f o r e .  
As a  consequence of t h e s e  c a l c u l a t i o n s  we have t h i s  theorem, 
mentioned e a r l i e r .  
Theorem. Given t h e r e  i s  an and a  unique v e c t o r  
-
f i e l d  v ( t )  E ~ ~ & l ~  - f o r  - E  < t < E which s a t i s f i e s  the  E u l e r  
e q u a t i o n .  Moreover,  t h e s e  s o l u t i o n s  v  depend c o n t i n u o u s l y  on t h e  
t 
i n i t i a l  d a t a  
P r o o f .  For  t h e  e x i s t e n c e  p a r t  of t h e  theorem i t  i s  s u f f i c i e n t  t o  f i n d  
s h o r t -  time s o l u t i o n s  t o  t h e  geodes ic  s p r a y  on ( )  . But s i n c e  &l:(~) 
i s  a  H i l b e r t  manifold  and t h e  s p r a y  i s  smooth t h e  e x i s t e n c e  f o l l o w s  
r  immediate ly  from t h e  e x i s t e n c e  theorem f o r  C v e c t o r  f i e l d s  on 
Banach mani fo lds  ( s e e  l e c t u r e  1 ) .  
The con t inuous  dependence on i n i t i a l  c o n d i t i o n s  fo l lows  
- 1 from t h e  f a c t  t h a t  t h e  p u l l b a c k  v t  = X t o v t  i n v o l v e s  l e f t  composi t ion 
s o  i t  i s  con t inuous  ( b u t  n o t  smooth) .  The i n i t i a l  c o n d i t i o n  f o r  t h e  
s p r a y  on f i ; (~)  i s  a n  e lement  of T~P;(M) s i n c e  we a r e  i n t e r e s t e d  i n  
f lows  i n  &l i (~)  s t a r t i n g  a t  t h e  i d e n t i t y .  O 
T h i s  e x i s t e n c e  theorem h a s  been proved i n  weaker forms by 
L i c h t e n s t e i n  [ 1 ]  and Guynter [ I ] .  The g e n e r a l  c a s e  of m a n i f o l d s  w i t h  
boundary i s  due t o  Ebin-Marsden [ l ] .  
The f l o w  i n  Lagrang ian  c o o r d i n a t e s  i s  cm . I n  E u l e r  
c o o r d i n a t e s ,  l e t  E ( v  ) = v  be  t h e  s o l u t i o n  f low.  Then f o r  f i x e d  
t 0 t 
t , Et i s  a  c o n t i n u o u s  map, b u t  i s  p robab ly  n o t  d i f f e r e n t i a b l e . "  
Var ious  smoothness p r o p e r t i e s  of t h e  E v l e r  and Nav ie r -S tokes  e q u a t i o n s  
a r e  i m p o r t a n t  i n  developments d i s c u s s e d  i n  t h e  n e x t  l e c t u r e  ( s e e  
Mar sden [ 71 ) . 
The proof of t h e  above Theorem i s  based  on t h e  e x i s t e n c e  
of i n t e g r a l  c u r v e s  f o r  t h e  s p r a y  S . T h i s  i n  t u r n  f o l l o w s  from t h e  
fundamental  e x i s t e n c e  theorem f o r  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s .  
R e c a l l  t h a t  t h i s  theorem i s  proven by showing an i t e r a t i o n  ( c a i l e d  
P i c a r d  i t e r a t i o n )  a lways  y i e l d s  s o l u t i o n s .  S o ,  by i n s p e c t i n g  t h e  above 
proof  i t  shou ld  be p o s s i b l e  t o  f i n d  an  approx imat ion  p rocedure  which 
converges  t o  s o l u t i o n s .  
T h i s  i n  f a c t ,  p o i n t s  o u t  a n  e s s e n t i a l  d i f f e r e n c e  between 
working wi th  t h e  whole s p r a y  and working w i t h  i t s  p u l l b a c k  Pe(VVv) 
The P i c a r d  method w i l l  n o t  i n  g e n e r a l  converge f o r  t h e  E u l e r  e q u a t i o n  
a s  i t  s t a n d s .  Indeed i n  p r a c t i c a l  numer ica l  c o m p u t a t i o n s ,  one o f t e n  
u s e s  Lagrang ian  c o o r d i n a t e s .  (See  a l s o  t h e  n e x t  l e c t u r e .  j  
S I n d e e d ,  Kato  [ 5 ]  h a s  shown t h a t  t h e  e v o l u t i o n  o p e r a t o r  s  IT t :  H + H  
au  au  f o r  - +- u- = 0 on R i s  c o n t i n u o u s ,  b u t  i s  n o t  Holde r  c o n t i n u o u s  a t  a x  
f o r  any exponent  a , 0 < a <  l . 
5. Turbulence and Chorin's Formula. 
This lecture is concerned with some aspects of the Navier 
stokes equations which are connected with turbulence. We shall be 
beginning with a representation theorem for the solution of the Navier- 
stokes equations which was discovered by A. Chorin in an attempt to 
find a good numerical scheme to calculate solutions. This scheme is 
important in that it allows good calculations at interesting Reynolds 
numbers. One writes the Navier-Stokes equations as 
and calls R = l/(viscosity) the Reynolds number; if one rescales v 
to Vv , distances by a factor d and time by d / ~  we get a new 
solution with R = ~ d / v  . Most numerical schemes break down with R 
a few hundred, but Chorin's scheme is valid far beyond that, possibly 
up to R = 50,000 . Our goal is to present the formula and to discuss 
where it comes from and its plausibility. The second part of the 
lecture will discuss some aspects of turbulence theory. This subject 
is basically concerned with qualitative features of the solutions as 
R + m  . The approach here follows that of Ruelle-Takens [I]. 
Statement of Chorin' s Formula. 
Let us write the Navier-Stokes equations as follows: 
- 1 
where A = -PaA and Z(v) = - ~ ( ( v . 3 ~ )  . Here P  i s  t h e  p r o j e c t i o n  R 
o n t o  t h e  d i v e r g e n c e  f r e e  p a r t  d i s c u s s e d  i n  t h e  l a s t  l e c t u r e  (Av i s  
d i v e r g e n c e  f r e e ,  b u t  need n o t  be p a r a l l e l  t o  a M  , s o  one s t i l l  r e q u i r e s  
a  P  i n  f r o n t  of Av) . 
L e t  Ht deno te  t h e  e v o l u t i o n  o p e r a t o r  o r  semi-group d e f i n e d  
by . I t  e x i s t s  because  i t  i s  an e lementa ry  e x e r c i s e  t o  show t h a t  
,-.d 
A i s  s e l f  a d j o i n t  and _< 0  on t h e  H i l b e r t  space  L2(M) w i t h  domain 
2 
HO(M) . (See t h e  p a r a b o l i c  form of t h e  H i l l e - Y o s i d a  theorem d i s c u s s e d  
i n  l e c t u r e  I ) .  Thus H t  i s  d e f i n e d  f o r  t 2 0  , and s o l v e s  a v l a t  = h . 
( T h i s  i s  c a l l e d  t h e  "Stokes" e q u a t i o n  .) 
L e t  Et deno te  t h e  e v o l u t i o n  o p e r a t o r  f o r  t h e  E u l e r  e q u a t i o n s  
which was o b t a i n e d  i n  t h e  l a s t  l e c t u r e .  
L e t  F t  deno te  t h e  f u l l  s o l u t i o n  t o  t h e  Nav ie r -S tokes  
e q u a t i o n s  . 
- 1 L e t  cp(v) b e  a  p o t e n t i a l  f o r  v  ; e . g . :  ~ ( v )  = dA (v)  , 
s o  v  = 6 ( r ~ ( v ) )  . Here 6  i s  t h e  d ive rgence  o p e r a t o r  d i s c u s s e d  i n  
l e c t u r e  3.  (More c o n c r e t e l y  i n  t h r e e  d imens ions ,  v  = 8 x ~ ( v )  .) 
L e t  d(R) be a  f u n c t i o n  of R E R , R 2 0  w i t h  d(R) = 6 where 
v = 1 / R  is the viscosity of t he  fluid. I t  w i l l  t u r n  o u t  t h a t  
d(R) w i l l  be a  measure of t h e  t h i c k n e s s  of t h e  boundary l a y e r .  
L e t  g be  a  cm f u n c t i o n  e q u a l  t o  one a  d i s t a n c e  > d(R) R - 
from a M  and g = 0  on a  neighborhood of a M  . R 
Def ine  t h e  o p e r a t o r  
we c a l l  6 t h e  v o r t i c i t y  c r e a t i o n  o p e r a t o r .  The r e a s o n  f o r  t h i s  i s  R 
cha t  @,(v) e q u a l s  v  away from a M  , b u t  i f  v  i s  o n l y  I ~ M  ,
@,(v) w i l l  be z e r o  on a M  s o  h a s  t h e  e f f e c t  of "chopping o f f "  v  
w i t h i n  t h e  boundary l a y e r  (we do n o t  u s e  g J m v  s i n c e  t h a t  i s  n o t  
d ive rgence  f r e e ) .  Such a  chopping o f f  e f f e c t i v e l y  c r e a t e s  v o r t i c i t y .  
(See t h e  f i g u r e  f o l l o w i n g . )  
The fo rmula  now r e a d s  a s  f o l l o w s :  
F ( v )  = s o l u t i o n  of Nav ie r -S tokes  e q u a t i o n  
t 
I n  t h i s  formula  t h e  power means i t e r a t i o n .  For example: 
Thus one d i v i d e s  t h e  t ime s c a l e  i n t o  n  p a r t s  and then  i t e r a t e s  t h e  
t h e  p rocedure :  s o l v e  E u l e r ' s  e q u a t i o n s  t h e n  c r e a t e  v o r t i c i t y ,  then  
s o l v e  t h e  S tokes  e q u a t i o n  t h e n  t h e  E u l e r  e q u a t i o n ,  e t c .  
T h i s  i s  t h e  b a s i c  method u n d e r l y i n g  C h o r i n ' s  t e c h n i q u e .  
However p a r t  of t h e  beau ty  of t h e  method i s  t h e  way i n  which h e  s o l v e s  
n u m e r i c a l l y  f o r  Et and H  He u s e s  v o r t i c i t y  methods f o r  Et and 
t 
p r o b a b i l i s t i c  methods f o r  Ht . See Chor in  [ Z ]  f o r  d e t a i l s .  
I n  the  f o l l o w i n g  f  igure'cwe reproduce one of C h o r i n ' s  o u t p u t s .  
The 0 ' s  mark n e g a t i v e  v o r t i c i t y  and * ' s  mark p o s i t i v e  v o r t i c i t y .  
T h i s  r e p r e s e n t a t i o n  i s  f o r  f l o w  p a s t  a  c y l i n d e r  wi th  R and t a s  
marked and i n i t i a l  v cor responding  t o  p a r a l l e l  f l o w .  I t  i s  a  remark- 
a b l e  achievement t o  o b t a i n  on t h e  computer something resembl ing  t h e  
famous "Karmen v o r t e x  s t r e e t " .  (For  a  s p e c t a c u l a r  pho tograph ,  s e e  
S c i e n t i f i c  American, January  1970, p .  40; t h i s  i s  reproduced on t h e  
cover  of "Basic Complex A n a l y s i s s ' ,  W .  H .  Freeman Co. (1973) .) Below 
we s h a l l  d i s c u s s  f u r t h e r  t h e  q u a l i t a t i v e  f e a t u r e s  of why and how such 
p e r i o d i c  phenomena can  g e t  g e n e r a t e d .  
A s  i s  w e l l  known  elso son [ 3 ] )  p r o d u c t  f o r m u l a s  a r e  
c l o s e l y  r e l a t e d  t o  W i e n e r  i n t e g r a l s .  C h o r i n  h a s  r e c e n t l y  
u s e d  t h i s  i d e a  t o  i m p r o v e  t h e  s c h e m e  s t i l l  f u r t h e r ,  a s  f a r  
as  c o m p u t e r  e f f i c i e n c y  g o e s ,  s o  t h e  m e t h o d  i s  v a l i d  i n t o  
t h e  f u l l y  t u r b u l e n t  r e g i o n .  
+ The computer has  d i s t o r t e d  t h e  c y l i n d e r  somewhat i n t o  an e l l i p s e .  

The i n t e r e s t i n g  f e a t u r e  of t h e  above formula  i s  t h a t  t h e  
e r r o r  f o r  l a r g e  n  is O(l /n )  independent  of R . Furthermore u s i n g  
t h e  formula  a s  an e x i s t e n c e  theorem we f i n d  t h a t  smooth s o l u t i o n s  t o  
t h e  Navier-Stokes  e q u a t i o n s  e x i s t  f o r  a  t ime i n t e r v a l  T > 0 independent  
of R R + m  and converge i n  L t o  s o l u t i o n s  o f  t h e  E u l e r  e q u a t i o n s .  
- P 
T h i s  i s  an impor tan t  r e s u l t ,  f o r  i t  g u a r a n t e e s  a s  p o s i t i v e  
t ime of e x i s t e n c e  f o r  g iven  i n i t i a l  d a t a ,  no m a t t e r  how smal l  t h e  
v i s c o s i t y .  T h i s  i s  s t r o n g  ev idence  f o r  t h e  e x i s t e n c e  of smooth 
t u r b u l e n t  s o l u t i o n s .  (See below.) 
I n  c a s e  aM = @ ( f o r  example u s i n g  p e r i o d i c  boundary 
c o n d i t i o n s )  t h e  formula  r e a d s  
F  v  = l i m i t  (H 0E )nv  . 
t 
n  --fa 
t / n  t / n  
T h i s  formula was proven i n  Ebin-Marsden [ I ]  and Marsden 151. I t  
enab led  us  t o  show t h a t  a s  v -t O ( o r  R + m) t h e  s o l u t i o n s  converge i n  H' 
t o  s o l u t i o n s  of t h e  E u l e r  e q u a t i o n s .  (See a l s o  Swann [ I ] ,  Kato [ Z ] . )  
B a s i c a l l y  t h i s  means t h a t  t u r b u l e n c e  canno t  occur  i f  no boundar ies  a r e  
p r e s e n t .  Such convergence w i l l  n o t  occur  i f  aM # f~ i n  t o p o l o g i e s  
s t r o n g e r  t h a n  L because  t h e  boundary c o n d i t i o n s  and t h e  v o r t i c i t y  
P 
c a r r i e d  i n t o  t h e  mainst ream f low w i l l  n o t  a l l o w  i t .  
The complete  p r o o f s  of t h e s e  r e s u l t s  a r e  t o o  t e c h n i c a l  f o r  us  
t o  go i n t o  h e r e .  R a t h e r  we s h a l l  c o n f i n e  o u r s e l v e s ,  i n  t h e  n e x t  
s e c t i o n ,  t o  an e lementa ry  e x p o s i t i o n  of where t h e s e  fo rmulas  come from. 
We s h a l l  a l s o  i n c l u d e  some a d d i t i o n a l  i n t u i t i o n  below, 
The L i e - T r o t t e r  Formula.  
L e t  X and Y be v e c t o r  f i e l d s  w i t h  f l o w s  Ht and Et . 
Then t h e  f l o w  F t  of X f Y i s  g i v e n  by 
F~ = l i m i t  (H oEt/n)n . 
n  -+ m  t / n  
Theorem. T h i s  i s  v a l i d  i f  X , Y are cr v e c t o r  f i e l d s  f o r  t h o s e  t f o r  
which Ft  i s  d e f i n e d .  
L e t  u s  g i v e  t h e  i d e a  ( f o r  d e t a i l s ,  s e e  e . g . ,  Nelson [ I ] ) .  
We f i r s t  show F t  d e f i n e d  by t h e  l i m i t  i s  a f l o w .  One shows 
F t+s  = F t o F s  f i r s t  i f  s , t a r e  r a t i o n a l l y  r e l a t e d  and t a k e s  l i m i t s .  
C o n s i d e r ,  e .  g .  : t = s . 
F2t = l i m i t  (H 
n  3 m  
2 t / n o E 2 t / n  >
= l i m i t  (H 
n 3 m  
2 t / 2 n o E 2 t / 2 n  > 2n 
= l i m i t  0E ) 2 n  
n 3 m ( H t / n  t / n  
= l i m i t  (H t / n  0E t / n  ) n  (Ht lnOEt/n)n  
n  -4 m  
d  Next one shows 
-F ( x )  t=O = X(x) + Y(x) . I n d e e d ,  f o r m a l l y ,  d t  t 
1 l 
= l i m i t  [--(x(x)+Y(x)>+. . .+ --(x(x)+Y(x)) ] 
n  + m  
I t  f o l l o w s  now t h a t  Ft i s  the  f low of  X+Y s i n c e  
The above formula  a r o s e  h i s t o r i c a l l y  i n  L i e  group t h e o r y .  
I t  t e l l s  u s  how t o  e x p o n e n t i a t e  the  sum of two e lements  i n  t h e  L i e  
a l g e b r a .  I n  t h e  c a s e  of m a t r i x  groups i t  i s  t h e  c l a s s i c a l  formula:  
O f  c o u r s e  i f  [X, Y ]  = 0 t h e  formula  r e a d s  Ft = H t 0 E t  b u t  
i t  r e a l l y  i s  t h e  c a s e  i n  which X , Y do n o t  commute t h a t  i s  of i n t e r e s t .  
The above formula  h a s  been g e n e r a l i z e d  t o  l i n e a r  e v o l u t i o n  
e q u a t i o n s ,  a s  i n  t h e  R i l l e - Y o s i d a  theorem by T r o t t e r  [ l ]  , and t o  c e r t a i n  
n o n - l i n e a r  semi-groups by Brez i s -Pazy  [ I ]  and Marsden [ 5 ] .  These 
r e s u l t s  c a n  be used t o  e s t a b l i s h  the  c l a i m s  made abou t  the  Navier  S tokes  
- 
e q u a t i o n  i f  84 = g . Indeed one t a k e s  X = A and Y = Z . 
For a M  @ t h e  compos i t ion  HtoEt d o e s n ' t  even make 
sense  ( e x c e p t  perhaps  i n  L2(M) , b u t  t h a t  i s  n o t  too  u s e f u l )  because 
E t (v )  , even i f  v  = 0 on aM , w i l l  n o t  be 0 on aM , but  w i l l  
o n l y  be p a r a l l e l  t o  aM . The purpose of t h e  v o r t i c i t y  c r e a t i o n  
o p e r a t o r  i s  t o  c o r r e c t  f o r  t h i s  f a i l u r e  of t h e  boundary c o n d i t i o n s .  
Some a d d i t i o n a l  i n t u i t i o n  on C h o r i n ' s  Formula.  
Consider  a g a i n  t h e  formula  
F t ( v )  = l i m i t  (H a @  o E  l n v  . 
n  
t / n  t / n  t / n  
The term 
t / n v  g i v e s  t h e  main o v e r a l l  f e a t u r e s  of t h e  f low p a s t  t h e  
boundary. L e t  u s  c a l l  i t  t h e  downstream d r i f t .  Consider  t h e  e f f e c t :  
E d r i f t s  u s  downstream, t h e n  d 
t / n  c r e a t e s  v o r t i c i t y  nea r  a M  , - t / n  
then  H  h a s  t h e  e f f e c t  of d i f f u s i n g  t h i s  v o r t i c i t y  away from a M  
t / n  
then  E 
t / n  
t ends  t o  sweep t h i s  v o r t i c i t y  downstream e t c .  The n e t  
e f f e c t  i s  a  l o t  of v o r t i c i t y  swept downstream. T h i s  i s  e x a c t l y  what 
happens i n  examples such a s  t h e  von Karmen v o r t e x  s t r e e t .  
The proof of C h o r i n ' s  formula  i s  based on a  g e n e r a l i z a t i o n  of 
the  L i e  T r o t t e r  p roduc t  formula  due t o  Chernoff [ I ]  i n  t h e  l i n e a r  c a s e  
and Brez i s -Pazy  [ I ]  and Marsden [5 ]  i n  t h e  n o n - l i n e a r  c a s e .  We d i s c u s s  
t h i s  formula  n e x t .  
C h e r n o f f ' s  Formula.  
Suppose K ( t )  i s  a  f a m i l y  of o p e r a t o r s ,  t - > 0 ( s a t i s f y i n g  
s u i t a b l e  h y p o t h e s e s ) .  L e t  X = K 1 ( 0 )  . Then t h e  f low of X i s  
F t ( x )  = l i m i t  [ ~ ( t / n ) ] ~  ( x ) ,  
n ~ m  
T h i s  i s  C h e r n o f f ' s  g e n e r a l i z a t i o n  of t h e  L i e - T r o t t e r  fo rmula .  We 
o b t a i n  t h e  p r e v i o u s  formula  f o r  X+Y u s i n g  1<(t)  = H OE 
t t '  
For  d e t a i l s  on t h e  h y p o t h e s e s ,  s e e  t h e  aforment ioned r e f e r e n c e s  
and Chernoff-Marsden [ I ]  and Nelson [ I ] .  
I n  a p p l i c a t i o n s  t o  hydrodynamics i t  i s  impor tan t  t o  use  
Lagrangian c o o r d i n a t e s ,  f o r  a s  we have s t r e s s e d  i n  t h e  p r e v i o u s  l e c t u r e ,  
the  E u l e r  e q u a t i o n s  then  become a  cm v e c t o r  f i e l d .  T h i s  i s  a  g r e a t  
advantage i n  d e a l i n g  wi th  t h e s e  p roduc t  fo rmulas  ( i n  t h e  l i n e a r  c a s e  i t  
cor responds  t o  add ing  a  bounded o p e r a t o r  t o  an unbounded one - -  a  
r e l a t i v e l y  e a s y  p r o c e d u r e ) .  
For example one c a n  g i v e  an a lmos t  t r i v i a l  proof  of t h e  
formula  
Et = l i m i t  ( p i  ) n  
n  + a  
t / n  
where a u g t  i s  the  e v o l u t i o n  o p e r a t o r  f o r  t+ (u*V)u = 0  whose 
s o l u t i o n  i s  known e x p l i c i t l y .  A s imFlar  theorem proved u s i n g  E u l e r  
c o o r d i n a t e s  and wi th  more e f f o r t  was done by Chor in  [ I ] .  
To o b t a i n  C h o r i n ' s  formula  a s  p r e v i o u s l y  d e s c r i b e d ,  one 
chooses  ~ ( t )  = H t o @  OE 
t t '  
c a l c u l a t i o n  of t h e  G e n e r a t o r .  
P robab ly  t h e  most c r u c i a l  t h i n g  i n  C h o r i n ' s  formula  i s  t h e  
- 
formal  r e a s o n  why K ' ( 0 )  = A  + Z  . Indeed  we c l a i m  t h a t  6 c o n t r i b u t e s  
- t  
n o t h i n g  t o  K ' ( 0 )  . T h i s  i s ,  of c o u r s e ,  c r u c i a l  i f  ou r  r e s u l t i n g  f l o w  
i s  t o  be a s s o c i a t e d  wi th  t h e  Nav ie r -S tokes  e q u a t i o n s .  I n  t h e  f o l l o w i n g  
we a t t e m p t  t o  show why K T ( 0 )  = + Z w i t h  K ( t )  a s  above.  
I n  o r d e r  t o  s e e  t h i s ,  w r i t e  
1 1 
, ( H ~ @ ~ E ~ ~  - V )  =-([El @ E v  - H @ V]  t t t t  t t  
- 
The f i r s t  and l a s t  terms converge ,  r e s p e c t i v e l y  t o  Z(v) and Av 
(one needs  t o  know Htdt i s  t - c o n t i n u o u s  f o r  t h i s ) .  Thus t h e  v a l i d i t y  
i s  a s s u r e d  by t h e  f o l l o w i n g  key lemma: i f  v  i s  s u i t a b l y  smooth,  
v  = 0  on a M  , t hen  i n  L , 
P  
1 l i m i t  - [H @ v  - H v ]  = 0  . 
t t t  t 
t 4 0  
rV i n d e e d ,  i f  K ( t ,  x ,  y)  i s  a  G r e e n ' s  f u n c t i o n  f o r  A on M 
then  
where Bt = { X  E ~ l d ( x ,  aM) ( d ( t ) )  . Taking i n t o  a c c o u n t  t h e  n a t u r e  
of t h e  s i n g u l a r i t y  of K and t h e  c h o i c e  of d ( t )  i t  i s  e a s y  t o  s e e  
t h a t  i n  L norm, t h e  above i s  majo r i zed  by 
P  
where c , t h e  L norm of d K ( t 2  X ,  y )dy  goes  t o  z e r o  a s  
P  t * 
Bt  
t + 0 on accoun t  of t h e  r a p i d i t y  wi th  which t h e  volume of B t  goes  
t o  z e r o  a s  t + 0 . T h i s  g i v e s  t h e  f o r m u l a .  
The Hopf B i f u r c a t i o n .  
We now t u r n  our  a t t e n t i o n  t o  t h e  q u a l i t a t i v e  n a t u r e  of 
t u r b u l e n c e .  A c t u a l l y  t h e  l i t e r a t u r e  i s  v e r y  c o n f u s i n g  - -  a  few 
r e p r e s e n t a t i v e  works a r e  l i s t e d  i n  t h e  b i b l i o g r a p h y .  However we wish 
t o  d e s c r i b e  a  t h e o r y  due t o  Ruel le-Takens  ( I ]  which h a s  s e v e r a l  v e r y  
a t t r a c t i v e  f e a t u r e s .  
B a s i c a l l y  we want t o  s t u d y  t h e  Nav ie r -S tokes  e q u a t i o n s  and 
l e t  R . Thus we a r e  i n t e r e s t e d  i n  s t u d y i n g  dynamical  sys tems 
depending on a  p a r a m e t e r .  One of t h e  most b a s i c  r e s u l t s  i n  t h i s  r e g a r d  
i s  a  theorem of Hopf from 1942 (Hopf [ I ] ) .  
I n  o r d e r  t o  u n d e r s t a n d  H o p f P s  theorem,  l e t  u s  r ev iew some 
s t a n d a r d  m a t e r i a l  i n  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s .  For a  complete  
d i s c u s s i o n  of t h i s  m a t e r i a l ,  s e e  Coddington-Levinson [ I ]  and Abraham- 
Robbin [ I ] .  L e t  X : R~ + Rn be a  l i n e a r  map. Then r e g a r d i n g  X a s  
n  tX 
a  v e c t o r  f i e l d  on R  , i t s  f l o w  i s  g i v e n  by F ( a )  = e  ( a )  , where 
t 
m 
0  
a  E R~ and etX = Z ( t t n / n ! )  ; i n  t h i s  e x p r e s s i o n  X = I and 
n=O 
m u l t i p l i c a t i o n  i s  a s  m a t r i c e s .  L e t  XI, . . . , X k  be t h e  ( p o s s i b l y  
complex) e i g e n v a l u e s  of X . S i n c e  X h a s  o n l y  r e a l  e n t r i e s  when 
c o n s i d e r e d  a s  a  m a t r i x ,  t h e  k i  appear  i n  c o n j u g a t e  p a i r s .  C l e a r l y  
t h  
e , y e  
tXk 
a r e  t h e  e i g e n v a l u e s  of Ft  - 
Now suppose t h a t  f o r  a l l  i , we have Re(ki)  < 0  . Then a s  
X . t  
t i n c r e a s e s  J e  I i s  d e c r e a s i n g  and hence  t h e  o r b i t  of a  p o i n t  
a  E R" i . e . ,  t h e  c u r v e  t b F t ( a )  , i s  approach ing  z e r o .  ( T h i s  i s  
c l e a r  i f  X i s  d i a g o n a l i z a b l e ;  f o r  t h e  g e n e r a l  c a s e  one u s e s  t h e  Jo rdan  
c a n o n i c a l  form .) S i n c e  Ft  i s  l i n e a r ,  f o r  each t we have F t (0 )  = 0  . 
I n  t h i s  s i t u a t i o n ,  we say  0  i s  an  a t t r a c t i n g  o r  s t a b l e  f i x e d  p o i n t .  
t X  
Now i f  a l l  Re(hi)  > 0  , i t  i s  c l e a r  t h a t  each l e  1 i s  
i n c r e a s i n g  w i t h  t , and s o  t h e  o r b i t  of a  p o i n t  under  t h e  f l o w  i s  
away from 0  . H e r e ,  we s a y  0  i s  a  r e p e l l i n g  o r  u n s t a b l e  f i x e d  p o i n t .  
For t h e  n o n l i n e a r  c a s e ,  we l i n e a r i z e  and a p p l y  t h e  above 
r e s u l t s  a s  f o l l o w s .  L e t  X be a  v e c t o r  f i e l d  on some maniEold M . 
Suppose t h e r e  i s  a  p o i n t  m E M such t h a t  X(mo) = 0 . Then Ft  , 0  
t h e  f l o w  of X l e a v e s  m f i x e d ;  F (m ) = m 0  0 "  I t  makes s e n s e  t o  t 0  
c o n s i d e r  DX(mO) : Tm M 4 T M . I f  y l ,  . . . , yn i s  a  c o o r d i n a t e  
0 mo 
system f o r  M a t  m , t h e  c o o r d i n a t e  m a t r i x  e x p r e s s i o n  f o r  DX(mO) 0  
i j i s  j u s t  Dx(mO) = ( a x  / a y  >(mO) . Now, DX(mO) can  be t r e a t e d  a s  a  
l i n e a r  map on R~ and t h e  same a n a l y s i s  a s  above a p p l i e s .  Hence 
"'0 
i s  a n  a t t r a c t i n g  o r  r e p e l l i n g  f i x e d  p o i n t  ( o r  n e i t h e r )  f o r  t h e  f l o w  of 
X depending on t h e  s i g n  of t h e  r e a l  p a r t  of t h e  e i g e n v a l u e s  of 
( ax i / ay j ) (mo)  . However i f  m i s  a t t r a c t i n g  (when t h e  r e a l  p a r t s  0  
of t h e  e i g e n v a l u e s  a r e  < 0) , i t  i s  o n l y  n e a r b y  p o i n t s  which j m 0  a s  
t + a .  
To b e g i n  our  s t u d y  of t h e  Hopf theorem,  l e t  u s  c o n s i d e r  a 
p h y s i c a l  example of t h e  g e n e r a l  phenomenon o f  b i f u r c a t i o n .  The i d e a  
i n  each c a s e  i s  t h a t  t h e  sys tem depends on some r e a l  p a r a m e t e r ,  and 
t h e  sys tem undergoes  a  sudden q u a l i t a t i v e  change a s  t h e  pa ramete r  
c r o s s e s  some c r i t i c a l  p o i n t .  (For  r e s e a r c h  i n  a  s l i g h t l y  d i f f e r e n t  
d i r e c t i o n  and f o r  more examples ,  c o n s u l t  t h e  p a p e r s  i n  Antman-Keller 
[ I ]  and Z a r a n t o n e l l o  [ I ]  .) 
Example -. ( C o u e t t e  Flow).  Suppose we have a v i s c o u s  f l u i d  between 
two c o n c e n t r i c  c y l i n d e r s  ( s e e  t h e  f o l l o w i n g  f i g u r e ) .  Suppose f u r t h e r  
we f o r c i b l y  r o t a t e  t h e  c y l i n d e r s  i n  o p p o s i t e  d i r e c t i o n s  a t  some c o n s t a n t  
a n g u l a r  v e l o c i t y  p which i s  o u r  p a r a m e t e r .  For  p n e a r  0  , we g e t  
a  s t e a d y  h o r i z o n t a l  l aminar  f l o w  i n  t h e  f l u i d .  However a s  p r e a c h e s  
some c r i t i c a l  p o i n t ,  t h e  f l u i d  b r e a k s  up i n t o  what a r e  c a l l e d  Tay lo r  
c e l l s  and t h e  f l u i d  moves r a d i a l l y  i n  c e l l s  from t h e  i n n e r  c y l i n d e r  t o  
t h e  o u t e r  one and v i c e  v e r s a .  Note ,  t h a t  t h e  d i r e c t i o n s  of f l o w  a r e  
such t h a t  f l o w  i s  c o n t i n u o u s .  
Coue t t e  Flow 
( top view 
Taylor  C e l l s  
I n  t h e  above example,  we have a  s i t u a t i o n  d e s c r i b e d  by 
d i f f e r e n t i a l  e q u a t i o n s  and a t  some c r i t i c a l  p o i n t  of t h e  p a r a m e t e r ,  
t h e  g i v e n  s o l u t i o n  becomes u n s t a b l e  and t h e  sys tem s h i f t s  t o  a  " s t a b l e "  
s o l u t i o n .  T h i s  sha rp  d i v i s i o n  of s o l u t i o n s  i s  t h e  s o r t  of b i f u r c a t i o n  
we s h a l l  encoun te r  i n  H o p f ' s  theorem. 
For s i m p l i c i t y ,  l e t  u s  c o n s i d e r  t h e  c a s e  where t h e  u n d e r l y i n g  
space i s  s imply R2 . L e t  X be a  v e c t o r  f i e l d  on R2 depending 
P 
smoothly on some r e a l  pa ramete r  p  . A c t u a l l y  i t  i s  c o n v e n i e n t  t o  
3 w p u t  X i n  R by c o n s i d e r i n g  t h e  map X : ( x ,  y ,  p )  (3 (Xp ( x ,  y)  , 0 )  . I-L 
T h i s  way we can  graph t h e  f low of X and keep t r a c k  of t h e  
t i-1 
- 
paramete r  p  . The f l o w  G of X i s  G t ( x ,  y ,  p )  = ( e ( x  , y)  , p,) . 
t 
S i m i l a r l y ,  we c o n s i d e r  X a c t i n g  on t h e  p l a n e  p  = c o n s t .  
i-1 
Now suppose X ( 0 ,  0 )  = ( 0 ,  0 )  f o r  each w ; more g e n e r a l l y  
P  
one c o u l d  c o n s i d e r  a  c u r v e  ( x p ,  y  ) of c r i t i c a l  p o i n t s  of X . We 
P  CL 
c a n  a p p l y  t h e  a n a l y s i s  we developed f o r  v e c t o r  f i e l d s ,  i . e . ,  f o r  each 
- 
p , we look  a t  t h e  e i g e n v a l u e s  of DX ( 0 ,  0 )  say  X(p) and h ( p )  . 
P  
(They a r e  complex c o n j u g a t e . )  Note t h a t  t h e  e i g e n v a l u e s  depend on p, 
and by our  e a r l i e r  a n a l y s i s  of f l o w s ,  we know t h e  q u a l i t a t i v e  behav iour  
- 
of t h e  f low depends on t h e  s i g n  of Re(h ( p ) )  and Re(h ( p ) )  (which a r e  
e q u a l  i n  c a s e  X(p) i t s e l f  i s  n o t  r e a l ) .  So i f  we know how X(p) 
depends on then  we can  hope t o  e x t r a c t  some i n f o r m a t i o n  a b o u t  t h e  
f l o w  n e a r  ( 0 ,  0) a s  p  i n c r e a s e s .  We make t h e s e  h y p o t h e s e s :  
Suppose Re(h(b ) )  < 0  - f o r  p  < 0  Re(A(0))  = 0  - and R e ( h ( p ) )  
i s  i n c r e a s i n g  a s  p  i n c r e a s e s  a c r o s s  0  . Also  assume t h a t  
X(p) i s  n o t  r e a l  and t h a t  f o r  y = 0  , ( 0 ,  0 )  i s  an a t t r a c t i n g  
f i x e d  p o i n t  f o r  X 
(pe rhaps  wi th  a  weaker o r  s lower  a t t r a c t i o n  than  when R e ( h ( w ) )  < 0  ) . 
Now f o r  p. < 0  , we know from t h e  above t h a t  t h e  f low i s  
" s t a b l e  ," i . e . ,  p o i n t s  n e a r  ( 0 ,  0)  a r e  c a r r i e d  towards ( 0 ,  0) by 
t h e  f l o w ,  a s  i s  t h e  c a s e  f o r  p. = 0  ( o n l y  s lower )  by assumption.  
The s u r p r i s i n g  c a s e  i s  the  behav ior  f o r  p > 0  . 
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  he or em." ( E  . Hopf) . I n  the  s i t u a t i o n  d e s c r i b e d  above,  t h e r e  i s  a 
s t a b l e  p e r i o d i c  o r b i t  f o r  X when 0  < p. < e, f o r  some s > 0  . 
C 1 -  
( S t a b l e  h e r e  means p o i n t s  n e a r  t h e  p e r i o d i c  o r b i t  w i l l  remain n e a r  
and e v e n t u a l l y  be c a r r i e d  c l o s e r  t o  t h e  o r b i t  by the  f l o w . )  
So a s  i n  t h e  example we g e t  a  q u a l i t a t i v e  change i n  t h e  
s t a b l e  s o l u t i o n s  a s  c r o s s e s  0  , from an a t t r a c t i n g  f i x e d  p o i n t  
( 0 ,  0 )  t o  a  p e r i o d i c  s o l u t i o n  away from (0 ,  0) - 
~ 7 0  
T h i s  theorem does g e n e r a l i z e  t o  
_CLOSED 
ORBIT 
R~ where c a n  g e t  t o r i  
forming a s  t h e  s t a b l e  s o l u t i o n s  ( i n s t e a d  of c l o s e d  o r b i t s )  a s  f u r t h e r  
b i f u r c a t i o n s  t a k e  p l a c e ;  s e e  Ruel le-Takens [ I ]  f o r  d e t a i l s .  
The proof of t h e  theorem o c c u r s  i n  many p l a c e s  b e s i d e s  
Hopf [ I ] .  S e e ,  f o r  i n s t a n c e  Andronov and Cha ik in  [ l ] ,  o r  B r u s l i n s k a y a  
* See R u e l l e  [ 4 ]  f o r  a  v e r s i o n  s u i t a b l e  f o r  systems w i t h  symmetry, 
such  a s  Couet te  f low.  
[ 3 ]  , o r  Ruel le-Takens [ I ]  . 
H o p f ' s  theorem i s  c l o s e l y  r e l a t e d  t o  a  l i n e a r  model used i n  
p h y s i c s  known a s  t h e  "Turing model ." As D .  R u e l l e ,  S .  Smale,  N .  
Kope l l  and H .  Hartman have remarked,  t h e s e  s o r t  of phenomena may be 
b a s i c  f o r  u n d e r s t a n d i n g  a  l a r g e  v a r i e t y  of q u a l i t a t i v e  changes  which 
occur  i n  n a t u r e ,  i n c l u d i n g  b i o l o g i c a l  and chemical  systems.  See f o r  
i n s t a n c e  Tur ing  [ I ] ,  Selkov [ I ] .  We have examined h e r e  o n l y  one of 
many t y p e s  of p o s s i b l e  b i f u r c a t i o n s .  There  a r e  many o t h e r s  which 
occur  i n  Thom' s  theory  of morphogenesis ( s e e  a r t i c l e s  i n  C h i l l i n g w o r t h  
[ I ]  and Abraham [ 4 ]  f o r  more d e t a i l s  and b i b l i o g r a p h y ) .  Meyer [ I ]  and 
Abraham [5 ]  a r e  r e p r e s e n t a t i v e  of t h e  Hamil tonian c a s e .  
For a p p l i c a t i o n s  t o  f l u i d  mechanics one wishes  t h e  v e c t o r  
f i e l d  X t o  be t h e  Navier-Stokes  e q u a t i o n s  and p t o  be t h e  Reynolds 
IJ. 
number. One i s  hampered by t h e  f a c t  t h a t  X i n  t h i s  c a s e  i s  n o t  a 
IJ. 
cr  v e c t o r  f i e l d  (even i n  Lagrang ian  c o o r d i n a t e s ) .  However t h i s  
d i f f i c u l t y  can  be overcome and indeed  t h e  Hopf theorem i s  v a l i d .  For 
d e t a i l s  s e e  Marsden [ 3 ]  , J o s e p h - S a t t i n g e r  [ I ]  , I o o s s  [ I ,  21 , ~ u d o v i c h  
[ 3 ,  41 ,  B r u s l i n s k a y a  [ I ]  e t c .  
Moreover,  a n  i m p o r t a n t  f e a t u r e  i s  t h a t  one can  show t h a t  
when a  b i f u r c a t i o n  does occur  one r e t a i n s  g l o b a l  e x i s t e n c e  of smooth 
s o l u t i o n s  n e a r  t h e  c l o s e d  o r b i t .  T h i s  i s  i n  f a c t  good ev idence  i n  t h e  
d i r e c t i o n  of  v e r i f y i n g  t h a t  t h e  Navier-Stokes  e q u a t i o n s  do not b r e a k  
down when t u r b u l e n c e  deve lops .  
S t a b i l i t y  and Turbu lence .  
S h o r t l y  we s h a l l  e x p l a i n  more f u l l y  t h e  Rucl le-Takens theory  
of t u r b u l e n c e .  For  now we j u s t  wisll t o  s t r e s s  t h e  p o i n t  t h a t  t u r b u l e n c e  
a p p e a r s  t o  be some cornpliccitcd 510%~ which s e t s  i.11 a f t e r  s u c c e s s i v e  
b i f u r c a t i o n s  have o c c u r r e d .  I n  t h i s  p r o c e s s ,  s t a b l e  s o l u t i o n s  
become u n s t a b l e ,  a s  t h e  Reynolds number i s  i n c r c a s e d .  Hence t u r b u l e n c e  
i s  supposed t o  be a  n e c e s s a r y  consequence of t h e  e q u a t i o n s  a n t  i n  f a c t  
of t h e  "generic case"  and j u s t  r e p r e s e n t s  a complicated s o l u t i o n .  For 
example i n  Coue t te  f low a s  one i n c r e a s e s  t h e  a n g u l a r  v e l o c i k y  of h L l  
t h e  i n n e r  c y l i n d e r  one f i n d s  a s h i f t  from laminar  f l o w  t o  Tay lor  c e l l s  
o r  r e l a t e d  p a t t e r n s  a t  some b i f u r c a t i o n  v a l u e  of C Z l  . E v e n t u a l i y  
t u r b u l c n c  s e t s  i n .  111 t h i s  scheme, a s  h a s  been r e a i i z e d  f o r  a  long  
t ime ,  one f i r s t  looks  f o r  a s t a b i l i t y  t!~eorrm a n i  f o r  when s t a b i l i t y  
fai1.s (Hupf [ I - ] ,  Cl~andresekar  [ I ] ,  Lin  [ I ]  e t c . ) .  For example,  i f  one 
s t a y e d  c l o s e d  enough t o  l a x i n a s  f l o w ,  one woulc. e x p e c t  t h e  flow t o  
remain z p p r o x i n a t e l y  l a m i n a r .  S c r r i n  [ Z ]  has  a  theorem o f  t h i s  s o r t  
which w e  ? r e s e n t  a s  an i l . l u s t r a t i o n :  
S t a b i l i t y  Theorem. L e t  D R 3  he  2 bouncied domaix and ilsppose t h e  
-
f low vV i s  pr tascr ibed on AD ( t h i s  cor responds  t o  hav ing  a  moving 
- t  
1 'J  boundary,  a s  i n  CocctLe f l o w ) .  L e t  B = m n a ~ ! , v ~ ( a ) ' ~  , d = diamete r  of 
XED 
t > O  
- 
D - a n d  .J e q u a l  the  v i s c o s i t y .  Then i f  the Reynolds number 
v 3 = (Vd/v )  5 5.71 , v i s  u i ~ i v c r s z l l y  L2 s t a b l e .  
t 
. . -v 
~ n i v e r s a l l y  L 2  s t a h l e  means t h a t  il' v i s  3 o f h e r  
r 
s o l u t i o n  t o  t h e  e q u a t i o n s  and w i t h  t h e  same boundary c o n d i t i o n s ,  t h e n  
t h e  L2 norm ( o r  ene rgy)  of iV - vV goes  t o  z e r o  a s  t 4 0 . t t  
The p roof  i s  r e a l l y  v e r y  s i m p l e  and we recommend r e a d i n g  
S e r r i n  [ 2 ]  f o r  t h e  argument .  
Chandresekar  [ I ] ,  S e r r i n  [ 2 ] ,  and V e l t e  [ I ]  have  ana lyzed  
c r i t e r i a  of t h i s  s o r t  i n  some d e t a i l  f o r  C o u e t t e  f l o w .  
As a  s p e c i a l  c a s e ,  we r e c o v e r  something t h a t  we e x p e c t .  
v  Namely i f  vV = 0 on a M  i s  any s o l u t i o n  f o r  v > 0 t h e n  v  4 0 
t t 
2  
a s  t + m  i n  L  norm, s i n c e  t h e  z e r o  s o l u t i o n  i s  u n i v e r s a l l y  s t a b l e .  
C o u e t t e  f l o w  i s  n o t  t h e  o n l y  s i t u a t i o n  where t h i s  T a y l o r  
c e l l  t y p e  of phenomenon o c c u r s  and where t h e  above a n a l y s i s  i s  p o s s i b l e .  
For example ,  i n  t h e  ~ 6 n a r d  Problem one h a s  a  v e s s e l  of  w a t e r  h e a t e d  
from below.  A t  a  c r i t i c a l  v a l u e  of t h e  t e m p e r a t u r e  g r a d i e n t ,  one 
o b s e r v e s  c o n v e c t i o n  c u r r e n t s ,  which behave l i k e  T a y l o r  c e l l s ;  c f .  
Rab inowi tz  [ I ]  . 
T h i s  t r a n s i t i o n  from lamina r  t o  p e r i o d i c  mot ion ( t h e  Hop£ 
b i f u r c a t i o n )  o c c u r s  i n  many o t h e r  p h y s i c a l  s i t u a t i o n s  such a s  f l o w  
beh ind  a n  o b s t a b l e .  
A D e f i n i t i o n  of Turbu lence .  
A t r a d i t i o n a l  d e f i n i t i o n  ( a s  i n  Hopf [ 2 ] ,  L a n d a u - L i f s c h i t z  
[ I ] )  s a y s  t h a t  t u r b u l e n c e  deve lops  when t h e  v e c t o r  f i e l d  v  can  be t 
d e s c r i b e d  a s  v t (wl ,  . . . , wn) = f ( t w l ,  . . . , twn) where f i s  a  
q u a s i - p e r i o d i c  f u n c t i o n ,  i . e . ,  f i s  p e r i o d i c  i n  each c o o r d i n a t e ,  
b u t  t h e  p e r i o d s  a r e  n o t  r a t i o n a l l y  r e l a t e d .  For  example ,  i f  t h e  o r b i t s  
of t h e  
v t  
on t h e  t o r i  g iven  by t h e  Hopf theorem c a n  be d e s c r i b e d  by 
s p i r a l s  wi th  i r r a t i o n a l l y  r e l a t e d  a n g l e s ,  t h e n  v  would such a  f l o w .  
t 
C o n s i d e r i n g  t h e  above example a  b i t  f u r t h e r ,  i t  shou ld  be 
c l e a r  t h e r e  a r e  many o r b i t s  t h a t  t h e  v  c o u l d  f o l l o w  which a r e  
t 
q u a l i t a t i v e l y  l i k e  t h e  q u a s i - p e r i o d i c  ones  b u t  which f a i l  themselves  
t o  be q u a s i - p e r i o d i c .  I n  f a c t  a  smal l  neighborhood of a  q u a s i - p e r i o d i c  
f u n c t i o n  may f a i l  t o  c o n t a i n  many o t h e r  such f u n c t i o n s .  One might  
d e s i r e  t h e  f u n c t i o n s  d e s c r i b i n g  t u r b u l e n c e  t o  c o n t a i n  most f u n c t i o n s  
and n o t  o n l y  a  s p a r s e  s u b s e t .  More p r e c i s e l y ,  s a y  a  s u b s e t  U of a  
t o p o l o g i c a l  space  S i s  g e n e r i c  i f  i t  i s  a  B a i r e  s e t  ( i . e . ,  t h e  
c o u n t a b l e  i n t e r s e c t i o n  o f  open dense  s u b s e t s ) .  I t  seems r e a s o n a b l e  
t o  e x p e c t  t h a t  t h e  f u n c t i o n s  d e s c r i b i n g  t u r b u l e n c e  shou ld  be g e n e r i c ,  
s i n c e  t u r b u l e n c e  i s  a  common phenomena and t h e  e q u a t i o n s  of f low a r e  
never  e x a c t .  Thus we would want a  t h e o r y  of t u r b u l e n c e  t h a t  would n o t  
be d e s t r o y e d  by add ing  on s m a l l  p e r t u r b a t i o n s  t o  t h e  e q u a t i o n s  of mot ion 
The above s o r t  of r e a s o n i n g  l e a d  Rue l l e -Takens  [ I ]  t o  p o i n t  
o u t  t h a t  s i n c e  q u a s i - p e r i o d i c  f u n c t i o n s  a r e  n o t  g e n e r i c ,  i t  i s  u n l i k e l y  
-J. 
t hey  " r e a l l y "  d e s c r i b e  turbulence. ' '  I n  i t s  p l a c e ,  t h e y  propose  t h e  use  
of " s t r a n g e  a t t r a c t o r s . "  (See  Smale [ 2 ]  and Wi l l i ams  [I] .) These 
e x h i b i t  much of t h e  q u a l i t a t i v e  behav io r  one would e x p e c t  from ' s t u r b u l e n t "  
s o l u t i o n s  t o  t h e  Nav ie r -S tokes  e q u a t i o n s  and they  a r e  s t a b l e  under  
p e r t u r b a t i o n s .  
* See a l s o  J o s e p h - S a t t i n g e r  [ I ] .  
Here i s  a n  example of a  s t r a n g e  a t t r a c t o r .  L e t  U c R~ be 
open and o . U 4 U some f low;  suppose f u r t h e r  f o r  x  E U , t h e r e  i s  
t ' 
an  s  E R such t h a t  U ~ + ~ ( X )  = o t ( x )  , i . e  . , x  be longs  t o  a  p e r i o d i c  
o r b i t  of t h e  f l o w .  L e t  ( d / d t ) a t ( x )  I t Z 0  = 
Yx and l e t  V be t h e  
a f f i n e  h y p e r s u r f a c e  i n  U o r t h o g o n a l  t o  Yx . For a  s m a l l  neighborhood 
S  of x  i n  V , t h e r e  i s  a  map P : S -, V c a l l e d  t h e  poincar ;  map, 
d e f i n e d  a s  f o l l o w s :  For w E S , i t  i s  e a s y  t o  show t h e r e  i s  a  s m a l l e s t  
Pw E R such t h a t  5 (w) E V . C a l l  P(w) = o (w) . Now of c o u r s e  
Pw Pw 
one can  do t h i s  f o r  each p o i n t  of t h e  p e r i o d i c  o r b i t .  By do ing  t h i s  
one g e t s  a  map on a  smal l  " t u b u l a r "  neighborhood of t h e  p e r i o d i c  o r b i t  
i n  U . (Here  one must check t h a t  t h e r e  i s  a  neighborhood N o s  t h e  
o r b i t  such t h a t  i f  x  E N then  x be longs  t o  a  unique h y p e r s u r f a c e  
o r t h o g o n a l  t o  t h e  o r b i t . )  A l so  one can  drop t h e  c o n d i t i o n  t h a t  P  be 
d e f i n e d  a b o u t  a  c l o s e d  o r b i t  by r e q u i r i n g  t h a t  t h e  v e c t o r  f i e l d  be 
a lmos t  p a r a l l e l  and everywhere t r a n s v e r s a l  t o  a  h y p e r s u r f a c e  V . I n  
t h i s  c a s e  one can d e f i n e  a  poincar ;  map P  over  t h e  e n t i r e  space  U 
by l e t t i n g  P(x)  be t h e  f i r s t  i n t e r s e c t i o n  o f  t h e  i n t e g r a l  c u r v e  
through x  w i t h  V . 
I n  p a r t i c u l a r  c o n s i d e r  V t o  be a  s o l i d  t o r u s  i n  t h r e e  
space  and suppose we have a  f l o w  0 on U such t h a t  i t s  ~ o i n c a r ;  
t 
map wraps t h e  t o r u s  around t w i c e .  Then t h e  a t t r a c t i n g  s e t  of t h e  f low 
( i e . ,  ( X  E U I X  = l i m  o t ( y )  f o r  some y E U )  i s  l o c a l l y  a  Can to r  
t+ 
s e t  c r o s s  a  2-manifold  ( s e e  Smale [ Z ] ) .  T h i s  i s  c e r t a i n l y  a  s t r a n g e  
a t t r a c t o r !  Ruel le-Takens  [ 1 ]  have shown i f  we d e f i n e  a s t r a n g e  a t t r a c t o r  
t o  be one which i s  n e i t h e r  a  c l o s e d  o r b i t  o r  a  p o i n t ,  t h e n  t h e r e  a r e  
s t a b l e  s t r a n g e  a t t r a c t o r s  on T4 i n  t h e  s e n s e  t h a t  a  whole neighborhood 
of v e c t o r  f i e l d s  h a s  a  s t r a n g e  a t t r a c t o r  a s  w e l l .  
I f  t h e  a t t r a c t i n g  s e t  of t h e  f l o w ,  i n  t h e  space  of v e c t o r  
f i e l d s  , which i s  g e n e r a t e d  by Navier-S t o k e s  e q u a t i o n s  i s  s t r a n g e  , t hen  
a  s o l u t i o n  a t t r a c t e d  t o  t h i s  s e t  w i l l  c l e a r l y  behave i n  a c o m p l i c a t e d ,  
t u r b u l e n t  manner and s i n c e  s t r a n g e  a t t r a c t o r s  a r e  " g e n e r i c " ,  t h i s  s o r t  
of b e h a v i o r  should  n o t  be uncommon. Thus we have  t h e  f o l l o w i n g  
r e a s o n a b l e  d e f i n i t i o n  of t u r b u l e n c e  a s  proposed by Ruel le-Takens:  
"... t h e  motion of a  f l u i d  sys tem i s  t u r b u l e n t  when t h i s  
mot ion i s  d e s c r i b e d  by an  i n t e g r a l  c u r v e  of a  v e c t o r  f i e l d  X which 
1-1 
t e n d s  t o  a  s e t  A , and A i s  n e i t h e r  empty nor  a  f i x e d  p o i n t  nor  a  
c l o s e d  o r b i t  ." 
T h i s  t u r b u l e n t  mot ion i s  supposed t o  occur  on one of t h e  t o r i  
T~ t h a t  o c c u r s  i n  t h e  Hopf b i f u r c a t i o n .  T h i s  t a k e s  p l a c e  a f t e r  a  
f i n i t e  number of s u c c e s s i v e  b i f u r c a t i o n s  have  o c c u r r e d .  However a s  
-- 
S .  Smale and C. Simon p o i n t e d  o u t  t o  u s ,  t h e r e  may be  a n  i n f i n i t e  number 
of o t h e r  q u a l i t a t i v e  changes  which occur  d u r i n g  t h i s  o n s e t  of t u r b u l e n c e  
( such  a s  s t a b l e  and u n s t a b l e  m a n i f o l d s  i n t e r s e c t i n g  i n  v a r i o u s  ways 
e t c )  . 
S i n c e  t h i s  s o r t  of phenomena i s  supposed t o  be " g e n e r i c , "  one 
would e x p e c t  i t  t o  occur  i n  o t h e r  s i m i l a r  phenomena such a s  t h e  Benard 
problem. (As t h e  t e m p e r a t u r e  g r a d i e n t  becomes v e r y  l a r g e ,  t h e  f l o w  
becomes " t u r b u l e n t  .") 
R e c e n t l y  R u e l l e  [ I ]  (and unpub l i shed  work) h a s  shown how t h e  
u s u a l  s t a t i s t i c a l  mechanics of e r g o d i c  sys tems can  be used t o  s t u d y  
t h e  c a s e  of s t r a n g e  a t t r a c t o r s ,  f o l l o w i n g  work of Bowen [ I ]  and S i n a i  
[ I ] .  I t  remains  t o  connec t  t h i s  up w i t h  observed s t a t i s t i c a l  p r o p e r t i e s  
of f l u i d s ,  l i k e  t h e  t ime average  of t h e  p r e s s u r e  i n  t u r b u l e n t  f l o w .  
For t h e  a n a l y t i c a l  n a t u r e  of t u r b u l e n t  s o l u t i o n s ,  t h e  work 
of Bass  [ I ,  21 seems t o  be i m p o r t a n t .  
I n  summary t h e n ,  t h i s  view of t u r b u l e n c e  may be phrased  a s  
f o l l o w s .  Our s o l u t i o n s  f o r  s m a l l  p (= Reynolds number i n  many f l u i d  
problems)  a r e  s t a b l e  and a s  p i n c r e a s e s ,  t h e s e  s o l u t i o n s  become 
u n s t a b l e  a t  c e r t a i n  c r i t i c a l  v a l u e s  of p and t h e  s o l u t i o n  f a l l s  t o  a  
more compl ica ted  s t a b l e  s o l u t i o n ;  e v e n t u a l l y ,  a f t e r  a  c e r t a i n  f i n i t e  
number of such b i f u r c a t i o n s ,  t h e  s o l u t i o n  f a l l s  t o  a  s t r a n g e  a t t r a c t o r  
( i n  t h e  space  of a l l  t ime dependent  s o l u t i o n s  t o  t h e  problem).  Such 
a  s o l u t i o n ,  which i s  wander ing c l o s e  t o  a  s t r a n g e  a t t r a c t o r ,  i s  c a l l e d  
t u r b u l e n t .  
6 .  Symmetry Groups i n  Mechanics.  
I n  t h i s  l e c t u r e  we s h a l l  d i s c u s s  t h e  c o n s e r v a t i o n  laws 
r e s u l t i n g  when one h a s  a  Hami l ton ian  sys tem wi th  symmetry. I n t u i t i v e l y  
one shou ld  t h i n k  of l i n e a r  and a n g u l a r  momentum which a r i s e  from 
t r a n s l a t i o n a l  and r o t a t i o n a l  i n v a r i a n c e  r e s p e c t i v e l y .  However one can 
have more s o p h i s t i c a t e d  c o n s e r v a t i o n  laws t o o  such a s  t h o s e  d e a l i n g  
w i t h  s p i n ,  wi th  t h e  r i g i d  body e t c .  Fo l lowing  t h e s e  t o p i c s ,  we s h a l l  
e x p l a i n  how one can  s h r i n k  down t h e  phase  space  i n  o r d e r  t o  e l i m i n a t e  
t h e  v a r i a b l e s  which were o b t a i n e d  from t h e  c o n s e r v a t i o n  laws.  Some 
of t h e s e  a r e  s u b t l e  y e t  v e r y  fundamenta l ,  v i z  J a c o b i ' s  " e l i m i n a t i o n  
of t h e  node" i n  c e l e s t i a l  mechanics .  F i n a l l y  we s h a l l  d i s c u s s  a  
comple teness  theorem i n  geometry and how v a r i o u s  c o n s e r v a t i o n  laws c a n  
be u s e d  t o  prove i t ,  Other  comple teness  theoroms a r e  proved i n  l e c t u r e  8.  
T h i s  l e c t u r e  i s  based on S o u r i a u  [l] a n d  M a r s d e n - W e i n s t e i n  [l]. 
Before  beg inn ing  t h e  a c t u a l  mechan ics ,  we s h a l l  need a  l i t t l e  
n o t a t i o n  and a  few f a c t s  c o n c e r n i n g  L i e  g roups .  
P r e l i m i n a r i e s  on L i e  Groups and Group A c t i o n s .  
L e t  G be a  L i e  group; i . e .  a  cm mani fo ld  which i s  a l s o  
a  group and t h e  group o p e r a t i o n s  a r e  C~ . L e t  deno te  t h e  L i e  
a l g e b r a  of G ; we can  t h i n k  of e i t h e r  a s  t h e  v e c t o r  space  TeG 
o r  a s  t h e  space  of a l l  l e f t  i n v a r i a n t  v e c t o r  f i e l d s  on G . The l a t t e r  
g i v e s  u s  a  b r a c k e t  [ 5 ,  71 on C making i t  i n t o  a  L i e  a l g e b r a ;  i . e .  
[[F,71,(1 [ c ,  51, n1 '. [T, c l  Y 51 = 0 h o l d s .  
Example 1. SO(3) t h e  group of a l l  3x3 o r t h o g o n a l  m a t r i c e s  of 
d e t e r m i n a n t  f l  i s  a  3  d imens iona l  L i e  group.  fi = TeS0(3) c o n s i s t s  
of t h e  3x3 skew a d j o i n t  m a t r i c e s  w i t h  b r a c k e t  e q u a l l i n g  t h e  
3  
commutator.  T h i s  space  of m a t r i c e s  i s ,  i n  t u r n  i d e n t i f i a b l e  w i t h  R 
Making t h e  i d e n t i f i c a t i o n ,  t h e  b r a c k e t  i s  j u s t  t h e  c r o s s  p r o d u c t .  
2 .  See t h e  example a9 , t h e  d i f f  eomorphism group ,  d i s c u s s e d  
i n  l e c t u r e  4 .  
By an  a c t i o n  ( o r  " n o n - l i n e a r  r e p r e s e n t a t i o n " )  of G on a  
man i fo ld  M , we mean a  c o l l e c t i o n  of mappings d : M + M  such t h a t  
g  
( i )  m g h  = @ g o @ h  
and ( i i )  @ = i d e n t i t y  e  = i d e n t i t y  i n  G . 
e  
We a l s o  r e q u i r e  ( g ,  x )  u Q g ( x )  t o  be cm . 
N o t i c e  t h a t  i f  G = R , an  a c t i o n  i s  n o t h i n g  more t h a n  a  
f low.  As e v e r y  f l o w  de te rmines  a  g e n e r a t i n g  v e c t o r  f i e l d ,  we a r e  l e d  
t o  d e f i n e  t h e  i n f i n i t e s i m a l  g e n e r a t o r s  of a n  a c t i o n .  We do t h i s  i n  
t h e  f o l l o w i n g  d i s c u s s i o n .  
L e t  € . L e t  exp 5 deno te  t h e  e x p o n e n t i a l  of 5 . 
( T h i s  i s  d e f i n e d  a s  f o l l o w s ;  l e t  5 deno te  t h e  l e f t  i n v a r i a n t  v e c t o r  
f i e l d  which e q u a l s  5 a t  e  ; t hen  exp t< i s  t h e  i n t e g r a l  c u r v e  of 
s t a r t i n g  a t  e  . For m a t r i x  groups  expc = eA d e f i n e d ,  e . g .  a s  a  
power s e r i e s . )  Now one v e r i f i e s  exp t5 i s  a  one pa ramete r  subgroup 
of G ; i .  e .  , exp(  t + s ) t  = exp t 5  * exp s (  . Thus @exp t j  i s  a  
f l o w  on M . L e t  deno te  i t s  g e n e r a t o r .  We c a l l  t h e  map 5 ct ZM M 
of t o  v e c t o r  f i e l d s  on M t h e  i n f i n i t e s i m a l  g e n e r a t o r  of t h e  
a c t i o n .  One h a s  [5 , lM] = -[5, T I M  . M 
L e t  G a c t  on M and l e t  x E M . The i s o t r o p y  group of 
x i s ,  by d e f i n i t i o n :  
I t  i s  a  subgroup of G . 
G i s  s a i d  t o  a c t  f r e e l y  on M i f  each x E M h a s  Gx = { e l  . 
G i s  s a i d  t o  a c t  p r o p e r l y  on M i f  t h e  map ( g ,  x) ( x ,  mg(x)) 
of G x M + M  x M i s  p r o p e r ;  i . e .  i n v e r s e  images of  compact s e t s  
a r e  compact.  
I f  G a c t s  on M and x E M , [ @  ( x ) l g  E G) = G*x i s  t h e  
g  
o r b i t  of x . These a r e  always immersed submanifolds  of M . (One 
maps G / G ~  4 G'x t o  o b t a i n  t h e  r e q u i r e d  immersion.)  Moreover,  M i s  
t h e  d i s j o i n t  union of t h e  o r b i t s .  Thus one can  c o n s i d e r  M / G  t h e  space 
of a l l  o r b i t s .  
m 
I f  G a c t s  f r e e l y  and p r o p e r l y  on M then  M/G i s  a  C 
mani fo ld  and rr : M 4 M/G i s  a  submersion. L e t  n ( x )  = [x] . Now 
and 
(These f a c t s  a r e  p roven ,  f o r  example i n  Bourbaki  [ I ]  .) When we form 
q u o t i e n t  m a n i f o l d s  i n  t h e  s e q u e l  we i m p l i c i t l y  assume t h e s e  h y p o t h e s e s .  
I£ M c o n s i s t s  o n l y  of one o r b i t ,  we s a y  t h a t  we have a  homogeneous 
space .  Thus M '. G / G  . ( I n  g e n e r a l  M/G i s  n o t  a  man i fo ld ;  c o n s i d e r  
X 
s1 a c t i n g  on t h e  p l a n e ;  M/G i s  t h e n  a  h a l f  r a y . )  
L e t  G a c t  on M and on N by a c t i o n s  6 and 'f 
g  g 
r e s p e c t i v e l y .  A  map Jr : M + N  i s  c a l l e d  e q u i v a r i a n t  ( o r  an  i n t e r -  
twin ing  map) i f  
Consider  now j u s t  a  g i v e n  L i e  group G . Then t h e r e  i s  an  
a c t i o n  of G on by l i n e a r  t r a n s f o r m a t i o n s  c a l l e d  t h e  a d j o i n t  
a c t i o n :  
Here R and L  a r e  t h e  r i g h t  and l e f t  t r a n s l a t i o n  maps. The 
g g  
i n f i n i t e s i m a l  g e n e r a t o r  of t h i s  a c t i o n  i s  < p cC , 5 (6) = 1 5 ,  C] = adc(C) . S 
We a l s o  g e t  a n  a c t i o n  on t h e  d u a l  space  C;'; c a l l e d  t h e  
c o a d j o i n t  a c t i o n  by u s i n g  (Ad . 
g  
The Moment F u n c t i o n  of S o u r i a u  and Noethers  Theorem. 
We now c o n s i d e r  a  g e n e r a l  s e t t i n g  f o r  f i n d i n g  c o n s e r v a t i o n  
laws. The b a s i c  r e s u l t s  a r e  due t o  S o u r i a u  [ I ]  b u t  were found a l s o  
i n  Marsden [ I ]  and Smale [ 4 ] .  
D e f i n i t i o n .  L e t  G be a L i e  group and P a  (weak) s y m p l e c t i c  
m a n i f o l d .  L e t  G a c t  on P  by s y m p l e c t i c  d i f feomorph i sms .  ( I t  
f o l l o w s  t h a t  each i n f i n i t e s i m a l  g e n e r a t o r  
<P 
s a t i s f i e s  d i  o = 0 .) 5 
CO 
By a  moment f o r  t h e  a c t i o n  we mean a  C map $ : p -t Q: 
such t h a t  i f  $ d e n o t e s  t h e  d u a l  map from S t o  t h e  space  of smooth 
A f u n c t i o n  on P , i . e .  $ ( 5 )  ( p )  = ~ ( p ) ~  5 , we have 
i e  ( T p i n v ,  <> = w p ( F p ( p ) ,  V) f o r  5 t , v  t T P  . I n  o t h e r  
P  
words ,  each i n f i n i t e s i m a l  g e n e r a t o r  A Sp h a s  $ 5 )  a s  a  Harnil tonian 
f u n c t i o n .  A  moment, i f  i t  e x i s t s ,  i s  d e f i n e d  up t o  a n  a r b i t r a r y  
a d d i t i v e  c o n s t a n t  i n  q* . 
Theorem. Let H : P 4 R be i n v a r i a n t  under  @ , i . e . ,  H o e  = H 
- S 
Then $ i s  a  c o n s t a n t  of t h e  mot ion f o r  % ; i . e .  i f  Ft  i s  t h e  
-
f l o w  of XH 3 $"Ft  = $ - 
P r o o f .  From H o @  = H i t  f o l l o w s  t h a t  H o d  = H and hence 
g  exp t% 
A I, H = 0 . But  t h i s  means { $ ( ? ) ,  H) = 0 s o  d:(s) i s  a  c o n s t a n t  of 
<P 
t h e m o t i o n .  I? 
I n  o r d e r  t o  a c t u a l l y  compute fi we use :  
Theorem. Let G a c t  s y m p l e c t i c a l l y  on P  . Assume w = -d8 and t h e  
a c t i o n  l e a v e s  0 i n v a r i a n t .  Then ~ ( p ) .  5 = ( i  8 ) ( p )  ~ 
e q u i v a r i a n t ;  i . e .  ~ a @  = (Ad -1)7q:o~ o 
?P 
S S 
proof.  S ince  @ g  
l e a v e s  0 i n v a r i a n t ,  we have L 0 = 0 . Hence 
_- P  
A Hence we can  choose ~ ( c )  = i 9 a s  r e q u i r e d .  We l e a v e  e q u i v a r i a n c e  
5P 
of t h i s  formula  a s  an e x e r c i s e .  
L e t  u s  s p e c i a l i z e  f u r t h e r  t o  g i v e  an even more u s e f u l  formula: 
Theorem. Let G a c t  on M . Then t h e  a c t i o n  l i f t s  t o  one on T9:M 
p r e s e r v i n g  t h e  c a n o n i c a l  one form ( t h i s  was e s s e n t i a l l y  proved i n  
l e c t u r e  2) . We have 
T h i s  f o l l o w s  i n  a  s t r a i g h t f o r w a r d  way from t h e  p r e v i o u s  
theorem. The q u a n t i t i e s  a r e  sometimes w r i t t e n  P(X)(mx) = c,*X(x) , X 
a  v e c t o r  f i e l d  on M and c a l l e d  t h e  momentum f u n c t i o n s .  Equ ivar iance  
can  be phrased i n f i n i t e s i m a l l y  i n  terms of t h e  commutation r e l a t i o n s :  
I n  examples of l i n e a r  o r  a n g u l a r  momentum t h e  conserved 
q u a n t i t y  $ reduces  t o  t h e  u s u a l  e x p r e s s i o n s .  
We can  a l s o  s p e c i a l i z e  t o  TM w i t h  a  g iven  m e t r i c  r a t h e r  
t h a n  t o  T9:M wi th  t h e  c a n o n i c a l  s y m p l e c t i c  s t r u c t u r e .  
Theorem. Let G a c t  on M by isometrics, where M i s  a  g i v e n  
Riemannian manif o l d .  L e t  V : M 4 R be i n v a r i a n t  and l e t  
H(v) = %<v, v> + V(x) , v  E TxM . Then i f  xM i s  an  i n f i n i t e s i m a l  
g e n e r a t o r  of t h e  a c t i o n .  t h e  f u n c t i o n  
i s  a  c o n s t a n t  of t h e  mot ion f o r  x~ 
I t  i s  a l s o  u s e f u l  t o  p r e s e n t  a  v e r s i o n  f o r  g e n e r a l  Lagrang ian  
sys tems .  The c l a s s i c a l  Noether  theorem i s  a  s p e c i a l  c a s e .  Although 
t h i s  f o l l o w s  from t h e  above,  we g i v e  a  s e p a r a t e  proof  h e r e .  (See  
l e c t u r e  2 f o r  a  g e n e r a l  d i s c u s s i o n  of Lagrangian s y s t e m s ,  and an 
e x p l a n a t i o n  of t h e  n o t a t i o n  FL .) 
I n  t h i s  r e s u l t ,  obse rve  t h a t  we do a l l o w  f o r  t h e  p o s s i b i l i t y  
t h a t  L might be d e g e n e r a t e .  The o n l y  s p e c i a l  a s sumpt ion  needed on 
Z i s  t h a t  i t  e x i s t  and be second o r d e r .  
P r o p o s i t i o n .  L e t  Z be a Lagrang ian  v e c t o r  f i e l d  f o r  L : TM -4 R & 
-
suppose Z i s  a  second o r d e r  e q u a t i o n .  
L e t  6 be a  one parameter  group of d i f feomorphisms of M 
- t 
g e n e r a t e d  by t h e  v e c t o r  f i e l d  Y : M 4 TM . Suppose t h a t  f o r  each r e a l  
number t , L0Tmt = L  . Then t h e  f u n c t i o n  P(Y) : TM 4 R , 
P(Y) (v )  = FL(v)*Y i s  c o n s t a n t  a l o n g  i n t e g r a l  c u r v e s  of Z . 
P r o o f .  L e t  v ( t )  be an i n t e g r a l  c u r v e  f o r  Z . Then we s h a l l  show 
-149- 
t h a t  ( d / d t )  [ P ( Y ) ( v ( t ) ) )  = 0 . Indeed ,  i n  a  c o o r d i n a t e  c h a r t ,  i f  
( u ( t ) ,  v ( t ) )  i s  t h e  i n t e g r a l  c u r v e ,  
Now t h e  c o n d i t i o n  t h a t  Z be t h e  Lagrangian v e c t o r  f i e l d  of L  means 
e x a c t l y  t h a t  t h e  f i r s t  two terms e q u a l  D I L ( u ( t ) ,  v ( t ) ) * Y ( u ( t ) )  ( s e e  
the  r e s u l t s  g iven  i n  l e c t u r e  2 . ) .  However i f  we d i f f e r e n t i a t e  LoTmt 
with  r e s p e c t  t o  t we o b t a i n  f o r  any p o i n t  ( u ,  v )  , 
Comparing t h i s  wi th  the  above g i v e s  ( d / d t )  (FL(v)*Y} = 0 and p roves  
t h e  a s s e r t i o n .  
The Reduced Phase Space.  
As mentioned i n  t h e  i n t r o d u c t i o n ,  when one h a s  a  group of 
symmetr ies ,  i t  i s  a  c l a s s i c a l  p rocedure  t o  e l i m i n a t e  a  number of 
v a r i a b l e s  i n  o r d e r  t o  g e t  r i d  of  the  symmetr ies .  We p r e s e n t  now, 
f o l l o w i n g  Marsden-Weinstein [ l ]  a  u n i f i e d ,  a s  w e l l  a s  s i m p l i f i e d ,  
scheme f o r  c a r r y i n g  o u t  such a  program. 
For s i m p l i c i t y  we shaLl  a lways assume t h e  moment Jr i s  
e q u i v a l e n t  w i t h  r e s p e c t  t o  t h e  Ad a c t i o n .  ( T h i s  i s  n o t  r e a l l y  
0 
n e c e s s a r y ,  f o r  S o u r i a u  h a s  shown t h a t  one can  s u i t a b l y  modify t h e  
a c t i o n .  ) 
L e t  p be a r e g u l a r  v a l u e  of $ ; i e .  , i s  a  submers ion 
- 1 - 1 
on 11, (1-1) , s o  fi ( )  i s  a  submanifold .  
L e t  G be t h e  i s o t r o p y  group of p f o r  t h e  G a c t i o n  on 
IJ, 
. By e q u i v a r i e n c e  , 1:-'(p) i s  i n v a r i a n t  under  G s o  t h e  o r b i t  
P  
- 1 
space  111 ( P ) / G ~  i s  d e f i n e d .  Note a l s o  t h a t  by e q u i v a r i a n c e  i f  
- 1 p  € I ( p )  and @ ( p )  E l - ' ( ~ )  t h e n  g G G . We l e t  
g  I-1 
and c a l l  P t h e  reduced phase  s p a c e .  
u 
The main r e s u l t  i s  a s  f o l l o w s .  
Theorem. L e t  be a  L i e  group a c t i n g  s y m p l e c t i c a l l y  on t h e  s y m p l e c t i c  
man i fo ld  P , m . k t  be a  moment f o r  t h e  a c t i o n .  L e t  p  E 
be a  
--- 
- e g u l a r  v a l u e  of dl  . Suppose G a c t s  f r e e l y  and p r o p e r l y  
I-1 
- 1 - 1 
on t h e  man i fo ld  I ( )  . Then i f  i : $ (p,)  4 P i s  i n c l u s i o n ,  
P 
t h e r e  i s  a  unique s y m p l e c t i c  s t r u c t u r e  m on t h e  reduced phase  space  
U 
- 1 P such t h a t  nj'cce, = i * ~  , where i s  t h e  p r o j e c t i o n  of ( )  onto 
P i-LP P - p, 
To prove t h i s  we s h a l l  make use  of t h e  f o l l o w i n g :  
Lemma. For p  € $ J - ' ( ~ )  we have 
- 1 ( i )  T  (G ' p )  = T  (G'p) 0 T  ( ! I f  ( P ) )  
P  P  P  P  
- 1 
and ( i i )  Tp(b ( p ) )  i s  t h e  w-or thogonal  complement of T ~ ( G * ~ )  . 
-
P r o o f .  ( i )  L e t  5 E S , s o  < p ( p )  C Tp(G* p) . We must show 
Sp(p) E T ~ ( $ - ' ( ~ ) )  i f f  5 E 5 t h e  L i e  a l g e b r a  of G . E q u i v a r i a n c e  
P  P  
g i v e s  Tpl)-Fp(p) = SG;,<(p) , s o  5 E SF i f f  5 = 0 iff 
p  E k e r  Tpdi = T . 
P  
( i i )  For 5 E , v  € T P  we have w ( S p ( p ) ,  v) = a p $ * v ,  5> 
P  
s i n c e  $ i s  a  moment. Thus v  E k e r  T i i f f  ~ ( ! ~ ( p ) ,  v)  = 0 f o r  
P  
a l l  5 E C; . 
I n  t h e  f o l l o w i n g  proof we use  t h e  f a c t  t h a t  i f  F  c E  i s  a  
1 I 
subspace of a  s y m p l e c t i c  space  E  , t hen  ( F  ) = F  where i s  t h e  
m-or thogonal  complement. I n  f i n i t e  d imensions  t h i s  f o l l o w s  by dimension 
c o u n t i n g .  I t  i s  a l s o  t r u e  i n  i n f i n i t e  d imensions  f o r  weak s y m p l e c t i c  
forms i f  E i s  r e f l e x i v e .  F7e now prove  o u r  theorem.  
- 1 P r o o f .  For v  E T  ( $  (p,)) , l e t  [v ]  E T  P  d e n o t e  t h e  
P  np(p)  P  
- 1 
c o r r e s p o n d i n g  e q u i v a l e n c e  c l a s s  i n  T  III ( p ) / ~ p ( G P a p )  , s o  [ v ]  = Tn * v  . 
P  P 
The a s s e r t i o n  n;'cw = i*w becomes 
i-LP P  
- 1 
w,([vl ,  [ w l )  = m(v, w) , f o r  a l l  v ,  w t T  $ ( p )  - P  
Thus w i s  u n i q u e .  Moreover,  u i s  w e l l - d e f i n e d  because  of t h e  
P  P  
lemma. Also  w i s  smooth because  q u a n t i t i e s  on a  q u o t i e n t  M/G a r e  
P  
smooth when t h e y  have  smooth p u l l - b a c k s  t o  M . Thus w i s  a  w e l l -  
P  
d e f i n e d  smooth two-form on P . 
P 
To show w i s  s y m p l e c t i c  we f i r s t  show o i s  non- 
P P 
- 1 d e g e n e r a t e ;  w ( [ v ] ,  [w]) = 0 f o r  a l l  w E T I!J ( )  i m p l i e s  
P P 
v E T (G * p )  by t h e  lemma, o r  [ v ]  = 0 . It remains  t o  show w i s  
P  iJ. P 
c l o s e d .  But from TT:':~ = i;':m and dw = 0 , we conc lude  t h a t  
PI'- li. 
+(dm ) = 0 , s o  dw = 0 s i n c e  Tn i s  s u r j e c t i v e .  
P jL IJ. i-1 
Remarks. Even i f  o = -dB and t h e  a c t i o n  l e a v e s  8 i n v a r i a n t ,  w 
P  
need n o t  be  e x a c t .  For # 0 , does  n o t  p r o j e c t  t o  a  one-form on 
P because  B ( 5 p ) ( ~ )  = ~ ( P ) K  f 0 . 
?1 
As a  consequence ,  obse rve  t h a t  ( i n  t h e  f i n i t e  d imens iona l  
c a s e )  P i s  even-d imens iona l .  I f  $ i s  a  submers ion ,  t h e n  
P 
dim P = dim P - dim G - dim G . 
P P 
I f  i s  a  r e g u l a r  v a l u e  of $ , t h e  a c t i o n  i s  a lways  
- 1 l o c a l l y  f r e e  n e a r  I!J ( )  . 
Examples.  1. L e t  us  b e g i n  by r e c a l l i n g  t h e  c o t a n g e n t  bund le  c a s e .  
Namely, i f  G a c t s  on a  man i fo ld  M , w e  o b t a i n  a  s y m p l e c t i c  a c t i o n  
on T;':M which p r e s e r v e s  t h e  c a n o n i c a l  one-form Q on T9:M . A 
moment f o r  t h i s  a c t i o n  i s  g iven  by : T;':M 4 Q:; : 
By an  e a r l i e r  g e n e r a l  theorem,  t h i s  moment i s  Ad+:-equivarient . 
We conc lude  t h a t  i f  G a c t s  f r e e l y  and p r o p e r l y  on 
C1 
- 1 i ~ - ' ( ~ )  = [o E T*M~*, CM(m)> = 41, 5> f o r  a l l  C E , then  $ (p) /G 
I-L 
i s  a  symplec t i c  mani fo ld .  I f  t h e  cM(m) span a  space of dimension = 
dim Q  a t  m , then  i t  i s  e a s y  t o  s e e  t h a t  each p o i n t  of T':M i s  r e g u l a r .  
m 
2. I f  we s p e c i a l i z e  example 1, t a k i n g  M = G with  G 
a c t i n g  on i t s e l f  by l e f t  m u l t i p l i c a t i o n ,  then  t h e  moment JI : T*G 4 Q;': 
i s  g iven  by 
$(D) = (TR )**@ E T+cG = , , T G 
8  e  g  
where R denotes  r i g h t  t r a n s l a t i o n  ( c f .  Arnold [ I ] ,  Marsden-Abraham 
g 
[ I ] ) .  Thus each c, E Q: i s  r e g u l a r  and i r - l ( ~ ~ )  i s  t h e  graph of t h e  
r i g h t  i n v a r i a n t  one-form w whose v a l u e  a t  e i s  i _ ~  . Now 
L1 
- 1 G = ( ~ E G I L ~ : ~  = m )  , s o  t h e  a c t i o n o f  G on i~ ( )  i s  l e f t  
IJ. 81-1 CL C1 
- 1 t r a n s l a t i o n  on t h e  base  p o i n t .  Thus ( p , ) / ~ ~  G / G ~  " G.p C @" . 
Thus t h e  reduced phase space i s  j u s t  t h e  o r b i t  of y  i n  . That  
t h i s  i s  a  symplec t i c  manifold  then  f o l l o w s  from t h e  above theorem. 
The r a t h e r  s p e c i a l  c o n s t r u c t i o n  i n  t h i s  c a s e  i s  due t o  K i r i l l o v -  
K o s t a n t ;  s e e  K o s t a n t  [ I ] .  I f  one t r a c e s  through the  d e f i n i t i o n s  one 
f i n d s  f o r  B E G*p , y1 = (adu )*B and y2 = (ad  u  )*@ , t h a t  1 2  
When viewed d i r e c t l y ,  t h e  symplec t i c  s t r u c t u r e  on G*p c seems 
r a t h e r  s p e c i a l .  However, i t  becomes n a t u r a l  when viewed i n  t h e  c o n t e x t  
of  reduced phase s p a c e s .  Moreover,  t h e  proof becomes more t r a n s p a r e n t .  
T h i s  example i s  s t u d i e d  f u r t h e r  below. 
3 .  I f  G a c t s  on M and l e a v e s  a  g i v e n  c l o s e d  two-form 
F on M i n v a r i a n t ,  t h e n  we g e t  a  s y m p l e c t i c  a c t i o n  on Ty':M w i t h  
t h e  s y m p l e c t i c  form w = w + n*F where w i s  t h e  c a n o n i c a l  form and F 
rr : T;bM + M  t h e  p r o j e c t i o n .  Such a  s i t u a t i o n  a r i s e s  when one h a s  a  
p a r t i c l e  moving i n  t h e  " e l e c t r o m a g n e t i c  f i e l d "  F ( s e e  S o u r i a u  [ I ]  
and Sn ia tyck i -Tu lczy jew [ 2 ] ) .  Now suppose F = dA i s  e x a c t  and A  
i s  i n v a r i a n t .  Then t h e  moment i s  g i v e n  by 
( t h i s  c o r r e s p o n d s  t o  t h e  c l a s s i c a l  p r e s c r i p t i o n  o f  r e p l a c i n g  p  by 
p  - A i n  an  e l e c t r o m a g n e t i c  p o t e n t i a l  A) . The v e r i f i c a t i o n  i s  
C 
t h e  same a s  i n  example 1. Thus a g a i n ,  i f  p i s  a  r e g u l a r  v a l u e  
- 1 
and G a c t s  f r e e l y  and p r o p e r l y  on rlr (CL) , we c a n  form t h e  reduced 
P 
phase  space  P . 
P 
4 .  L e t  G = SO(3) and P a  s y m p l e c t i c  man i fo ld .  Here 
3  S = R3 and t h e  a d j o i n t  a c t i o n  i s  t h e  u s u a l  one.  For E R , # 0 , 
G = S1 c o r r e s p o n d i n g  t o  r o t a t i o n s  abou t  t h e  a x i s  . ( S i n c e  G i s  
P 
semi - s imple ,  a  s y m p l e c t i c  a c t i o n  of G on P h a s  an  Ad*-equivar iant  
moment I by S o u r i a u  [ I ] ) .  One r e f e r s  t o  $ a s  "angu la r  momentum" 
- 1 i n  t h i s  c a s e .  The r e d u c t i o n  of P t o  I ( b ) / ~ l  i s  a  g e n e r a l i z a t i o n  
of t h e  p rocedure  c a l l e d  " e l i m i n a t i o n  o f  t h e  nodes"  ( c f .  Smale [ 4 ]  and 
Whi t t ake r  [ I ,  p .  3441) .  
5 .  Suppose we have  t h e  s i t u a t i o n  of t h e  above theorem,  and 
i n  a d d i t i o n  G i s  a b e l i a n .  Ad;';-equivariance means t h a t  t h e  g e n e r a t i n g  
A f u n c t i o n s  ( )  a r e  a l l  i n  i n v o l u t i o n  on P . Fur the rmore ,  G = G 
P 
f o r  each ~1 E . I f  t h e  a c t i o n  i s  f r e e  and (1, i s  a  r e g u l a r  v a l u e ,  
- 1 
we can  form P = 1 ( p , ) / ~  . I n  t h i s  c a s e  dim P = dim P - 2 dim G . 
li. P 
The r e d u c t i o n  t o  P r e p r e s e n t s  t h e  c l a s s i c a l  r e d u c t i o n  of a  Hamil- 
P 
t o n i a n  system by i n t e g r a l s  i n  i n v o l u t i o n .  
A s  a  s p e c i a l  c a s e ,  l e t  % be a  Hami l ton ian  v e c t o r  f i e l d  on 
p , s o  t h a t  t h e  f l o w  of X;I y i e l d s  an  a c t i o n  of R on P . The 
- 1 
moment i s  j u s t  H i t s e l f  s o  we g e t  a  s y m p l e c t i c  s t r u c t u r e  on H ( e ) /R  
which i s  j u s t  t h e  space  of o r b i t s  on each energy  s u r f a c e  (we assume e  
i s  a  r e g u l a r  v a l u e  o f  H) . 
m 6 .  L e t  iQ deno te  t h e  group of C -d i f feomorphisms of a  
f i n i t e  d imens iona l  Riemannian mani fo ld  M . Suppose M i s  compact ,  
o r  r e s t r i c t  t o  d i f feomorphisms which a r e  "asympto t i c  t o  t h e  i d e n t i t y " .  
Now a s  we saw i n  l e c t u r e  4 ,  T  AQ = X(M) = t h e  v e c t o r  f i e l d s  on M and 
e  
we p.ut on B t h e  L2  m e t r i c  which i s  o b t a i n e d  from 7 ( M )  by r i g h t  
i n v a r i a n c e .  Thus B a c t i n g  on TB on t h e  r i g h t  i s  a  s y m p l e c t i c  
a c t i o n .  As i n  example 2 ,  we conc lude  t h a t  f o r  each X E X(M) , t h e  
s e t  (Tj9:X/lj E 8 )  c X(M) i s  a  weak s y m p l e c t i c  m a n i f o l d .  The s y m p l e c t i c  
s t r u c t u r e  i s  
One may s i m i l a r l y  r e s t r i c t  t o  volume p r e s e r v i n g  di f feomorphisms and 
d i v e r g e n c e  f r e e  v e c t o r  f i e l d s .  T h i s  s y m p l e c t i c  man i fo ld  i s  l e f t  
i n v a r i a n t  by t h e  E u l e r  e q u a t i o n s  on E(M) and t h e y  d e f i n e  a  Hami l ton ian  
system s o  r e s t r i c t e d .  (See t h e  f o l l o w i n g  theorem and c o r o l l a r y ) .  
7 .  L e t  M and B be a s  i n  example 6 .  L e t  h denote  t h e  
space of a l l  Riemannian m e t r i c s  on M . Def ine  t h e  DeWitt m e t r i c  on 
m by 
h ,  k)  = , [4 ,  k> - ( t r  h ) ( t r  k)1dpg 
%( M 
Where h  , k  E T il = t h e  symmetric 2 - t e n s o r s  on M , 4,  k> i s  t h e  
g  
i n n e r  p roduc t  of h  , k  u s i n g  t h e  m e t r i c  g  , t r  d e n o t e s  t h e  t r a c e ,  
and k g  i s  t h e  volume element  a s s o c i a t e d  wi th  g . qg  
i s  a weak 
m e t r i c  and g i v e s  a  (weak) symplec t i c  s t r u c t u r e  on Th . 
The space ~h i s  a  b a s i c  (weak) symplec t i c  mani fo ld  used i n  
g e n e r a l  r e l a t i v i t y .  We w i l l  now d e s c r i b e  i t s  reduced phase  space i n  
t h e  p resence  of  t h e  symmetry group AQ . (See l e c t u r e  9 f o r  t h e  
c o n n e c t i o n s  of t h e s e  i d e a s  w i t h  g e n e r a l  r e l a t i v i t y . )  I! a c t s  
s y m p l e c t i c a l l y  on ~h by p u l l - b a c k .  The moment f o r  t h i s  a c t i o n  i s  
n o t  d i f f i c u l t  t o  compute. I t  i s :  
1 
where n = k - $tr  k ) g  and 6 i s  t h e  d ive rgence  t aken  wi th  r e s p e c t  
- 1 t o  g  . Of p a r t i c u l a r  i n t e r e s t  i s  t h e  c a s e  I r  ( 0 )  = k)  E ~hl6n = 0) 
( r e f e r r e d  t o  a s  t h e  d ive rgence  c o n s t r a i n t  i n  g e n e r a l  r e l a t i v i t y ) .  
The i s o t r o p y  group i s  a l l  of 8 , s o  t h e  reduced phase  space 
- 1 i s  ( 0 )  . I f  we work n e a r  a  m e t r i c  wi th  no i s o m e t r i e s  ( a s y m p t o t i c a l l y  
- 1 
the  i d e n t i t y  i f  M i s  n o t  compact) ,  t h e n  dr (O)/A i s  a  man i fo ld  
- 1 by u s i n g  methods e x p l a i n e d  i n  l e c t u r e  10 .  We conc lude  t h a t  $ (O)/fi 
i s  a  (weak) symplec t i c  manifold ."  T h i s  i s  t h e  b a s i c  space  one u s e s  f o r  
a  dynamical f o r m u l a t i o n  of g e n e r a l  r e l a t i v i t y .  I t  i s  r e l a t e d  t o  
usuperspace"  h/aO i n  t h a t  a l l  " g e o m e t r i c a l l y  e q u i v a l e n t "  o b j e c t s  have  
been i d e n t i f i e d .  See Marsden-Fischer  [ I ]  f o r  f u r t h e r  r e s u l t s  a l o n g  
t h e s e  l i n e s .  
8 .  L e t  H be complex H i l b e r t  space  w i t h  w = I m < , >  and 
1 
G = S  . Then G a c t s  s y m p l e c t i c a l l y  on H by dZ(cp) = z 'a , 
I z /  = 1 , cq E % . A moment i s  e a s i l y  seen  t o  be 
Thus $ - ' ( l )  i s  t h e  u n i t  s p h e r e ,  s o  dr- l ( l ) /G i s  p r o j e c t i v e  H i l b e r t  
s p a c e .  We r e c o v e r  t h e  well-known f a c t  t h a t  p r o j e c t i v e  H i l b e r t  space  
i s  a  s y m p l e c t i c  man i fo ld  ( i n  f a c t  i t  h a s  a  Icahler s t r u c t u r e ) .  T h i s  
r e s u l t  w i l l  be  u s e f u l  f o r  t h e  n e x t  l e c t u r e .  
Hami l ton ian  Systems on t h e  Reduced Phase  Space.  
Theorem. L e t  t h e  c o n d i t i o n s  of t h e  above theorem h o l d .  L e t  K 
a n o t h e r  group a c t i n g  s y m p l e c t i c a l l y  on P  w i t h  a  moment cp . L e t  t h e  
a c t i o n s  of K and G commute and y be i n v a r i a n t  under G . Then 
- -
( i )  K l e a v e s  $ i n v a r i a n t  
( i i )  t h e  induced a c t i o n  of K on P  i s  s y m p l e c t i c  and h a s  a  
- P 
moment which i s  n a t u r a l l y  induced from t h e  moment cp . 
* It  i s  a  c o n j e c t u r e  o f  D .  Ebin  t h a t  t h i s  i s  t r u e  g l o b a l l y  
P r o o f .  ( i )  T h i s  f o l l o w s  a s  i n  t h e  proof  t h a t  $ i s  conse rved  by 
any G i n v a r i a n t  Hami l ton ian  system on P  ( s e e  a b o v e ) .  
To prove ( i i )  , l e t  Y deno te  t h e  a c t i o n  of k  € K on P . 
k 
- 1 By ( i ) ,  dl  ( )  i s  i n v a r i a n t  under  t h i s  a c t i o n ,  and s i n c e  t h e  a c t i o n  
commutes w i t h  t h a t  of G , we g e t  a  w e l l - d e f i n e d  a c t i o n  on P A l s o ,  
iJ. 
i f  yk i s  t h e  induced a c t i o n  on P , 
P  
- 
Hence Y;':w = w . S i m i l a r l y ,  from t h e  d e f i n i t i o n  of moment we s e e  
k P  P 
t h a t  t h e  induced moment i s  a  moment f o r  t h e  induced a c t i o n :  namely,  
r. 
t h e  induced moment CQ s a t i s f i e s  ,- 
' I o n ~  = 
c p ,  s o  f o r  [ v ]  = Trr " v  E TP , 
iJ. P  
5 E GK , we have 
s i n c e ,  a s  i s  e a s y  t o  s e e ,  t h e  g e n e r a t o r s  - 1 5p 9 Fp on $ L L  and 
i-I 
P a r e  r e l a t e d  by t h e  p r o j e c t i o n  n 
P I-L 
For example,  i f  we c o n s i d e r  exernple 2 and l e t  G = K a c t i n g  
on T;':G by l i f t i n g  t h e  r i g h t  a c t i o n ,  we can  conc lude  t h a t  t h e  n a t u r a l  
a c t i o n  of G on t h e  o r b i t  Gap c G* i s  a  s y m p l e c t i c  a c t i o n .  The 
induced moment i s  e a s i l y  seen  t o  be j u s t  t h e  i d e n t i t y  map: 
The f a c t  t h a t  G a c t s  s y m p l e c t i c a l l y  on t h e  o r b i t  Gab , s o  
t h a t  G-k i s  a "homogeneous Hami l ton ian  G-space",  i s  a known and u s e f u l  
r e s u l t .  See K o s t a n t  [ I ]  and S o u r i a u  [ I ,  p .  1161. 
Taking K = R , we a r e  l e d  to :  
C o r o l l a r y .  L e t  t h e  c o n d i t i o n s  of t h e  theorem p r e c e e d i n g  t h e  above h o l d  
and l e t  5 be a  Hami l ton ian  v e c t o r  f i e l d  on P  - w i t h  H i n v a r i a n t  
under t h e  a c t i o n  of G . Then t h e  f l o w  of  % i n d u c e s  a  Hami l ton ian  
f l o w  on whose ene rgy  i s  t h a t  induced from 
For example i f  < , > i s  a  l e f t  i n v a r i a n t  m e t r i c  on a  group 
G , t h e  Hami l ton ian  H(v) = k<v, v> , which y i e l d s  g e o d e s i c s  on G , 
i nduces  a  Hami l ton ian  system on t h e  o r b i t s  i n  ' % Note t h a t  t h e  
o r i g i n a l  Hami l ton ian  sys tem on P  i s  c o m p l e t e l y  determined by t h e  
induced sys tems on t h e  reduced s p a c e s  P  . 
b 
S i m i l a r l y ,  i n  each of t h e  o t h e r  examples above,  i f  we s t a r t  
wi th  a  g i v e n  Hami l ton ian  sys tem on P  , i n v a r i a n t  under  G , t hen  we 
c a n ,  w i t h  no e s s e n t i a l  l o s s  of i n f o r m a t i o n ,  p a s s  t o  t h e  Hami l ton ian  
sys tem on t h e  reduced  phase  s p a c e .  
R e l a t i v e  E q u i l i b r i a  and R e l a t i v e  P e r i o d i c  P o i n t s .  
D e f i n i t i o n .  I n  t h e  s i t u a t i o n  of t h e  above c o r o l l a r y ,  a  p o i n t  p  E P 
such t h a t  rr ( p )  E P i s  a  c r i t i c a l  p o i n t  [ r e s p .  p e r i o d i c  p o i n t ]  f o r  
P I-L 
t h e  induced Hami l ton ian  sys tem on P  i s  c a l l e d  a  r e l a t i v e  e q u i l i b r i u m  
I-L 
[ r e s p .  r e l a t i v e  p e r i o d i c  p o i n t ]  of t h e  o r i g i n a l  sys tem.  
~ o i n c a r ;  [ I ]  c o n s i d e r e d  r e l a t i v e  p e r i o d i c  p o i n t s  i n  t h e  n-body 
problem on an  e q u a l  f o o t i n g  w i t h  o r d i n a r y  p e r i o d i c  p o i n t s .  I n d e e d ,  
i n  g e n e r a l ,  t h e  o n l y  " t r u e "  dynamics i s  t h a t  t a k i n g  p l a c e  i n  t h e  
reduced phase  space  P . 
IJ. 
The f o l l o w i n g  shows t h a t  o u r  d e f i n i t i o n  c o i n c i d e s  w i t h  t h e  
s t a n d a r d  ones  (Smale [ 4 ]  , Robbin [ 4 ] ) .  
Theorem. i s  a  r e l a t i v e  e q u i l i b r i u m  i f f  t h e r e  i s  a  one- 
pa ramete r  subgroup g ( t )  E G such t h a t  f o r  a l l  t € R , F t ( p )  = @ g( t )  ( P )  
where Ft  i s  t h e  f l o w  of XH @ i s  t h e  a c t i o n  of G . 
( i i )  p  E P i s  a  r e l a t i v e  p e r i o d i c  p o i n t  i f f  t h e r e  i s  a 
g  E G , T > 0 such t h a t  f o r  a l l  t E R , F~~ ( P )  = Gg(Ft(p))  - 
P r o o f .  ( i )  p  i s  a r e l a t i v e  e q u i l i b r i u m  i f f  nF(p)  i s  a  f i x e d  p o i n t  
f o r  t h e  induced f low on P  i f f  % ( F t ( p ) )  = TI ( p )  . I f  t h i s  h o l d s  
u u 
t h e r e  i s  a  unique c u r v e  g ( t )  E GIJ. such t h a t  F t ( p )  = @ ( p )  s i n c e  
g( t )  
- 1 
t h e  a c t i o n  of G on i ( )  i s  f r e e .  The f l o w  p r o p e r t y  
F  
Ft+s(p) = FtoFs(p)  immediate ly  g i v e s  g ( t + s )  = g ( t ) g ( s )  , s o  g ( t )  
i s  a  one-parameter  subgroup of G . C o n v e r s e l y ,  i f  F t ( p )  = @ 
F  g( t )  ( P )  
where g ( t )  i s  a  one-parameter  subgroup of G , we must show g ( t )  E GF 
- 1 But t h i s  f o l l o w s  from i n v a r i a n c e  of $ ( )  under  Ft and e q u i v a r i a n c e  
( s e e  6 2  above) .  
One p roves  ( i i )  i n  a  s i m i l a r  way. 
A s  a  r e s u l t  of our  d e f i n i t i o n  we have t h e  f o l l o w i n g  theorem 
of Smale ,  whose proof  h a s  a l s o  been s i m p l i f i e d  by Robbin [4] and 
S o u r i a u .  We p r e s e n t  y e t  a n o t h e r  p r o o f .  
- 1 Theorem. L e t  u, be a  r e g u l a r  v a l u e  of . ZC p  E I) ( p )  & 
r e l a t i v e  e q u i l i b r i u m  i f f  p  i s  a  c r i t i c a l  p o i n t  o f  $m : P P@':xR. 
p r o o f .  By our  d e f i n i t i o n  and t h e  non degeneracy  o f  t h e  s y m p l e c t i c  
form on P  , P i s  a  r e l a t i v e  e q u i l i b r i u m  i f f  p  i s  a  c r i t i c a l  p o i n t  
P  
w 
of H , t h e  reduced Hami l ton ian .  S i n c e  we have  i n v a r i a n c e  under G ,  
- 1 t h i s  i s  e q u i v a l e n t  t o  p  be ing  a  c r i t i c a l  p o i n t  o f  HI$ ( y )  i . e .  of 
x H (Lagrange m u l t i p l i e r  theorem).  13 
Thus t h e  advan tage  of p a s s i n g  t o  P i s  t h a t  r e l a t i v e  
P  
e q u i l i b r i a  r e a l l y  become e q u i l i b r i a  a n d ,  moreover ,  we have a  Hamil ton-  
i a n  sys tem on P w i t h  a (non-degenera te )  s y m p l e c t i c  form. 
CL 
I n  t h e  above theorem,  i t  i s  n e c e s s a r y  t h a t  p be a  r e g u l a r  
v a l u e .  For example ,  i n  t h e  n-body problem (where G = S 0 ( 3 ) ) ,  i f  a l l  
t he  b o d i e s  a r e  l i n e d  up w i t h  v e l o c i t i e s  headed towards  t h e  c e n t e r  of 
mass ,  we have a  c r i t i c a l  p o i n t  of $ x H b u t  t h e  b o d i e s  do n o t  t r a v e l  
i n  c i r c l e s  ( theorem 4 ( i )  f a i l s ) .  
There  a r e  a  number of e q u i v a l e n t  ways t o  r e p h r a s e  t h e  above 
r e s u l t  i f  P  = TM and H = K + V . ( I n  p a r t i c u l a r  s e e  Smale [ 4 ] ;  some 
i n t e r e s t i n g  c o n d i t i o n s  have a l s o  been g i v e n  by 0 .  L a n f o r d . )  
Using t h e s e  i d e a s ,  Smale i s  a b l e  t o  e s t i m a t e  t h e  number of 
r e l a t i v e  e q u i l i b r i a  by u s i n g  Morse t h e o r y  t o  c o u n t  t h e  c r i t i c a l  p o i n t s .  
The r e s u l t s  y i e l d  q u i t e  i n t e r e s t i n g  i n f o r m a t i o n  f o r  t h e  n-body problem 
( s e e  Smale [4] , I a c o b  [ 2 ] ) .  
S t a b i l i t y  of R e l a t i v e  E q u i l i b r i a .  
L e t  u s  r e c a l l  t h e  c l a s s i c a l  d e f i n i t i o n  of Liapunov s t a b i l i t y  
( s e e  a l s o  l e c t u r e s  5 ,  8 ) .  L e t  x  be a  c r i t i c a l  p o i n t  of a  f l o w  Ft ; 
i . e . ,  F t (x )  = x  . Then x  i s  -- s t a b l e  i f  f o r  e v e r y  neighborhood 9 
of x  t h e r e  i s  a  neighborhood V of x  such t h a t  y  E V i m p l i e s  
Fty E U f o r  a l l  t . 
Now we can  d e f i n e  s t a b i l i t y  of r e l a t i v e  e q u i l i b r i a  a s  
f o l l o w s :  
D e f i n i t i o n .  L e t  p  E P  be a  r e l a t i v e  e q u i l i b r i u m  of t h e  Hami l ton ian  
v e c t o r  f i e l d  XH . We c a l l  p  r e l a t i v e l y  s t a b l e  i f  t h e  p o i n t  p  i s  
(Liapunov) s t a b l e  f o r  t h e  induced f l o w  on t h e  q u o t i e n t  space  PIG , 
(on  PIG , p  i s  a  f i x e d  p o i n t ) .  
Theorem. L e t  t h e  c o n d i t i o n s  g u a r a n t e e i n g  t h e  s y m p l e c t i c  s t r u c t u r e  on 
P  and t h e  above c o r o l l a r y  h o l d  and l e t  p  E P  be a  r e l a t i v e  
U 
2- 
e q u i l i b r i u m .  L e t  2 be t h e  induced H a m i l t o n i a n  on P  I f  d  H i s  
I-1 - -
d e f i n i t e  a t  nL(p)  , a p  i s  r e l a t i v e l y  s t a b l e .  
P r o o f .  The c o n d i t i o n  t e l l s  us t h a t  n ( p )  i s  a  s t a b l e  f i x e d  p o i n t  
I-1 
on P  , by c o n s e r v a t i o n  of ene rgy .  Thus we concLude t h a t  w i t h i n  each 
I-1 
- 1 
I ( I - ~ ) / G ~  , p i s  s t a b l e .  But by openness  of t h e  c o n d i t i o n s ,  t h e  same 
i s  t r u e  of nea rby  reduced phase  s p a c e s  P  , ' n e a r  b  . Thus p  
i s  a c t u a l l y  r e l a t i v e l y  s t a b l e .  
I f  G i s  a  L i e  group w i t h  a  l e f t  i n v a r i a n t  m e t r i c ,  a  
r e l a t i v e  e q u i l i b r i u m  r e p r e s e n t s  a  f i x e d  p o i n t  v  i n  t h e  L i e  a l g e b r a ,  
o r  a  one-parameter  subgroup of G . We can  use  theorem 6 t o  t e s t  
f o r  i t s  s t a b i l i t y .  I f  we do s o ,  we r e c o v e r  a  r e s u l t  of V .  Arnold 
[ I ]  (who proved i t  d i r e c t l y  by an  a p p a r e n t l y  more compl ica ted  
2- procedure )  a s  f o l l o w s .  The q u a d r a t i c  form d  H a t  v  E i s ,  i n  
t h i s  c a s e ,  worked o u t  t o  be - -  a f t e r  a  s h o r t  s t r a i g h t f o r w a r d  computat ion:  
where G ( u ,  v )  , w> = < [ u ,  w] , v> . Thus t h e  c o n d i t i o n  r e q u i r e s  Qv 
t o  be d e f i n i t e .  I n  c a s e  of a  r i g i d  body ( G  = SO(3)) t h i s  y i e l d s  t h e  
c l a s s i c a l  r e s u l t  t h a t  a  r i g i d  body s p i n s  s t a b l y  a b o u t  i t s  l o n g e s t  and 
s h o r t e s t  p r i n c i p a l  a x e s ,  b u t  u n s t a b l y  a b o u t  t h e  middle  one.  For 
f l u i d s  ( G  = AQ = group of vo lume-prese rv ing  di f feomorphisms)  t h e  
IJ. 
s i t u a t i o n  i s  compl ica ted  by t h e  f a c t  t h a t  t h e  m e t r i c  i s  o n l y  weak so  
t h e  c r i t e r i o n  i s  n o t  d i r e c t l y  a p p l i c a b l e .  I n  c e l e s t i a l  mechanics  
s t a b i l i t y  of t h e  r e l a t i v e  e q u i l i b r i a  o f t e n  depends  on s t a b i l i t y  c r i t e r i a  
much deeper  than  t h a t  above ,  such a s  M o s e r ' s  " t w i s t  s t a b i l i t y  theorem"; 
( s e e  Abraham [ Z ] )  . 
Completeness of Homogeneous Spaces .  
R e c a l l  t h a t  a  homogeneous space  i s  a  man i fo ld  t o g e t h e r  w i t h  
a  t r a n s i t i v e  group a c t i o n  @ on i t .  The f o l l o w i n g  i s  a  c l a s s i c a l  and 
u s e f u l  r e s u l t .  
Theorem. Let M be a  r i emannian  mani fo ld  and suppose  e i t h e r  
( a )  M i s  compact 
o r  ( b )  M i s  a  homogeneous s p a c e ,  t h e  t r a n s i t i v e  a c t i o n  c o n s i s t i n g  
-
of i s o m e t r i e s .  
Then 
-
i s  g e o d e s i c a l l y  comple te .  
H e r e ,  g e o d e s i c a l l y  complete  means t h a t  t h e  g e o d e s i c  f low on 
TM i s  comple te ;  i . e .  g e o d e s i c s  can  be i n d e f i n i t e l y  ex tended  ( w i t h o u t  
r u n n i n g  o f f  M) . I n  t h e  f i n i t e  d imens iona l  c a s e  i t  i s  e q u i v a l e n t  t o  
M b e i n g  complete  a s  a  m e t r i c  space  and t o  c l o s e d  b a l l s  b e i n g  compact.  
To prove ( a )  one u s e s  t h e  f a c t  t h a t  i f  a n  i n t e g r a l  c u r v e  
s t a y s  i n  a  compact s e t  then  i t  can be i n d e f i n i t e l y  ex tended  ( t h i s  
f o l l o w s  from t h e  l o c a l  e x i s t e n c e  t h e o r y ) .  But TM i s  a  un ion  of 
compact i n v a r i a n t  s e t s ,  namely t h e  s e t s  sC = ( v  E ~ ~ l i l v i l  = c )  , c  E R , 
c  2 0 . Hence ( a )  h o l d s .  
One p roves  (b )  by u s i n g  t h e  homogeneity t o  keep t r a n s l a t i n g  
v e c t o r s  t o  a  f i x e d  p o i n t  say  x  , t o  e s t i m a t e  t h e  t ime of e x i s t e n c e .  0 
T h i s  t ime does  n o t  s h r i n k  because  of c o n s e r v a t i o n  of e n e r g y .  Hence 
one can keep on e x t e n d i n g  a g e o d e s i c  by a  d e f i n i t e  E t ime i n t e r v a l ,  
i ndependen t  of t h e  base  p o i n t .  Hence a  geodes ic  can be i n d e f i n i t e l y  
ex tended .  
For pseudo-r iemannian m a n i f o l d s  ( i . e .  t h e  m e t r i c  need n o t  b e  
p o s i t i v e  d e f i n i t e )  t h i s  argument does  n o t  work. However we have  t h e  
f o l l o w i n g  ( s e e  Wolf [ I ] ,  p .  9 5 ,  Marsden [ g ] ) .  
Theorem. - L e t  M be a  compact pseudo-r iemannian m a n i f o l d .  L e t  G - be 
a  L i e  group which a c t s  t r a n s i t i v e l y  on M by i s o m e t r i e s .  Then M 2 
g e o d e s i c a l l y  comple te .  
T h i s  r e s u l t  was proved by Hermann [ 3 ]  i n  t h e  s p e c i a l  c a s e  of 
a  semi-s imple  compact L i e  group c a r r y i n g  a  l e f t  i n v a r i a n t  pseudo- 
r iemannian m e t r i c .  I t  shou ld  be  no ted  t h a t  i n  t h e  s t a t e m e n t  of t h e  
theorem n e i t h e r  t h e  homogeneity nor  t h e  compactness  may be dropped.  
For example i t  h a s  become well-known t o  r e l a t i v l - t s  t h a t  t h e r e  a r e  
incomple te  L o r e n t z  m e t r i c s  on t h e  two t o r u s .  These were c o n s t r u c t e d  
by Y .  C l i f t o n  and W .  P o h l .  (See  Markus [ I ]  , p .  189 .) An incomple te  
m e t r i c  on t h e  noncompact group SO(2, 1 )  i s  c o n s t r u c t e d  i n  Hermann 
[ 3 ]  a l t h o u g h  t h i s  i s  a  s p e c i a l  c a s e  of a  whole c l a s s  of incomple te  
pseudo-r iemannian m a n i f o l d s  c o n s t r u c t e d  by J . A. Wolf. (See  Wolf [ 1 , 2 ] ) .  
P r o o f .  We s h a l l  show t h a t  t h e  t a n g e n t  bund le  TM of M i s  t h e  union 
of compact s u b s e t s  S  p a r a m e t r i z e d  by e l e m e n t s  a, of t h e  d u a l  PC 
a, 
of t h e  L i e  a l g e b r a  of G , w i t h  i n v a r i a n t  under  t h e  g e o d e s i c  f l o w .  
S i n c e  a  v e c t o r  f i e l d  whose i n t e g r a l  c u r v e s  remain i n  a  compact s e t  
h a s  a  complete  f l o w ,  t h i s  i s  c l e a r l y  enough t o  p rove  t h e  theorem,  a s  
above.  
L e t  p  : TM 4 G* , p ( v ) * ?  = <v, E (x )>  be  t h e  moment and M 
- 1 f o r  a E G+c , s e t  S  = P ( a )  . By t h e  c o n s e r v a t i o n  theorems,  S  
a 0/ 
i s  i n v a r i a n t  under  t h e  f l o w .  Obviously  TM i s  t h e  un ion  of t h e  S  . 
a 
T h e r e f o r e ,  i t  remains  o n l y  t o  prove t h e  f o l l o w i n g  lemma. I n  t h i s  lemma 
we u s e  t h e  f a c t  t h a t  TxM = ( E  ( x )  15 E G) which f o l l o w s  from t h e  f a c t  M 
t h a t  M i s  homogeneous, i . e .  t h e r e  i s  o n l y  one o r b i t .  
Lemma. Each of t h e  s e t s  S  i s  a  compact s u b s e t  of TM . 
CY 
P r o o f .  C e r t a i n l y  S  i s  c l o s e d .  Fur the rmore ,  t h e  r e s t r i c t i o n  of 
o! 
t h e  c a n o n i c a l  p r o j e c t i o n  rr : TM -t M t o  S i s  one- to-one because  
CY 
f rom t h e  f a c t  t h a t  t h e  FM(m) span  TmM , we s e e  t h a t  
SCY 
i n t e r  s e c t s  
each f i b e r  i n  a t  most one p o i n t .  
We c l a i m  f i r s t  of a l l  t h a t  n(S ) i s  c l o s e d  and hence compact.  
0' 
Indeed x  n(SCY) means t h a t  Q i s  n o t  i n  t h e  r ange  of t h e  l i n e a r  
map h t a i n e d  by r e s t r i c t i n g  P  t o  TxM . Thus i s  n o t  i n  t h e  
r ange  of P I T  M f o r  y  i n  a  whole neighborhood of x . Hence n(SCY) 
Y 
i s  c l o s e d .  
ROW l e t  vx , vy E Sy , SO <vX, EM(x)> = <V KM(y)3. = a ( ? )  Y '  
f o r  a l l  5 E . From t h e  f a c t  t h a t  CM(m) span  T M and non- 
m 
degeneracy of < , > , we may conc lude  t h a t  v  i s  c l o s e  t o  v  i f  
X Y 
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x i s  c l o s e  t o  y  . Hence the  i n v e r s e  .rr : n(Sa) 4 SO/ i s  c o n t i n u o u s .  
Thus i s  compact.  
Remarks. 1. I f  dim G = dim M , t hen  S  i s  a c t u a l l y  a  submanifold  
CY 
because  P : TM 4 G;'; i s  a  submers ion i n  t h a t  c a s e  ( t h e  d e r i v a t i v e  of 
P a l o n g  t h e  f i b e r s  i s  one- to-one and hence s u r j e c t i v e ) .  
2 .  Of c o u r s e  we have a c t u a l l y  proved more. We o n l y  r e q u i r e  
t h a t  t h e  i n f i n i t e s i m a l  g e n e r a t o r s  span a t  each  p o i n t ,  and t h a t  we have  
an  i n v a r i a n t  Hami l ton ian  s y s  tem. C l e a r l y  c o n s e r v a t i o n  of e n e r g y ,  which 
i s  t h e  b a s i s  of t h e  proof  f o r  t h e  Riemannian c a s e  ( s e e  above) , p l a y s  
no r o l e  h e r e .  
-9. 
7 .  Quantum Mechanical  Sys terns. " 
I n  t h i s  l e c t u r e  we s h a l l  d e s c r i b e  a  few a s p e c t s  of quantum 
mechanics .  Obviously  we c a n n o t  be e x h a u s t i v e  h e r e ,  b u t  we w i l l  t r y  
t o  ment ion a  number of i m p o r t a n t  f o u n d a t i o n a l  p o i n t s .  (For  f u r t h e r  
e l u c i d a t i o n ,  s e e  von Neumann [ 2 ]  , Mackey [ 1 ,  21 , Jauch [ l ]  , Varadara j an  
[ 11 , Chernoff  -Marsden [ I ] )  . 
I n  o r d e r  t o  c l a r i f y  t h ~  J i ' f e r e n c e s  between c l a s s i c a l  and 
quantum mechan ics ,  i t  i s  c o n v e n i e n t  t o  adop t  a  p r o b a b i l i s t i c  p o i n t  of 
view and t h i n k  i n  terms of s t a t i s t i c a l  mec' 5 l i c s  r a t h e r  than  p a r t i c l e  
mechanics .  We b e g i n  w i t h  some g e n e r a l  c o n s i d e r a t i o n s .  
B a s i c  P r o p e r t i e s  of P h y s i c a l  Systems.  
A p h y s i c a l  sys tem c o n s i s t s  of two c o l l e c t i o n s  of o b j e c t s ,  
denoted S and Q - -  c a l l e d  s t a t e s  and o b s e r v a b l e s  r e s p e c t i v e l y  - -  
t o g e t h e r  wi th  a  mapping 
S x Q + (Bore1 p r o b a b i l i t y  measures  on t h e  r e a l  l i n e  R )  
( $ 9  A) WAY* . 
A d d i t i o n a l l y ,  t h e r e  i s  u s u a l l y  a  Hami l ton ian  s t r u c t u r e  
d e s c r i b e d  below. 
Elements  d r  E S d e s c r i b e  t h e  s t a t e  of t h e  sys tem a t  some 
i n s t a n t  and e lements  A E @ r e p r e s e n t  "obse rvab le  q u a n t i t i e s " ;  when 
A i s  measured and t h e  system i s  i n  s t a t e  
,  PA,,^, r e p r e s e n t s  t h e  
p r o b a b i l i t y  d i s t r i b u t i o n  f o r  t h e  observed v a l u e s  of A  . Thus i f  E  C R , 
'A ,111 (E) E R i s  t h e  p r o b a b i l i t y  t h a t  we w i l l  measure t h e  v a l u e  of A 
-L 
T h i s  l e c t u r e  was p r e p a r e d  i n  c o l l a b o r a t i o n  w i t h  P .  C h e r n o f f .  
t o  l i e  i n  t h e  s e t  E i f  t h e  system i s  known t o  be i n  s t a t e  $ . 
Normally t h e r e  i s  a l s o  some dynamics; i . e .  a  f low o r  
e v o l u t i o n  o p e r a t o r  U t  : S - + S  . 
The s e t  S i s  u s u a l l y  a  convex s e t  and U t  c o n s i s t s  of 
convex automorphisms. The s e t  P of extreme p o i n t s  - -  c a l l e d  t h e  
pure  s t a t e s ,  i s  u s u a l l y  symplec t i c  and ( f o r  c o n s e r v a t i v e  systems)  t h e  
f l o w  Ft on P i s  Hami l ton ian .  (The f lows  F t  , U t  de te rmine  one 
a n o t h e r  .) 
S t a t i s t i c a l  Mechanics.  
Consider  now the f o l l o w i n g  example: l e t  P , w be a  
symplec t i c  mani fo ld ,  say  f i n i t e  d imens iona l  and d e f i n e  t h e  s t a t e s  and 
o b s e r v a b l e s  by: 
( a )  S t a t e s ;  S c o n s i s t s  of p r o b a b i l i t y  measures  v on P . 
( b )  Observab les ;  Q c o n s i s t s  of r e a l  va lued  f u n c t i o n s  A : P + R  . 
( c )  The map S X Q + ( B o r e 1  measures on R )  i s  g iven  by 
- I  
iJ.w ,A (E) = v ( A  (E) )  , where E c R . 
The s t a t e s  a r e  measures r a t h e r  than  p o i n t s  of P t o  a l l o w  
f o r  t h e  f a c t  t h a t  we may on ly  have a  s t a t i s t i c a l  knowledge of t h e  
"exac t"  s t a t e  . 
It i s  easy  t o  s e e  t h a t  t h e  pure  s t a t e s  a r e  p o i n t  measures ,  
s o  a r e  i n  one- to-one correspondence w i t h  p o i n t s  of P i t s e l f .  Note 
t h a t  every  o b s e r v a b l e  A i s  sha rp  i n  a  pure  s t a t e ;  i . e .  t h e  cor responding  
measure on R i s  a  p o i n t  measure .  I n  o t h e r  words t h e r e  i s  no 
d i s p e r s i o n  when measur ing any o b s e r v a b l e  i n  a  p u r e  s t a t e .  
Around 1930, B . 0 .  Koopman no ted  t h a t  t h e  above p i c t u r e  c a n  
be expressed  i n  H i l b e r t  space language.  L e t  a deno te  t h e  H i l b e r t  
space of a l l  square  i n t e g r a b l e  f u n c t i o n s  tj : P -, C , with  r e s p e c t  t o  
L i o u v i l l e  measure .  Each $ E de te rmines  a  p r o b a b i l i t y  measure 
2 
v = $ 1  p, i f  I [ $ [  = 1 . I f  A  i s  a n  o b s e r v a b l e ,  i t s  expec ted  v a l u e  
i s  
where A i s  r egarded  a s  a  ( s e l f  a d j o i n t )  m u l t i p l i c a t i o n  o p e r a t o r  on 3l . 
The dynamics Ft : P + P  on phase  space P induces  i n  a  
n a t u r a l  way, and i s  induced by (under  c e r t a i n  c o n d i t i o n s )  a  dynamics on 
S and on , namely U v = F* v and Ut$ = $ O F -  . 
t - t  
Consider  t h e  map ~ ~v of H t o  S . I t  i s  many-to-one. di 
where : P + R . These phase  I n f a c t  v = V  i f  d ~ ' = e  $ $ '  
ia, t r a n s f o r m a t i o n s  ar H e  $ form t h e  p h a s e  group of c l a s s i c a l  mechanics.  
I t  i s  n o t  h a r d  t o  s e e  t h a t  a n  o p e r a t o r  A on 5$. i s  a  
m u l t i p l i c a t i o n  o p e r a t o r  i f f  i t  commutes w i t h  a l l  phase  t r a n s f o r m a t i o n s .  
C l a s s i c a l  o b s e r v a b l e s  a r e  t h o s e  A ' s  which a r e  s e l f - a d j o i n t ;  i . e .  r e a l  
v a l u e d .  
S ince  o n l y  t h e  measures have p h y s i c a l  meaning, we s e e  t h a t  
any q u a n t i t y  of p h y s i c a l  meaning must be i n v a r i a n t  under t h e  phase  group.  
I t  f o l l o w s  t h a t  t h e  i n n e r  p r o d u c t s  <I!,, cp> and t h e i r  s q u a r e s  ( < ~ ,  ro>l 2 
c a n  have  no p h y s i c a l  meaning. One s a y s  t h a t  t h e r e  i s  "no coherence ' '  i n  
ia, if3 
c l a s s i c a l  mechanics .  ( T h i s  i s  because  l<e $ ,  e  q > p > j  # I<cp, (>I i n  
g e n e r a l  .) 
We can  t h i n k  of H a s  a  s y m p l e c t i c  man i fo ld  w i t h  t h e  u s u a l  
s y m p l e c t i c  form: w = I m <  > . The dynamics induced on # i s  u n i t a r y  
and t h u s  s y m p l e c t i c ;  i . e .  i t  i s  Hami l ton ian  ( s e e  l e c t u r e  2 ) .  Thus t h e  
dynamics on 3 i s  c o n s i s t e n t  w i t h  t h e  s t a t i s t i c a l  i n t e r p r e t a t i o n .  
We c a n  r e g a r d  t h e  phase  group G a s  a  symmetry group of 8 
ia/  by $ e, e  $ . I n d e e d ,  a s  e x p l a i n e d  i n  l e c t u r e  6 we can  form t h e  reduced 
phase  space ;  we j u s t  g e t  back P and t h e  o l d  dynamics on P . We have 
t h e  f o l l o w i n g  p i c t u r e  
V 
, H i l b e r t  space  33. > S ( s t a t i s t i c a l  s t a t e s )  
I (Liouville-Koopman ' , \ \ p i c t u r e )  \ 
\ 
\ 
U 
, 
x 
r e d u c t i o n  of phase  P ( p u r e  s t a t e s )  
( s p a c e  by t h e  phase  
group 
1 
Quantum Mechanics .  
Quantum mechanics  d i f f e r s  from c l a s s i c a l  mechanics  i n  t h a t  
t h e  phase  group i s  much s m a l l e r ;  i n t e r f e r e n c e  and coherence  - -  t y p i c a l  
wave phenomena - -  now p l a y  a  fundamental  r o l e .  Fur the rmore ,  a l l  
p r e d i c t i o n s  a r e  n e c e s s a r i l y  s t a t i s t i c a l  i n  t h a t  t h e r e  a r e  no d i s p e r s i o n  
f r e e  s t a t e s  ((I E S i s  d i s p e r s i o n  f r e e  when 
 PA,,^ i s  a  p o i n t  measure 
f o r  each  A E @) . 
I n  c l a s s i c a l  mechan ics ,  each  s t a t e  v f S was a  "mix tu re t t  
of p u r e  s t a t e s .  We u s e  v because  of i g n o r a n c e  a s  t o  t h e  t r u e  s t a t e .  
I n c r e a s i n g  our  knowledge w i l l  " reduce"  v t o  a  measure w i t h  s m a l l e r  
v a r i a n c e .  
I n  quantum mechan ics ,  s t a t e s  a r e  n o t  a lways  r e d u c i b l e  i n t o  
s t a t i s t i c a l  s t a t e s  of m i x t u r e s .  T h i s  i s  c l e a r l y  i l l u s t r a t e d  by 
exper imen t s  w i t h  p o l a r i z e d  beams of  c o h e r e n t  l i g h t  ( even  w i t h  s i n g l e  
p h o t o n s ) .  I n  such a n  e x p e r i m e n t ,  s t a t e s  c a n  b e  d e s c r i b e d  by u n i t  
2 
v e c t o r s  Q E R g i v i n g  t h e  d i r e c t i o n  of p o l a r i z a t i o n .  The p r o b a b i l i t y  
t h a t  a cp wave p a s s e s  th rough  a  J f i l t e r  i s  obse rved  t o  be  /a, *>/ . 
A l i t t l e  though t  shows t h a t  no such p o l a r i z e d  s t a t e  cp c a n  be  r e a l i z e d  
a s  a  s t a t i s t i c a l  m i x t u r e  of o t h e r  p o l a r i z e d  states. ; ' :  
These s o r t s  of e x p e r i m e n t a l  f a c t s  l e a d  one t o  c o n s i d e r  t h e  
s t a t e s  a s  fo rming  a  H i l b e r t  s p a c e  ki and t h e  s t a t e s  a s  b e i n g  t h e  
u n i t  r a y s  i n  . (These  a r e  t h e  p u r e  s t a t e s ;  mixed s t a t e s  c o r r e s p o n d i n g  
t o  v ' s  above a r e  i n t r o d u c e d  below.) Thus ,  l e t t i n g  P deno te  t h e  
r a y s  i n  8 (P  i s  c a l l e d  p r o j e c t i v e  H i l b e r t  s p a c e ) ,  we have a  map 
ki -, P , a g a i n  many t o  one .  T h i s  t ime t h e  phase  group i s  t h e  c i r c l e  
* F u r t h e r m o r e ,  t h e  exper imen t  i s  n o t  r e p r o d u c i b l e  i n  t h e  s e n s e  t h a t  
no m a t t e r  how c a r e f u l l y  rp i s  p r e p a r e d ,  t h e r e  i s  u n c e r t a i n t y  i n  
t h e  outcome ( u n l e s s  t h e  p r o b a b i l i t y  i s  0 o r  1 )  . Such a n  u n c e r -  
t a i n t y  seems t o  be fundamenta l .  
t We t a k e  3i t o  be complex b u t  i t  i s  n o t  a  p r i o r i  c l e a r  why i t  s h o u l d n ' t  
be  r e a l .  There  a r e  good r e a s o n s  f o r  t h e  complex s t r u c t u r e  r e l a t e d  
t o  t h e  Hami l ton ian  s t r u c t u r e ;  ( s e e  l e c t u r e  2 and r e f e r e n c e s  i n  
J a u c h  [ I ] ) .  
io l  group {e  ; cy € R) . The r e a s o n  P i s  chosen  t h i s  way i s  t h a t  one 
imagines g e n e r a l  e l ementa ry  s e l e c t i v e  measurements wherein  
I<$, 01 , f o r  each $ , E , = I l o D l l  = 1 i s  t h e  o b j e c t  wi th  
p h y s i c a l  meaning - -  i t  r e p r e s e n t s  t h e  p r o b a b i l i t y  t h a t  we w i l l  f i n d  
cp i n  s t a t e  t o r  i f  you l i k e ,  t h e  " t r a n s i t i o n  p r o b a b i l i t y "  f o r  going 
from (9 t o  I). 
More g e n e r a l l y ,  we can  imagine a  g e n e r a l  s e l e c t i o n  measurement. 
l e t  F c H be a  ( c l o s e d )  subspace and cp E ;H . The p r o b a b i l i t y  of 
t r a n s i t i o n  from cp t o  F i s  <PFw, rp> where PF i s  the  o r thogona l  
p r o j e c t i o n  o n t o  F . 
J u s t  a s  i n  t h e  c a s e  of s t a t i s t i c a l  mechanics we obse rve  t h a t  
P i s  t h e  r e d u c t i o n  of B by t h e  phase  group ( t h i s  was no ted  i n  
l e c t u r e  6)  . 
Once the  above view i s  a c c e p t e d ,  then  a s  Mackey h a s  shown, 
t h e  r e s t  of the  p i c t u r e  of what S , @ and p have t o  be i s  p r e t t y  
A ,$ 
much f o r c e d  upon u s .  This  goes  a s  f o l l o w s .  
Consider  an o b s e r v a b l e  A . For each E c R we have PA?$@) 
measuring a p r o b a b i l i t y  of o b s e r v i n g  A t o  l i e  i n  E i f  t h e  s t a t e  i s  
$ The p r e v i o u s  d i s c u s s i o n  s u g g e s t s  t h e r e  should be a  p r o j e c t i o n  
o p e r a t o r  A on B such t h a t  P~ 
S ince  i s  a  p r o b a b i l i t y  measure we must have: 
A 
and P  - ' A i P~ i U Ei i=l 
i=l 
i f  Ei a r e  d i s j o i n t .  I t  f o l l o w s  t h a t  t h e  A PE a r e  m u t u a l l y  o r t h o g o n a l .  
i 
We a l s o  must have by ( 2 ) ,  
A A 
and P  = p A 
F F \ E * ~ E ~ F '  
Hence P+: = PEnF A =P$:; i . e .  t h e  p i  ' s  commute. 
The s p e c t r a l  theorem ( s e e ,  e . g .  Yosida  [ I ] )  now t e l l s  us  t h a t  
t h e r e  i s  a  unique s e l f  a d j o i n t  o p e r a t o r ,  a l s o  deno ted  A , such t h a t  
a A  A A = r-_ hdPk ; ( P ~ )  i s  t h e  s p e c t r a l  measure of A . Converse ly  any 
s e l f  a d j o i n t  o p e r a t o r  A y i e l d s  a  s p e c t r a l  measure and hence d e f i n e s  
FA,$ ' 
Thus,  t o  eve ry  o b s e r v a b l e  t h e r e  i s  a  s e l f  a d j o i n t  o p e r a t o r  
A , b u t  i t  i s  n o t  c l e a r  t h a t  e v e r y  s e l f  a d j o i n t  o p e r a t o r  i s  p h y s i c a l l y  
r e a l i z a b l e .  (For  example i t  i s  n o t  c l e a r  how t o  measure ( p o s i t i o n )  p l u s  
(momentum) = q  + p i n  t h e  l a b o r a t o r y . )  
O f  c o u r s e  i t  i s  w e l l  known t h a t  a  s e l f  a d j o i n t  o p e r a t o r  
( l i k e  t h e  p o s i t i o n  o p e r a t o r )  need n o t  have any s q u a r e  i n t e g r a b l e  
e i g e n f u n c t i o n s .  What i s  a s s e r t e d  t o  be of p h y s i c a l  r e l e v a n c e  i s  t h e  
p r o b a b i l i t y  measure , which i s  a lways  w e l l  d e f i n e d .  Of c o u r s e ,  
I-LA,  $ 
one must  a v o i d  t r i v i a l  "paradoxes" i n  quantum mechanics  which a r i s e  
from a n  i n a d e q u a t e  u n d e r s t a n d i n g  of t h e  s p e c t r a l  theorem,  o r  by 
a s c r i b i n g  more p h y s i c a l  meaning ( e . g .  i n d i v i d u a l  t r a j e c t o r i e s )  t o  t h e  
t h e o r y  than  t h a t  g i v e n  by t h e  b  . 
A , t 
Not ice  t h a t  t h e  expec ted  v a l u e  of A i n  a  s t a t e  III i s  
m m A 
e(A) = C, ~ . d ~ , ~ , ~ ( "  = c[-m k d a k i .  t> = a i ,  tj> . 
Thus a  s t a t e  cp y i e l d s  a  mapping F  s-t <PFrp, q> of subspaces  
i n  3 t o  [ 0 ,  11 d e s c r i b i n g  a t r a n s i t i o n  p r o b a b i l i t y .  I t  i s  a  
" p r o b a b i l i t y  measure" based on t h e  c l o s e d  s u b s p a c e s .  
We can  g e n e r a l i z e  t h e  n o t i o n  of s t a t e  s o  a s  t o  a l l o w  f o r  t h e  
p o s s i b i l i t y  of mixed s t a t e s  ( w i t h  t h e  same s t a t i s t i c a l  i n t e r p r e t a t i o n  
a s  i n  t h e  c l a s s i c a l  c a s e )  by j u s t  c o n s i d e r i n g  a  g e n e r a l  "measure" 
d e f i n e d  on t h e  c l o s e d  subspaces  of 3 . I t  i s  a famous theorem of 
Gleason ( s e e  Varadara jan  [ I ]  f o r  a  p r o o f )  t h a t  such a  s t a t e  i s  g iven  
by F @ t r a c e  ( P  D) where D i s  a  p o s i t i v e  o p e r a t o r  of t r a c e  one on 
F 
kf , c a l l e d  a  d e n s i t y  m a t r i x .  
Thus quantum mechanics i s  s p e c i f i e d  a s  f o l l o w s :  we a r e  g i v e n  
a  complex H i l b e r t  space  and s e t  
S = a l l  d e n s i t y  m a t r i c e s ,  a  convex s e t  
@ = s e l f  a d j o i n t  o p e r a t o r s  on H 
p ( E )  = t r a c e  (~3) , P: t h e  s p e c t r a l  p r o j e c t i o n s  of A . A 
~t i s  n o t  h a r d  t o  s e e  t h a t  t h e  p u r e  s t a t e s  ( ex t reme  p o i n t s  
of S )  a r e  i d e n t i f i a b l e  w i t h  u n i t  v e c t o r s  i n  Y , modulo t h e  phase  
group - -  what we p r e v i o u s l y  c a l l e d  P  . 
Thus we a g a i n  g e t  t h i s  p i c t u r e :  
( N i l b e r t  s p a c e  31,, > S ( d e n s i t y  m a t r i c e s )  
p i c t u r e )  \ \ 
', U 
\ ( r e d u c t i o n  by phase  'k 
group s') P  
P r o j e c t i v e  H i l b e r t  
Space.  (Phase  space )  
Bargmann-Wigner Theorem. 
I n  t h e  c a s e  of s t a t i s t i c a l  mechan ics  we saw t h a t  t h e  f l o w  
on P n a t u r a l l y  induced  one on . For quantum mechanics  t h i s  i s  
n o t  s o  o b v i o u s ,  and was c o n s i d e r e d  by Bargmann-Wigner ( s e e  Varadara jan  
[ I ]  f o r  p r o o f s  and d e t a i l s ) .  S i n c e  P  a r e  t h e  extreme p o i n t s  of S , 
we can  j u s t  a s  w e l l  work w i t h  S a s  P  . 
Theorem. Let U t  be a  f l o w  by convex automorphisms on S  . - Then U t  
i s  induced by a  one pa ramete r  u n i t a r y  group V t  2 , un ique  up t o  
phase  f a c t o r s .  
The r e s u l t  i s  c o n c e p t u a l l y  i m p o r t a n t  because  H i s  a  
ma themat ica l  c o n s t r u c t  f o r  a n a l y t i c a l  conven ience .  Only P shou ld  be 
d i r e c t l y  p h y s i c a l l y  r e l e v a n t .  
Note .  A convex automorphism of S c a n  be implemented by e i t h e r  a  
u n i t a r y  o r  a n t i - u n i t a r y  o p e r a t o r  (Wigner ) ,  b u t  f o r  one pa ramete r  groups  
t h e  l a t e r  c a s e  i s  exc luded .  
One can  go on t o  s e e  when a c t i o n s  of groups  l i f t  from P  
( o r  S) t o  X . Then t h e r e  i s  a  cohomology c o n d i t i o n  needed on t h e  
group ( s e e  Simms [ I ] ,  C h i c h i l n i s k y  [ I ]  f o r  more i n f o r m a t i o n ) .  
We a l s o  remark t h a t  S i s ,  i n  t h e  c l a s s i c a l  c a s e ,  a  
s implex .  T h i s  means t h a r  each s t a t e  i n  S can  be u n i q u e l y  r e p r e s e n t e d  
i n  terms of t h e  extreme p o i n t s  ( s e e  Choquet [ I ]  f o r  g e n e r a l  i n f o r m a t i o n  
on t h i s  p o i n t ) .  
M i s c e l l a n y .  
A t  t h i s  p o i n t  one might  a sk :  what do we choose  f o r  3 ? 
The answer a c t u a l l y  i s  t h a t  3 shou ld  be L2  of t h e  c o n f i g u r a t i o n  
( r a t h e r  t h a n  phase)  s p a c e .  The r e a s o n  f o r  t h i s  i s  b e s t  s e e n  through an  
a n a l y s i s  g iven  by Mackey and Wightman. The r e s u l t  i s  t h a t  i f  one makes 
e n t i r e l y  r e a s o n a b l e  h y p o t h e s e s  on what t h e  p o s i t i o n  and momentum 
o p e r a t o r s  ought  t o  b e ,  then  t h e i r  s t r u c t u r e  and t h a t  of t h e  H i l b e r t  
space  i s  de te rmined .  One f i n d s  t h a t  i f  t h e  c l a s s i c a l  phase  space  i s  
P  = T;':M , t h e n  t h e  quantum mechan ica l  H i l b e r t  space  i s  b' = L2(M, C )  
and t h e  quantum o p e r a t o r s  c o r r e s p o n d i n g  t o  a  p o s i t i o n  o b s e r v a b l e  f  
( a  f u n c t i o n  f  : M 4 R) and a  momentum o b s e r v a b l e  P(X) (P(X)mw = a(X) , 
X a  v e c t o r  f i e l d  on M - -  s e e  l e c t u r e  6) a r e :  
Qf = m u l t i p l i c a t i o n  by f  
and p  = iX a s  a  d i f f e r e n t i a l  o p e r a t o r  . X 
The a s s o c i a t i o n s  f  Qf , P(X) H PX a r e  o f t e n  c a l l e d  t h e  D i r a c  
Q u a n t i z a t i o n  R u l e s .  They p r e s e r v e  b r a c k e t  o p e r a t i o n s .  
T h i s  s u g g e s t s  t h a t  c o r r e s p o n d i n g  t o  t h e  c l a s s i c a l  system 
K f V on TM i s  t h e  quantum system w i t h  ene rgy  o p e r a t o r  - A  f V 
on X . (Some problems r e l a t e d  t o  t h i s  a r e  d i s c u s s e d  i n  t h e  n e x t  
l e c t u r e  .) 
Exac t  quantum procedures  a r e  n o t  s o  s i m p l e .  I n  f a c t  a n  o l d  
theorem of Groenwald and Van Hove a s s e r t s  t h a t  t h e r e  i s  no map p o s s i b l e  
from a l l  c l a s s i c a l  o b s e r v a b l e s  t o  quantum o b s e r v a b l e s  t h a t  p r e s e r v e s  
t h e  b r a c k e t  o p e r a t i o n s .  However much work i s  c u r r e n t l y  b e i n g  done on 
some geomet r i c  a s p e c t s  of t h i s  problem ( s e e  S o u r i a u  [ I ] ) .  
Another fundamental  q u e s t i o n  i s  t h e  r e v e r s e  problem: i n  
what s e n s e  i s  c l a s s i c a l  mechanics a  l i m i t  of quantum mechanics  ( a s  
h  , P l a n c k ' s  c o n s t a n t  4 0)  ? T h i s  h a s  been i n v e s t i g a t e d  by many p e o p l e ,  
b u t  t h e  d e e p e s t  a n a l y s i s  seems t o  be due t o  Maslov ( s e e  Arnold [ 2 ] ) .  
T h i s  p r a b l e m  i s  d i s c u s s e d  f u r t h e r  i n  t h e  Appendix.  
The C;': Algebra  Approach t o  Quantum Mechanics .  
-
There  a r e  many ways of g e n e r a l i z i n g  t h e  examples of p h y s i c a l  sys tems 
g iven  i n  t h e  f i r s t  p a r t  of t h e  l e c t u r e .  One of  t h e s e ,  t aken  by von Neumann, 
i s  t o  r e g a r d  t h e  s e t  of o b s e r v a b l e s  a s  an  a l g e b r a .  T h i s  i s  mathemati-  
c a l l y  c o n v e n i e n t  a l t h o u g h  i t  may n o t  co r respond  e x a c t l y  w i t h  p h y s i c a l  
r e a l i t y  f o r  a s  mentioned above ,  t h e  sum of two o b s e r v a b l e s  need n o t  be 
o b s e r v a b l e .  Othe r  ways of g e n e r a l i z a t i o n  a r e  t h e  "quantum l o g i c "  p o i n t  
of v iew d e s c r i b e d  i n  Varadara jan  [ I ]  and Mackey [ I ] .  
I n  t h e  c l a s s i c a l  c a s e  t h e  a l g e b r a  i s  t h e  a l g e b r a  of f u n c t i o n s  
on phase  space  - -  a  commutative a l g e b r a .  The quantum c a s e  i s  d i s t i n g u i s h e d  
by h a v i n g  a  non-commutative a l g e b r a .  Indeed any C ~ C  a l g e b r a  which 
i s  commutative must be  isomorphic  t o  a  space  of c o n t i n u o u s  f u n c t i o n s  
and s o ,  i s  i n  t h i s  s e n s e ,  c l a s s i c a l .  
S e g a l ' s f o r m u l a t i o n  of t h i s  p o i n t  o f  view proceeds  a s  f o l l o w s .  
L e t  Q be a  C+ a l g e b r a ;  i . e .  a  Banach space  which i s  a l s o  an  
a l g e b r a  and h a s  a  c o n j u g a t i o n  ( o r  a d j o i n t )  o p e r a t i o n  * s a t i s f y i n g  
c e r t a i n  s imple  axioms. For example one can  t h i n k  of a n  a l g e b r a  of 
bounded o p e r a t o r s  on a  H i l b e r t  space  (unbounded o p e r a t o r s  a r e  i n c l u d e d  
v i a  t h e i r  s p e c t r a l  p r o j e c t i o n s ) .  Simmons [ I ]  c o n t a i n s  a  v e r y  r e a d a b l e  
accoun t  of t h e  e l ementa ry  p r o p e r t i e s  of C7.e a l g e b r a s .  
Take t h e  o b s e r v a b l e s  t o  be t h e  s e l f  a d j o i n t  e l ements  of 0 . 
The s t a t e s  a r e  t h e  normal ized p o s i t i v e  l i n e a r  f u n c t i o n a l s  
on Q . ( I t  i s  e a s y  t o  s e e  t h a t  t h e y  a r e  a u t o m a t i c a l l y  c o n t i n u o u s . )  
We a r e  t o  t h i n k  of s t a t e s  i n  t h e  same way a s  b e f o r e .  If @ i s  a  
s t a t e ,  @(A) i s  t h e  e x p e c t a t i o n  of A  i n  t h e  s t a t e  @ . 
Of c e n t r a l  impor tance  i s  t h e  Gelfand-Naimark-Segal c o n s t r u c t i o n :  
L e t  P be a  C;': a l g e b r a  and @ a  s t a t e  of Q . Then t h e r e  i s  a  
H i l b e r t  space  kd , a  u n i t  ( c y c l i c )  v e c t o r  € and a  * - r e p r e s e n t a t i o n  
rr - U 3 @(U) ( t h e  bounded o p e r a t o r s  on H) such t h a t  E ' 
@(A) = <n@(A)$, I)> f o r  a l l  A E Q . 
I n  f a c t  H , III , TT a r e  unique up t o  u n i t a r y  e q u i v a l e n c e .  See Lanford 
[ l ]  f o r  d e t a i l s .  
I n  t h i s  way, we can  c o n s t r u c t  our  p r o b a b i l i t y  measure 
PA,@ ' 
Thus we have  a  g e n e r a l  example of a  p h y s i c a l  system c o n s i s t i n g  
of S , 8 and t h e  map p j u s t  c o n s t r u c t e d  which i n c l u d e s  bo th  
A,@ 
c l a s s i c a l  and quantum systems a s  s p e c i a l  c a s e s .  
There  i s  no c a n o n i c a l  H i l b e r t  s p a c e ,  b u t  one can be c o n s t r u c t e d  
f o r  each @ . We c a n  s t i l l  form P  , t h e  extreme p o i n t s  of S , b u t  
i n  g e n e r a l  P won ' t  be  a  s y m p l e c t i c  man i fo ld .  ( I t  i s  i n  t h e  examples 
p r e v i o u s l y  c o n s t r u c t e d  however .) 
The above Gelfand-Naimark-Segal c o n s t r u c t i o n  i s  s i m i l a r  t o  
G l e a s o n ' s  theorem i n  t h a t  i t  d e l i n e a t e s  s t a t e s .  I t  e s s e n t i a l l y  
e n a b l e s  one t o  r e c o v e r  t h e  H i l b e r t  space  formal ism from t h e  a b s t r a c t  
C* a l g e b r a  formal ism.  However, o f t e n  i t  i s  c o n v e n i e n t  t o  s t i c k  w i t h  
t h e  g e n e r a l  C;': a l g e b r a  p o i n t  of view. For example ,  one c a n  c h a r a c t e r i z e  
pure  s t a t e s  @ a s  t h o s e  f o r  which n@ i s  i r r e d u c i b l e .  
S e v e r a l  o t h e r  i d e a s  from t h e  H i l b e r t  space  approach c a r r y  o v e r .  
For example t h e  g e n e r a l  form of t h e  u n c e r t a i n t y  p r i n c i p l e  i s  v a l i d :  
f o r  o b s e r v a b l e s  A  , B E Q , and a  s t a t e  @ , 
o(A, @)o(B,  &) 2 k@(C) , C = i(AB - BA) 
where a(A, @) i s  t h e  v a r i a n c e  of t h e  p r o b a b i l i t y  d i s t r i b u t i o n  
P r o o f .  L e t  [ X ,  Y] = @(XY*) . T h i s  i s  an  i n n e r  p r o d u c t  on Q s o  obeys . 
t h e  Schwartz  i n e q u a l i t y .  Note t h a t  i t  i s  enough t o  prove t h e  i n e q u a l i t y  
i n  c a s e  @(A) = 0 , @(B) = 0 f o r  we c a n  r e p l a c e  A , B by A - @(A)I , 
and B  - @(B)I  . Then 
@(C) = i[@(AB) - &(BA) 1 
= 2 I m  [A, B ]  
< 2 [ A ,  AI'[B, B l i  
- 
s o  k@(C) _< o(A,  @ ) o ( ~ ,  &) , Q E D . 
A Hidden V a r i a b l e s  Theorem. 
The o r thodox  i n t e r p r e t a t i o n  of quantum mechanics  p r e s e n t e d  
above h a s  d i scomfor ted  many p h y s i c i s t s ,  n o t a b l y  i n c l u d i n g  P l a n c k ,  
E i n s t e i n ,  de B r o g l i e ,  and Schrod inger  ( s e e  f o r  example De B r o g l i e  [ I ]  
and Einste in-Podolsky-Rosen [ I ] ) .  I t  i s  h a r d  t o  e scape  t h e  f e e l i n g  
t h a t  a  s t a t i s t i c a l  t h e o r y  must b e ,  i n  some s e n s e ,  an  incomple te  
d e s c r i p t i o n  of r e a l i t y .  One might  hope t h a t  t h e  p r o b a b i l i s t i c  a s p e c t s  
of t h e  t h e o r y  a r e  r e a l l y  d u e ,  a s  i n  t h e  c a s e  of c l a s s i c a l  s t a t i s t i c a l  
mechanics ,  t o  some s o r t  of a v e r a g i n g  over  an  enormous number of "hidden 
v a r i a b l e s " ;  i n  a  p e r f e c t  d e s c r i p t i o n  of a  s t a t e ,  i n  which t h e s e  h i d d e n  
p a r a m e t e r s  would have we l l -de te rmined  v a l u e s ,  a l l  t h e  o b s e r v a b l e s  would 
be s h a r p .  However, von Neumann [ 2 ]  h a s  g i v e n  a  proof  t h a t  t h e  r e s u l t s  
of quantum mechanics  a r e  n o t  compa t ib le  w i t h  a  r e a s o n a b l y  f o r m u l a t e d  
h idden  v a r i a b l e  h y p o t h e s i s .  We s h a l l  o u t l i n e  an  argument a l o n g  von 
Neumann's l i n e s ,  b u t  i n  t h e  more g e n e r a l  s e t t i n g  of S e g a l ' s  C*-algebra 
f o r m u l a t i o n  of quantum t h e o r y .  
L e t  t h e  o b s e r v a b l e s  of a  g iven  p h y s i c a l  sys tem be r e p r e s e n t e d  
by t h e  s e l f - a d j o i n t  e l ements  of a  C* a l g e b r a  CE . I f  A E CP, i s  an 
obse rvab le  and p i s  a  s t a t e ,  t h e  d i s p e r s i o n  of A  i n  t h e  s t a t e  p 
2 2 2 i s  g iven  by o (A, p) = p ( A )  - p ( ( A  - p(A)I  ) . We s h a l l  say  t h a t  
2 i s  a  d i s p e r s i o n - f r e e  s t a t e  p rov ided  t h a t  0 (A, p) = 0 f o r  eve ry  
obse rvab le  A  € & . The r e s u l t s  of exper imen t  show t h a t  t h e  s t a t e s  of 
quantum systems p r e p a r e d  i n  t h e  l a b o r a t o r y  a r e  n o t  d i s p e r s i o n - f r e e .  
The h i d d e n - v a r i a b l e  h y p o t h e s i s  i s  t h a t  t h e  p h y s i c a l  s t a t e  p owes i t s  
d i s p e r s i o n  t o  t h e  f a c t  t h a t  i t  i s  a  s t a t i s t i c a l  ensemble of i d e a l  
d i s p e r s i o n - f r e e  s t a t e s .  (The l a t t e r  need n o t  be p h y s i c a l l y  r e a l i z a b l e  
j u s t  a s  one c a n n o t  r e a l l y  p r e p a r e  a  c l a s s i c a l  g a s  w i t h  p r e c i s e l y  
determined p o s i t i o n s  and v e l o c i t i e s  f o r  each of i t s  m o l e c u l e s . )  
M a t h e m a t i c a l l y ,  t h e  h y p o t h e s i s  s t a t e s  t h a t  e v e r y  s t a t e  p i s  of t h e  
f  orm 
where each P w  i s  a d i s p e r s i o n - f r e e  s t a t e  and p i s  a  p r o b a b i l i t y  
measure on some space  R . The c o o r d i n a t e  w E R r e p r e s e n t s ,  of 
c o u r s e ,  t h e  i n d e t e r m i n a t e  "hidden v a r i a b l e s " .  
Theorem. (See  S e g a l  [ 4 ] . )  4 C;' a l g e b r a  0 a d m i t s  h i d d e n  v a r i a b l e s  
i n  t h e  above s e n s e  o n l y  i f  Q i s  a b e l i a n .  (The c o r r e s p o n d i n g  p h y s i c a l  
system i s  t h e n  l ' c l a s s i c a l " . )  
P r o o f .  (Chernof f )  The f i r s t  s t e p  i s  t o  show t h a t  a  d i s p e r s i o n - f r e e  
s t a t e  P w  
i s  m u l t i p l i c a t i v e .  Note t h a t  t h e  b i l i n e a r  form 
<<A, B>> = pw(AB+;) i s  a  H e r m i t i a n  i n n e r  p r o d u c t  on O: . 
(<<A, b> = pw(AkJ:) i s  - > 0 by h y p o t h e s i s .  From t h i s  i t  f o l l o w s  
-- 
e a s i l y  t h a t  pw(C;':) = pw(C) f o r  any C E O . I n  p a r t i c u l a r  we have 
<a, A>> = p ((AB*)") = p (AB;':) = <<A, B>> .) Hence, by t h e  Schwarz 
IU CO 
i n e q u a l i t y ,  
f o r  a l l  A , B E O . From t h i s  we s e e  t h a t  i f  p (AA*) = 0 then 
W 
pw(AB) = 0 f o r  a l l  B . Suppose t h a t  A i s  s e l f - a d j o i n t .  Then, 
2 
s i n c e  Q i s  d i s p e r s i o n - f r e e  ((A - pN(A)I) ) = 0 . T h e r e f o r e ,  f o r  
' PU, 
e v e r y  B , pw((A - pU,(A))B) = 0 . That  i s ,  pU,(AB) = pw(A)pU,(B) . 
T h i s  h o l d s  a s  w e l l  f o r  n o n - s e l f - a d j o i n t  A by l i n e a r i t y .  I n  p a r t i c u l a r ,  
i f  & i s  d i s p e r s i o n - f r e e  i t  f o l l o w s  t h a t  pw(AB) = gw(BA) . 
But i f  G admi t s  h idden  v a r i a b l e s ,  i t  f o l l o w s  immediate ly  
from (1)  t h a t  every  s t a t e  p s a t i s f i e s  p(AB) = p(BA) . Since  t h e r e  
a r e  enough s t a t e s  t o  d i s t i n g u i s h  t h e  members of Q , ( e . g .  s t a t e s  of 
t h e  form A <A$, JI>) i t  f o l l o w s  t h a t  AB = BA . Thus U i s  a b e l i a n .  
Remark. Converse ly ,  a  well-known theorem of Gelfand and Naimark s t a t e s  
t h a t  every  a b e l i a n  C* a l g e b r a  i s  i somorphic  t o  C(X) , t h e  s e t  of 
c o n t i n u o u s  f u n c t i o n s  on  some compact s e t  X . (Many a c c o u n t s  of t h i s  
r e s u l t  a r e  a v a i l a b l e ;  a v e r y  r e a d a b l e  one i s  i n  Simmons [ l ] . )  The 
s t a t e s  of (P, a r e  s imply t h e  p r o b a b i l i t y  measures on X  , which a r e  
convex s u p e r p o s i t i o n s  of t h e  6-measures a t  t h e  p o i n t s  of X  ; t h e  
l a t t e r  a r e ,  of c o u r s e ,  p r e c i s e l y  t h e  d i s p e r s i o n - f r e e  s t a t e s .  
We can  a l s o  d i s p o s e  of a  l e s s  s t r i n g e n t  n o t i o n  of  h idden  
v a r i a b l e s .  According t o  Jauch [ l l ]  , Mackey h a s  proposed t h e  
, o n s i d e r a t i o n  of " E - d i s p e r s i o n - f r e e "  s t a t e s .  A s t a t e  p i s  c a l l e d  
c - d i s p e r s i o n - f r e e  i f  f o r  e v e r y  p r o j e c t i o n  E  E 8, we have pL(E ,  p )  < s . 
A system i s  s a i d  t o  admit  "quasi -hidden v a r i a b l e s "  i f  f o r  a l l  E > 0 , 
every s t a t e  can  be r e p r e s e n t e d  a s  f p w + ( m )  where a l l  t h e  s t a t e s  
a r e  e - d i s p e r s i o n - f r e e .  ( I n  f a c t  one c a n  s a y  " i f  f o r  some s > 
pu 
0 s u f f i c i e n t l y  smal l"  b u t  t h i s  l e a d s  t o  a  h a r d e r  theorem) .  I f  8, admi t s  
quas i -h idden  v a r i a b l e s  and p i s  a  p u r e  s t a t e  of Q , t h e n  i t  i s  
easy t o  s e e  t h a t  p i s  e - d i s p e r s i o n  f r e e  f o r  e v e r y  s . Then by t h e  
argument above p must be m u l t i p l i c a t i v e  on t h e  a l g e b r a  g e n e r a t e d  
by t h e  p r o j e c t i o n s  i n  Q . T h i s  w i l l  be a l l  of Q i n  many i n t e r e s t i n g  
c a s e s  - -  i n  p a r t i c u l a r ,  i f  Q i s  a  von Neumann a l g e b r a  ( i . e .  c l o s e d  
i n  t h e  s t r o n g  o p e r a t i o n  t o p o l o g y ) .  But t h e n ,  because  t h e  pure  s t a t e s  
separace  e lements  of 0 , i t  f o l l o w s  a s  b e f o r e  t h a t  8, i s  a b e l i a n .  
(We must h a s t e n  t o  add t h a t  Jauch and Mackey were c o n s i d e r i n g  t h e s e  
q u e s t i o n s  i n  t h e  c o n t e x t  of l a t t i c e s  of " q u e s t i o n s "  which a r e  more 
g e n e r a l  t h a n  t h e  p r o j e c t i o n  l a t t i c e s  which we have d i s c u s s e d ;  s o  from 
t h e  f o u n d a t i o n a l  p o i n t  of view t h e  n o t i o n  of quas i -h idden  v a r i a b l e s  
h a s  r a i s e d  problems which our  s imple  argument c a n n o t  h a n d l e . )  
The e s s e n t i a l  p o i n t  of t h e  argument g i v e n  above was t h e  non- 
e x i s t e n c e  i n  g e n e r a l  of a  l a r g e  supp ly  of l i n e a r  f u n c t i o n a l ~  on C l  
which c a r r y  s q u a r e s  t o  s q u a r e s .  A much deeper  a n a l y s i s  h a s  been 
c a r r i e d  o u t  by Kochen and Specker  [ l l ] ,  c f .  a l s o  B e l l  [ I ] .  They have 
f a c e d  s q u a r e l y  t h e  f a c t ,  which we have ment ioned ,  t h a t  i t  i s  r e a l l y  n o t  
p h y s i c a l l y  r e a s o n a b l e  f o r  t h e  sum of non-commuting o b s e r v a b l e s  always 
t o  be an o b s e r v a b l e .  D r a s t i c a l l y  r e d u c i n g  t h e  a l g e b r a i c  o p e r a t i o n s  
which they a l l o w ,  they  n e v e r t h e l e s s  r e a c h  t h e  same r e s u l t s ;  t h e i r  
f u n c t i o n a l s  a r e  r e q u i r e d  t o  be l i n e a r  o n l y  on commuting o b s e r v a b l e s .  
We s h a l l  n o t  go i n t o  t h e  d e t a i l s  of t h e i r  arguments ,  f o r  which we 
r e f e r  t h e  r e a d e r  t o  t h e i r  p a p e r ,  which a l s o  i n c l u d e s  an i n t e r e s t i n g  
d i s c u s s i o n  of t h e  e n t i r e  problem of h idden  v a r i a b l e s  and v a r i o u s  a t t e m p t s  
t o  i n t r o d u c e  them. Some r e c e n t  work on t h i s  s u b j e c t  c e n t e r i n g  around 
B e l l s '  i n e q u a l i t y  h a s  been done. The r e s u l t s  a g a i n  a r e  a g a i n s t  h idden  
v a r i a b l e s  t h e o r i e s .  See C l a u s e r  e t  a 1  [ I ]  and Freedman-Clauser [ I ] .  
The Measurement P r o c e s s .  
L e t  us  now d i s c u s s  t h e  p r o c e s s  of measurement i n  some d e t a i l ,  
f o l l o w i n g  von Neumann [ I ] .  (A c l e a r  summary of von Neumann's i d e a s  
may be found i n  t h e  book of Nelson [ 2 ] ;  s e e  a l s o  Jauch [ I ]  and de 
B r o g l i e  [ I ]  .) 
Various  s o l u t i o n s  of t h e  problems of measurement have been 
proposed;  c f .  Bohm and Bslb [ I ] .  However i t  i s  n o t  y e t  c l e a r  t h a t  t h e  
problems have been s o l v e d .  The measurement of an o b s e r v a b l e  i n v o l v e s  
t h e  i n t e r a c t i o n  of a  " p h y s i c a l  system" wi th  an "observ ing  a p p a r a t u s " ,  
s o  we should f i r s t  d e s c r i b e  t h e  mathemat ica l  t r e a t m e n t  of such 
composi te  systems.  
I f  t h e  pure  s t a t e s  of a  system S  cor respond  t o  t h e  u n i t  
r a y s  of 'H , and t h o s e  of a  second system S '  cor respond  t o  t h e  r a y s  
of H 1  , then  t h e  pure  s t a t e s  of t h e  compound system c o n s i s t i n g  of S  
and S '  co r respond  t o  the  u n i t  r a y s  of t h e  t e n s o r  product* 51 8 N' . 
3: The t e n s o r  p roduc t  k! 8 k!' i s  t h e  d i r e c t  p r o d u c t  i n  t h e  c a t e g o r y  of 
H i l b e r t  s p a c e s ,  j u s t  a s  t h e  c a r t e s i a n  p r o d u c t  i s  i n  t h e  c a t e g o r y  of 
mani fo lds  ( i f  P and P '  a r e  phase  s p a c e s  f o r  i s o l a t e d  systems PxP' 
i s  t h e  phase  space  f o r  t h e  i n t e r a c t i n g  sys tem) .  A pure  s t a t e  i n  a  
composi te  quantum system i s  much more compl ica ted  than  a n  o rdered  p a i r  
of pure  s t a t e s  of t h e  s u b s y s t e n s ,  T h i s  f a c t  seems r e l a t e d  t o  many, 
i f  n o t  a l l ,  of  t h e  s o - c a l l e d  "paradoxes" of quantum t h e o r y .  
The t e n s o r  p r o d u c t  of H i l b e r t  spaces  and 3' i s  by d e f i n i t i o n  
t h e  comple t ion  of t h e i r  a l g e b r a i c  t e n s o r  p roduc t  w i t h  r e s p e c t  t o  t h e  
f o l l o w i n g  i n n e r  p roduc t :  
2 3 2 3 2 6 For example,  L ( R  ) 69 L ( R  ) = L ( R  ) . I f  [ e i )  and ( f j )  a r e  
m 
orthonormal  b a s e s  of B and N' r e s p e c t i v e l y ,  t h e n  (e i  B f j ) i , j = l  
i s  an or thonormal  b a s i s  of H 8 Y.' . An o b s e r v a b l e  A of S 
cor responds  t o  t h e  o p e r a t o r  A  @ I on H @ 8'  ; s i m i l a r l y  t h e  
obse rvab le  B of S '  cor responds  t o  1 8  B . I t  c a n  be shown t h a t  
every  o b s e r v a b l e  of t h e  composi te  system i s  a  f u n c t i o n  of o b s e r v a b l e s  
of t h e  above s o r t ,  i n  t h e  sense  t h a t  e v e r y  bounded o p e r a t o r  on @ 3$' 
i s  a  l i m i t  of o p e r a t o r s  of t h e  form z (A.  3 I ) *  ( I  @ Bi) . A s t a t e  p 
1 
of the  compound system de te rmines  a  s t a t e  of S by t h e  r e l a t i o n  
I t  i s  impor tan t  t o  n o t e  t h a t  p S  w i l l  i n  g e n e r a l  be a  mix tu re  even i f  
p i s  p u r e .  Thus,  i f  p i s  g iven  by t h e  v e c t o r  C w l  @ yi , w i t h  
(vi} , [ T I )  o r thogona l  systems i n  H and H '  , we have 
so t h a t  p ,  i s  g iven  by t h e  d e n s i t y  m a t r i x  i llp1112~ . 
T i  
Now l e t  S be a  p h y s i c a l  sys tem which we wish t o  s t u d y .  
Suppose t h a t  we wish t o  measure a n  o b s e r v a b l e  A of S . For 
s i m p l i c i t y  l e t  u s  assume t h a t  A h a s  a  p u r e  p o i n t  spectrum,  w i t h  
e igenvec  t o r s  cq , , . To measure A i t  i s  n e c e s s a r y  t o  a l l o w  
t h e  system S  t o  i n t e r a c t  wi th  a n  a p p a r a t u s  S '  , A s u i t a b l e  
a p p a r a t u s  f o r  measur ing A w i l l  have t h e  p r o p e r t y  t h a t ,  i f  t h e  s y s t e m  
S i s  i n i t i a l l y  i n  t h e  s t a t e  y , a f t e r  t h e  i n t e r a c t i o n  t h e  compos i t e  i 
system of S  and S '  w i l l  be i n  t h e  s t a t e  cpi 8 B i  , where {Bi] i s  
a  sequence of or thonormal  v e c t o r s  i n  3' . The i n t e r a c t i o n ,  of  c o u r s e ,  
i s  governed by the  Schrod inger  e q u a t i o n  f o r  the  composi te  system. 
m 
Hence, i f  t h e  i n i t i a l  s t a t e  of  S  i s  g i v e n  by $ = C c cp , t h e  f i n a l  
m 1 i i 
s t a t e  of S  + S '  w i l l  be 0  = c . ~ .  @ B by l i n e a r i t y .  Now i f  B 
, 1 ' 1  i 
i s  an o b s e r v a b l e  of S '  , then  a f t e r  t h e  i n t e r a c t i o n  the  expec ted  
v a l u e  of B w i l l  be 
s o  t h a t ,  a l though  S + S '  i s  i n  t h e  pure  s t a t e  8  , S '  i s  i n  t h e  
Z 
mixed s t a t e  L / c i /  Pa . S i m i l a r l y ,  S  i s  i n  t h e  mixed s t a t e  
i=l " i 
Now t h e  a p p a r a t u s  i s  supposed t o  be of a  macroscopic  n a t u r e ,  
i t s  o r t h o g o n a l  s t a t e s  Q i  r e p r e s e n t ,  s a y ,  d i f f e r e n t  c o u n t e r  r e a d i n g s .  
A f t e r  t h e  i n t e r a c t i o n  the  o b s e r v e r  " looks"  a t  t h e  a p p a r a t u s .  Through 
h i s  f a c u l t y  of i n t r o s p e c t i o n  h e  r e a l i z e s  t h a t  t h e  a p p a r a t u s  i s  i n  a  
2 
d e f i n i t e  s t a t e ,  say  a ( T h i s  o c c u r s  wi th  p r o b a b i l i t y  lcjl .) j 
Once t h i s  a c t  of c o n s c i o u s n e s s  h a s  t aken  p l a c e  i t  i s  no longer  t r u e  
03 
t h a t  t h e  s t a t e  of S  + S f  i s  c iy i  x Fi  ; i t  must be y j  x @ 
i = l  j  ' 
one t h e n  s a y s  t h a t  t h e  sys tem h a s  been found t o  be i n  t h e  s t a t e  
r o j  . 
This  i s  t h e  famous ( o r  n o t o r i o u s )  " r e d u c t i o n  of t h e  wave p a c k e t r 1 . *  
We now v e n t u r e  t o  make some p h i l o s o p h i c a l  remarks .  I t  i s  
impor tan t  t o  r e a l i z e  t h a t  an  ana logous  " r e d u c t i o n "  t a k e s  p l a c e  i n  a 
c l a s s i c a l  s t a t i s t i c a l  mechan ica l  sys tem when new i n f o r m a t i o n  i s  ga ined .  
Th i s  i s  never  r ega rded  a s  a  d i f f i c u l t y ,  because  t h e  c l a s s i c a l  p r o b a b i l i t y  
packe t  i s  a lways  viewed a s  a  mere r e f l e c t i o n  of t h e  o b s e r v e r ' s  
ignorance  of t h e  o b j e c t i v e  u n d e r l y i n g  s t a t e  of t h e  sys tem.  T h i s  i s  a  
p e r f e c t l y  c o n s i s t e n t  i n t e r p r e t a t i o n .  Why c a n  n o t  t h e  same i n t e r p r e t a -  
t i o n  s e r v e  i n  t h e  quantum mechan ica l  c a s e ?  
As long  a s  we a r e  concerned o n l y  w i t h  a  s i n g l e  o b s e r v a b l e  
( o r  wi th  a commuting f a m i l y  o f  o b s e r v a b l e s )  i t  i s  p e r f e c t l y  p o s s i b l e  
t o  view t h e  quantum system c l a s s i c a l l y .  Tha t  i s ,  one can  i n t e r p r e t  
t h e  r e d u c t i o n  from t h e  m i x t u r e  t o  t h e  s t a t e  
y j  a s  a  r e d u c t i o n  of 
c l a s s i c a l  t y p e .  But  t h e  e x i s t e n c e  of i n c o m p a t i b l e  o b s e r v a b l e s  i n  
quantum mechanics  f o r c e s  t h i s  i n t e r p r e t a t i o n  t o  b r e a k  down. I n d e e d ,  
t h e  e n t i r e  p o i n t  of t h e  n e g a t i v e  r e s u l t s  c o n c e r n i n g  "hidden v a r i a b l e s "  
* Of c o u r s e ,  " look ing  a t  t h e  a p p a r a t u s "  i n v o l v e s  i n t e r a c t i o n  w i t h  
some f u r t h e r  a p p a r a t u s  u l t i m a t e l y  w i t h  t h e  c o n s c i o u s n e s s  of t h e  
o b s e r v e r .  But one c a n  lump a l l  t h a t  i n t o  S and t h e  o b s e r v e r s  mind 
i n t o  S 1  . N e v e r t h e l e s s ,  a p p a r e n t l y  one c a n n o t  f i n d  a  ma themat ica l  
d e v i c e  t o  y i e l d  t h e  r e d u c t i o n  of p u r e  s t a t e s .  T h i s  i s  t h e  
fundamental  problem i n  i n t e r p r e t i n g  t h e  f o u n d a t i o n s  of quantum 
mechanics .  
i s  t h a t  t h e r e  i s  no " o b j e c t i v e  u n d e r l y i n g  s t a t e "  of t h e  system! 
Perhaps  t h e  quantum p r o b a b i l i t y  d i s t r i b u t i o n s  can  be 
i n t e r p r e t e d  a s  r e f l e c t i n g  our  p a r t i a l  knowledge, a s  long a s  we do n o t  
i n s i s t  t h a t  t h e r e  be an o b j e c t i v e  e n t i t y  of which we have p a r t i a l  
knowledge. T h i s  seems r e m i n i s c e n t  of t h e  problem of t h e  golden 
mountain i n  t h e  s e n t e n c e  "The golden mountain does  n o t  e x i s t " .  I f  
one a s k s  "what does  n o t  e x i s t ? "  and answers  " the  golden mountain",  
one i s  implying t h a t  t h e  golden mountain i s  i n  f a c t  an e n t i t y  wi th  
some s o r t  of "ex i s tence" .  Some p h i l o s o p h e r s  t r i e d  t o  r e s c u e  t h e  
s i t u a t i o n  by s t a t i n g  t h a t  t h e  golden mountain  " s u b s i s t s "  -- t h a t  i s ,  
h a s  enough of a  shadowy s o r t  of  e x i s t e n c e  t o  s e r v e  a s  t h e  s u b j e c t  of 
a  s e n t e n c e .  Now Ber t rand  R u s s e l l  h a s  observed t h a t  t h e  r e a l  s o l u t i o n  
of t h e  problem i s  t o  recogn ize  t h a t  t h e  o r i g i n a l  s e n t e n c e  i s  i m p l i c i t l y  
q u a n t i f i e d ,  and a c t u a l l y  should be regarded  a s  s a y i n g  "for  e v e r y  x 
i t  i s  f a l s e  t h a t  x  i s  bo th  golden and mountainous".  I n  t h e  absence 
of new p h y s i c a l  d i s c o v e r i e s ,  i t  seems n o t  i m p o s s i b l e  t h a t  t h e  same 
s o r t  of p u r e l y  grammatical  t r i c k  may be t h e  u l t i m a t e  s o l u t i o n  of t h e  
quantum measurement problem. 
8 .  Completeness Theorems and Nonl inear  Wave E q u a t i o n s .  
As we have mentioned i n  e a r l i e r  l e c t u r e s ,  t h e  q u e s t i o n  of 
the  completeness  of a  f low i s  a  fundamental  one; i . e .  c a n  s o l u t i o n s  be 
i n d e f i n i t e l y  extended i n  t ime? 
I n  o r d e r  t o  d e a l  wi th  t h i s  q u e s t i o n ,  one u s u a l l y  p roceeds  
a s  f o l l o w s .  One f i r s t  e s t a b l i s h e s  a  l o c a l  e x i s t e n c e  theorem and then  
one u s e s  some k i n d  of e s t i m a t e s  ( s o  c a l l e d  a  p r i o r i  e s t i m a t e s )  t o  show 
t h a t  t h i s  s o l u t i o n  does  n o t  move t o  m i n  a  f i n i t e  t ime ,  and hence can  
be extended t o  e x i s t  f o r  a l l  t ime.  (See the  r e s u l t s  a t  t h e  end of 
l e c t u r e  6 . )  
Below we s h a l l  i l l u s t r a t e  t h i s  g e n e r a l  p rocedure  w i t h  a  
couple  of  examples.  We beg in  by d e s c r i b i n g  a  g e n e r a l  t echn ique  based 
on energy e s t i m a t e s .  
Liapunov Methods. 
The concep t  of Liapunov s t a b i l i t y  ( s e e  l e c t u r e  6) can  be used 
e f f e c t i v e l y  a s  a  completeness  theorem. Below we s h a l l  a p p l y  t h i s  
theorem t o  n o n l i n e a r  wave e q u a t i o n s .  
Theorem. L e t  E be a  Banach space and 
-
Ft a  l o c a l  f l o w  02 E with 
f i x e d  p o i n t  a t  0  . Suppose t h a t  f o r  any bounded s e t  B c E t h e r e  i s  
a n  E > 0 such t h a t  i n t e g r a l  c u r v e s  beg inn ing  i n  B e x i s t  f o r  a  t ime 
-
i n t e r v a l  _> e . 
L e t  H : E + R  be a smooth f u n c t i o n  i n v a r i a n t  under t h e  f low.  
-
( a )  If H ( u )  _> const.llu112 , then  t h e  f low i s  complete .  
(b )  If H(0) = 0  , DH(0) = 0 and D ~ H ( O )  i s  p o s i t i v e  o r  n e g a t i v e  
d e f i n i t e ,  then  t h e r e  i s  a  neighborhood U of 0  such that: any i n t e g r a l  
-
c u r v e  s t a r t i n g  i n  0 i s  d e f i n e d  f o r  a l l  t ; moreover ,  0  i s  s t a b l e .  
P r o o f .  ( a )  L e t  u  E E . S i n c e  H i s  conse rved  we have  t h e  a  p r i o r i  
e s t i m a t e  i / u 2  (. c o n s t a n t ,  s o  u  remains  i n  a  Bounded s e t  B . But 
because  of t h e  assumption on t h e  f l o w ,  t h e  i n t e g r a l  c u r v e  beg inn ing  a t  
u  can  be i n d e f i n i t e l y  ex tended .  
( b )  From t h e  assumpt ions ,  t h e r e  a r e  c o n s t a n t s  a , B such t h a t  
Hence,  by T a y l o r ' s  theorem,  i n  a  smal l  neighborhood Uo of 0  , we have 
Because H i s  c o n s e r v e d ,  t h i s  shows t h a t  t h e r e  a r e  neighborhoods  U , 
V of 0 such t h a t  i f  u  E U , i t  remains  i n  V a s  long  a s  i t  i s  
d e f i n e d .  Hence we have  comple teness  a s  i n  ( a ) .  S i n c e  V c a n  be 
a r b i t r a r i l y  s m a l l ,  we a l s o  have  s t a b i l i t y .  
Non l inea r  Wave E q u a t i o n s .  
The f o l l o w i n g  e q u a t i o n  h a s  been of c o n s i d e r a b l e  i n t e r e s t  i n  
quantum f i e l d  theory :  
on R~ , where cp i s  a  s c a l a r  f u n c t i o n ,  m > 0  , oc E R and p  2 2  i s  
an i n t e g e r .  The c o n s t a n t  a i s  c a l l e d  t h e  c o u p l i n g  c o n s t a n t  and t h e  
n o n - l i n e a r  term c q P  r e p r e s e n t s  some s o r t  of s e l f  i n t e r a c t i o n  of t h e  
f i e l d  v . 
T h i s  e q u a t i o n  i n  the  same s e n s e  a s  t h e  l i n e a r  wave e q u a t i o n  
( s e e  l e c t u r e  2) i s  Hamil tonian.  The energy f u n c t i o n  i s  
1 We chose  t h e  phase space t o  be H x L2 a s  f o r  the  l i n e a r  wave e q u a t i o n .  
We want t o  app ly  the  p r e v i o u s  theorem t o  d i s c u s s  g l o b a l  
s o l u t i o n s .  I n  o r d e r  t o  do t h i s  we need a  l o c a l  e x i s t e n c e  t h e o r y  and we 
need t o  know H i s  smooth. For t h e  l a t t e r ,  t h e  key t h i n g  i s  whether 
o r  n o t  cp i s  i n t e g r a b l e .  To answer t h i s  one u s e s  a  g e n e r a l i z a t i o n  
of t h e  Sobolev i n e q u a l i t i e s .  We s h a l l  d i s c u s s  t h e s e  p o i n t s  i n  t u r n ,  
b u t  l e t  u s  f i r s t  s t a t e  t h e  r e s u l t s  cor responding  t o  c a s e s  ( a ) ,  (b )  of 
the  p r e v i o u s  theorem. 
Theorem. ( a )  Suppose n  = 2  , o > 0 p  i s  odd, o r  e l s e  n  = 3 
and p  = 3 . Then t h e  f low of (1 )  i s  comple te .  
-
( b )  Suppose n  = 2  with  p  , a a r b i t r a r y  o r  n  = 3 , p  = 2 ,  3 ,  4 ,  
-
a a r b i t r a r y .  Then t h e r e  i s  an o > 0 such t h a t  i f  , i s  i n  t h e  
1 H x L2 e - b a l l  abou t  0 then  t h e  cor responding  s o l u t i o n s  e x i s t  f o r  
a l l  ( a c t u a l l y  i f  t h e  i n i t i a l  d a t a  i s  s o  i s  t h e  s o l u t i o n ) .  
1 Furthermore t h e  0 s o l u t i o n  i s  Liapunov s t a b l e  i n  t h e  H x L2 topo logy .  
Not ice  t h a t  t h e  c o n d i t i o n s  p  odd ,  o! > 0 i s  p r e c i s e l y  
2 
what makes t h e  l a s t  term of H 3 0 , s o  H ( y ,  4) > consr(l lyllH, + 1 ~ 1 1 ~  ) 
2  
which i s  ( a )  of t h e  p r e v i o u s  theorem. 
The o t h e r  r e s t r i c t i o n s  on n  , p  come from t h e  Sobolev 
theorem i n  t h e  f o l l o w i n g  form. (See Ni renberg  [ I ] ,  Cantor  [ I ] ) .  
Sobolev-Nirenberg-Gagl iardo i n e q u a l i t y :  Suppose 
j n where - < a  < 1 ( m - j - - i s  an i n t e g e r  > 1 , a  < 1 i s  
m -  - r - -
k 
a l l o w e d ) .  Then f o r  f  : R ~ + R  , 
f o r  a  c o n s t a n t  independent  of f  . 
For example suppose n  = 3 and f  E H' . Then t a k i n g  m = 1 , 
r = 2  , q = 2 ,  j = O  , a = 1  w e f i n d  t h a t  f  E L 6  and 
Such r e s u l t s  c a n  be used t o  prove smoothness of H above and smoothness 
r e s u l t s  i n  t h e  fo l lowing :  
L o c a l  E x i s t e n c e  Theory. 
Theorem. - L e t  E be a  Banach s p a c e ,  A : D c E -, E l i n e a r ,  t h e  
g e n e r a t o r  of a  semi-group U t  and l e t  J : E 4 E be smooth wi th  DJ 
bounded on bounded s e t s .  Then 
du 
- = Au + J ( u )  d t  
d e f i n e s  a  unique l o c a l  f l o w  whose l o c a l  t ime of e x i s t e n c e  i s  un i fo rmly  
> 0 on bounded s e t s .  (The e v o l u t i o n  o p e r a t o r ,  Ft  i s  cm f o r  
- -
f i x e d  t .) 
T h i s  r e s u l t  i s  due t o  S e g a l  [ I ]  who, based on e a r l i e r  work 
of J o r g e n s ,  p o i n t e d  o u t  how i t  can  be used t o  prove t h e  r e s u l t s  ( a )  on 
t h e  wave e q u a t i o n  ( t h e  r e s u l t  ( b )  i s  due t o ,  amongst o t h e r s ,  Chadam [ I ] ,  
~ a r s d e n  [ l o ] )  . 
The proof  of t h i s  r e s u l t  i s  remarkably  s i m p l e .  Namely, we 
c o n v e r t  t h e  d i f f e r e n t i a l  e q u a t i o n  t o  t h e  f o l l o w i n g  i n t e g r a l  e q u a t i o n :  
The key t h i n g  i s  t h a t  t h e  unbounded o p e r a t o r  A now d i s a p p e a r s  and 
o n l y  t h e  bounded o p e r a t o r  U t  and t h e  smooth o p e r a t o r  J a r e  i n v o l v e d .  
One c a n  now use  t h e  u s u a l  P i c a r d  method t o  s o l v e  ( 2 ) .  Al so  one v e r i f i e s  
t h a t  t h e  s o l u t i o n  l i e s  i n  D i f  u  does  and t h a t  t h e  s o l u t i o n  s a t i s f i e s  0 
t h e  e q u a t i o n  ( f o r  t h e  l a t t e r ,  J shou ld  be C' and n o t  mere ly  L i p s c h i t z ) .  
The p o i n t  i s  t h a t  u s i n g  t h e  Sobolev-Nirenberg-Gagl iardo 
i n e q u a l i t i e s  one c a n  v e r i f y  t h a t  J h a s  t h e  r e q u i s i t e  smoothness:  t a k e  
( S O  one h a s  t o  check rp u rap of H1 t o  L 2  i s  smooth).  Then t h e  
g l o b a l  e x i s t e n c e  c l a i m s  f o l l o w  by t h e  Liapunov method. 
We h a s t e n  t o  add t h a t  the  method depends c r u c i a l l y  on t h e  
p o s i t i v i t y  of t h e  l i n e a r i z e d  energy norm. For  o t h e r  systems of i n t e r e s t ,  
such a s  t h e  coupled Maxwell-Dirac e q u a t i o n s  t h e s e  i d e a s  can  g i v e  l o c a l  
s o l u t i o n s  b u t  they  do n o t  h e l p  de te rmine  i f  one h a s  g l o b a l  s o l u t i o n s .  
Tha t  p a r t i c u l a r  problem remains  l a r g e l y  open.  (See  Gross  [ I ]  .) 
Quantum Mechanical  Comple t e n e s s  Theorems. 
R e c a l l  t h a t  S t o n e ' s  theorem a s s e r t s  t h a t  e v e r y  s e l f  a d j o i n t  
o p e r a t o r  H on a  H i l b e r t  space H de te rmines  a  one pa ramete r  u n i t a r y  
it3 group ( o r  f low) u t  = e  , d e f i n e d  f o r  a l l  t E R . "Completeness" 
t h e r e f o r e  amounts t o  t h e  q u e s t i o n  of v e r i f y i n g  s e l f  a d j o i n t n e s s .  A c t u a l l y  
t h i s  i s  n o t  such a  s imple  q u e s t i o n  and i s  an a c t i v e  a r e a  of c u r r e n t  
r e s e a r c h .  ( S e e ,  e . g .  Simon [ I ]  .) 
L e t  u s  r e c a l l  a  coup le  of d e f i n i t i o n s .  L e t  H be  a  H i l b e r t  
space and H : D c li + a  l i n e a r  o p e r a t o r ,  wi th  D dense .  
The a d j o i n t  H* : D>'; c & 433. i s  d e f i n e d  a s  f o l l o w s :  
D* = ( X  E E H such t h a t  <z,y> = <x,Hy> f o r  a l l  y E D ]  
and H*x = z  . 
An opera tor  i s  symmetric i f  a x ,  y> = <x, Hy> f o r  a l l  
x ,  y  E D . Equiva len t ly ,  H* 3 H  ; i . e .  D* 3 D and H9: = H on D . 
An opera tor  i s  s e l f  a d j o i n t  i f  H?: = H . 
Often s e l f  ad jo in tnes s  i s  no t  so easy t o  check because i t  
depends c r u c i a l l y  on t h e  c o r r e c t  choice of D . For example A i s  
2  n  -7- 
s e l f  a d j o i n t  on H ( R  ) , but  not  on c",(ii = L ~ ( R O )  .) " 
One i s  led  t o  in t roduce  another  not ion .  Reca l l  t h a t  the  
- 
c losu re  H of an opera tor  H i s  t h a t  opera tor  whose graph i s  the  
c lo su re  of the graph of H . (This  opera tor  K always i s  wel l  defined 
f o r  symmetric opera tors  .) 
A symmetric opera tor  H i s  c a l l e d  e s s e n t i a l l y  s e l f  a d j o i n t  
i f  i t s  c l o s u r e  H i s  s e l f  a d j o i n t .  
I t  can be shown t h a t  t h i s  i s  equiva len t  t o  saying t h a t  H 
has  a t  most one s e l f  a d j o i n t  ex tens ion .  
For example, A with domain C: i s  e s s e n t i a l l y  s e l f  a d j o i n t  
2 
and i t s  c lo su re  i s  A with domain H . 
Since the re  i s  a  unique way of recovering a  s e l f  a d j o i n t  
opera tor  from an e s s e n t i a l l y  s e l f  a d j o i n t  one,  t he re  i s  no l o s s  i n  
t r y i n g  t o  v e r i f y  the  cond i t i on  of e s s e n t i a l .  s e l f  ad jo in tnes s .  This  i s  
what i s  done i n  p r a c t i c e .  
I f  an opera tor  i s  no t  e s s e n t i a l l y  s e l f  a d j o i n t  t h i s  means some 
-7. 
- 
2, m 
Go = cm func t ions  with compact support .  
a d d i t i o n a l  in fo rmat ion  e . g .  boundary c o n d i t i o n s  - -  must be s p e c i f i e d  
i n  o r d e r  t o  un ique ly  de te rmine  t h e  dynamics. 
Consider  t h e  Hami l ton ian  o p e r a t o r  f o r  t h e  Hydrogen atom, 
1 H = -A + - on lX3 . D e s p i t e  t h e  f a c t  t h a t  t h e  s o l u t i o n  of t h e  
r 
Schrod inger  e q u a t i o n  h a s  been known e x p l i c i t l y  f o r  a  h a l f  c e n t u r y ,  o n l y  
co 
i n  1950 was t h i s  o p e r a t o r  shown t o  be e s s e n t i a l l y  s e l f  a d j o i n t  on C o  
2 ( t h e  domain of the  c l o s u r e  t u r n s  o u t  t o  be H ) . T h i s  was done by 
T .  Kato ( s e e  Kato [ 6 ]  f o r  d e t a i l s  and r e f e r e n c e s ) .  
3 More g e n e r a l l y ,  on R , -A + V i s  e s s e n t i a l l y  s e l f  a d j o i n t  
i f  V E L2 + L . The 
Lm 
p a r t  i s  t r i v i a l ,  b e i n g  a  bounded o p e r a t o r .  
m 
To hand le  t h e  L  p a r t  ( t h e  p a r t  of l / r  n e a r  t h e  o r i g i n )  one u s e s  a 2 
Sobolev e s t i m a t e  i n  t h e  form: l e t  V E L2 . Then f o r  a l l  e,- > 0  t h e r e  
i s  an 2 Me 
such t h a t  f o r  a l l  f E H , 
One can  then  use:  
K a t o ' s  C r i t e r i o n .  - L e t  A  be ( e s s e n t i a l l y )  s e l f  a d j o i n t  on with 
domain .D L e t  B be symmetric,  D 3 DA and assume f o r  some A '  - B 
O < X < 1  
!IBXI/ 5 cllxll + hllAxll 
f o r  a l l  x E D Then A + B i s  ( e s s e n t i a l l y )  s e l f  a d j o i n t  on A '  - D~ ' 
T h i s  r e s u l t  i s  a  r a t h e r  e lementa ry  r e s u l t  i n  o p e r a t o r  t h e o r y .  
We won't  go i n t o  the  d e t a i l s  he re .  
The above method i s  the bas i c  one by which one handles l o c a l  
s i n g u l a r i t i e s  such a s  occur i n  the  Hydrogen atom. On the  o the r  hand 
t h e r e  can be problems a t  m such a s  occur when an atom i s  placed i n  
an e x t e r n a l  f i e l d .  This  s i t u a t i o n  i s  covered by a theorem of Ikebe- 
Kato [ I ] :  
3 Theorem. V : R 4 R be such t h a t  V i s  smooth and V(x) _> v ~ ( ~ ~ H I I )  
where Vo(r) i s  monotone decreas ing  and f o r  H > Vo , 
Then - A  + V i s  e s s e n t i a l l y  s e l f  a d j o i n t  on C; C~ func t ions  
-. 
CY Note. I f  Vo(r) = -r , cu _< 2 then we have the  v a l i d i t y  of the  
-
assumptions. 
The r e s u l t  i s  too  i n t r i c a t e  t o  go i n t o  here  (an expos i t i on  
of the p roo f ,  genera l ized  t o  manifolds w i l l  appear i n  Chernoff-Marsden 
1 1 1 ) .  
Ikebe-Kato then go on t o  combine t h i s  r e s u l t  with the  previous 
type of r e s u l t .  The f i n a l  r e s u l t  covers  most ( n o n - r e l a t i v i s t i c )  ca se s  
of i n t e r e s t .  
A C l a s s i c a l  Analogue of the Ikebe-Kato Theorem. 
There i s  a theorem i n  c l a s s i c a l  mechanics which y i e l d s  
completeness of a  Hamiltonian system under t he  same condi t ions  a s  i n  
the  Ikebe-Kato theorem. (See Weinstein-Marsden [ I ]  .) The argument 
works wel l  on manifolds j u s t  a s  e a s i l y  a s  on R~ . 
Le t  us begin by cons ider ing  the  one dimensional ca se .  
+ Le t  R be the  nonnegative r e a l s  and V, : R + + R  a  
nonincreasing C' f unc t ion .  Consider the Hamiltonian system with the  
usua l  k i n e t i c  energy and p o t e n t i a l  Vo ; i . e .  i f  c ( t )  i s  a  s o l u t i o n  
curve we have 
By monotonicity of Vo , i f  c ' ( 0 )  2 0  then c l ( t )  2 0 f o r  a l l  
2 
t _> 0  . Thus i f  H = [ c 1 ( t ) / 2 ]  + Vo(c( t ) )  i s  the  cons t an t  t o t a l  
De f in i t i on .  The p o t e n t i a l  Vo i s  p o s i t i v e l y  complete i f f  
f o r  a l l  x > 0  and H such t h a t  VO(xl) < H . 1 - 
It  i s  easy t o  see t h a t  i f  t h i s  ho lds  f o r  some xl , H , 
such t h a t  V ( x  ) < H then i t  holds  f o r  a l l  such x , H (use  the  0  1 1 
f a c t  t h a t  improper i n t e g r a l s  with asymptotic in tegrands  a r e  s imultaneously 
convergent or  d ivergent )  . 
Since the above i n t e g r a l  i s  j u s t  t he  time r equ i r ed  f o r  c ( t )  
t o  move from x  t o  x  we see  t h a t  1 Vo i s  p o s i t i v e l y  complete i f f  
a l l  i n t e g r a l  curves  c ( t )  with c (0 )  2 0  , c ' ( 0 )  2 0  a r e  def ined  
f o r  a l l  t - > 0  . (The case  when c ' ( 0 )  = 0  i s  e a s i l y  disposed of .) 
- 
Below we w i l l  use  the  no t a t i on  c (xo ,  H )  ( t )  f o r  t he  i n t e g r a l  
- 
curve with c (x0 ,  H )  (0 )  = x and energy H . 0  
c! Example. The func t i on  -x f o r  a/ _> 0  i s  p o s i t i v e l y  complete i f f  
cu _< 2  . The same i s  t r u e  f o r  
- x [ log (x  + 1)  l m ,  -x log(x  + 1) [ l o g ( l o g ( x  + 1) + l l a  e t c .  
Consider now the  genera l  c a se .  
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  he or em:‘ Let M be a  complete Riemannian manif o l d  (ac tua l ly  M may 
be i n f in i t e -d imens iona l )  and l e t  V c1 func t i on  on M . Suppose 
t h e r e  i s  a  p o i n t  p  E M and a p o s i t i v e l y  complete on R+ such vo - 
t h a t  f o r  a l l  m E M [with d(m, p) s u f f i c i e n t l y  l a r g e ] ,  1 -
V(m) 2 Vo(d(m, p ) )  where d  i s  t he  Riemannian d i s t a n c e  on M . 
Then the  f low on TM of t he  Hamiltonian vec to r  f i e l d  with ( t h e  u sua l  
k i n e t i c  energy ~ ( v )  = <v, v>/2 and) p o t e n t i a l  V i s  a  comtDlete flow 
( i . e .  i n t e g r a l  curves a r e  defined f o r  a l l  t E R) 
Examples. I f  V(m) 2 -(Constant)d(rn, p )  f o r  s u f f i c i e n t l y  l a rge  
d(m, p) t he  cond i t i ons  ho ld .  This  i s  s a t i s f i e d  i f  / / g r ad  ~ ( r n ) / l  5 
( ~ o n s t a n t ) d ( m ,  p) ( f o r  s u f f i c i e n t l y  l a r g e  d(m, p ) )  . 
Proof of Theorem. L e t  c  : [ 0 ,  b [  4 T M  be an i n t e g r a l  cu rve ,  0  < b  < a  . 
.I 
See W .  Gordon [ I ] ,  D .  Ebin [ 2 ] ,  and A .  Weinstein and J .  Marsden [ I ] .  
As usual, it will suffice to show that the curve co(t) , the projection 
of c(t) on M , remains in a bounded set for all t E [0, b[ (a 
similar argument holds for t E 1-b, 01) . (In infinite dimensions 
one uses an argument of Ebin [2] .) 
Let n = c (0) and H the energy of c(t) . Let 0 
(notation as above). Now 
Also we have 
It follows from these and monotonicity of Vo that 
for all t E [0, b [ . This is an elementary comparison argument. (See 
the lemma below.) We conclude that f (t) = d(c0(t) , p) remains 1 
bounded for t E [0, b [ and so the result follows. I7 
Remarks. (1 )  The completeness f o r  t _> 0 i s  preserved i f  a  d i s s i p a -  
-
t i v e  vec tor  f i e l d  Y i s  added t o  t he  Hamiltonian vec to r  f i e l d  ( i . e .  
y i s  v e r t i c a l  [TIT(Y) = 01 and Y * K  _< 0 where K i s  t he  k i n e t i c  
energy) .  This  i s  easy t o  s ee .  
(2 )  This  proof a l s o  g ive s  an e s t ima te  f o r  t he  growth of 
d ( c o ( t )  , p) i n  terms of Vo ; f o r  example i f  V = -x 0  then 
When i s  the  Sum of two Complete Vector F i e l d s  Complete? 
Unfor tuna te ly ,  no t  always. For example consider  
Each of X , Y has  a  complete f low,  bu t  X + Y does n o t .  
Using t he  s o r t  of argument i n  t he  prev ious  theorem however, 
one can g e t  a  r e s u l t .  
Theorem. - Le t  H be a H i l b e r t  space and l e t  X and Y be l o c a l l y  
-
Lipsch i t z  vec to r  f i e l d s  which s a t i s f y  t he  fol lowing:  
( a )  X - and Y a r e  bounded and L i p s c h i t z  on bounded s e t s ,  
(b )  t h e r e  i s  a  cons t an t  8 2 0 such t h a t  <Y(x) ,  x> _< ~llxl l  2 
f o r  a l l  x  E H 
( c j  t h e r e  i s  a  l o c a l l y  L i p s c h i t z  monotone i nc rea s ing  func t i on  
dx 
- -  c ( t )  > 0 , t 2 O  such t h a t  C ( X )  - + - and e ( x 0 ) ,  KO> -< I /X~I IC( I IX~ / I )  
o r ,  s t r o n g e r ,  i f  x ( t )  i s  a n  i n t e g r a l  c u r v e  of X , 
d 
- d t j / x ( t > / l  _< c ( l ) x ( t ) ) l )  - 
Then X , Y and X + Y a r e  p o s i t i v e l y  complete  ( i . e .  complete  f o r  
-
t 2 0  .) 
Note. One may assume / / x ( x O ) l  _< c(1IxOII) i n  ( c )  i n s t e a d  of 
d 
llx(t)ll 5 c ( l lx ( t ) l l )  . 
P r o o f .  We beg in  w i t h  an  e lementa ry  comparison lemma: 
Lemma. Suppose r l ( t )  = c ( r ( t ) )  r > 0  . Then r ( t )  2 0 i s  0  - - -
d e f i n e d  f o r  a l l  t 2 0  . Suppose f ( t )  _> 0  , i s  c o n t i n u o u s  and 
Then 
f ( t )  _< r ( t )  f o r  t E [ O ,  T/ . 
T h i s  lemma i s  n o t  h a r d  t o  p rove .  See  Hartman [ I ]  f o r  such 
r e s u l t s .  
Proof of Theorem. L e t  u ( t )  be a n  i n t e g r a l  c u r v e  of X + Y . By 
assumption ( a ) ,  i t  s u f f i c e s  t o  show u ( t )  i s  bounded on f i n i t e  t- 
i n t e r v a l s ,  s ay  t E [ 0 ,  T[ . Now u s i n g  ( b ) ,  
By assumption ( c )  we have f o r  an i n t e g r a l  curve x( t )  of X , 
1 d 
a ( t )  , x ( x ( t ) ) >  = 7 l x ( t ) 1 1 ~  _< / ] x ( t ) l l c ( l l x ( t ) / l )  . Therefore 
<no, X(xo)> _< / ~ x o l l ~ ( l ~ x o l i )  f o r  any n 0 E H . ~ h u s  we g e t  
and hence 
d  - 
- d t ( e  BtllU(t)l() c( l lu( t ) l l )  . 
- R t  By t he  lemma, e  \ ] u ( t ) / )  i s  bounded, so  / lu( t ) j j  i s  bounded. 
9. General R e l a t i v i t y  a s  a  Hamiltonian systems 
I n  t h i s  l e c t u r e  we d i s cus s  t he  E i n s t e i n  f i e l d  equa t ions  of 
genera l  r e l a t i v i t y  from the  po in t  of view of Hamiltonian systems. I n  
order  t o  mot iva te  t he  d i s cus s ion ,  we d i g r e s s  t o  inc lude  some background 
and mo t iva t i ona l  m a t e r i a l .  
Background. 
The bas i c  t e n e t  of s p e c i a l  r e l a t i v i t y ,  t h a t  t he  speed of 
l i g h t  i s  cons tan t  independent of t he  movement of source o r  obse rve r ,  
4 3 i s  r e f l e c t e d  i n  a  simple mathematical s t r u c t u r e  on R = R X R 
( space  x t ime) ,  v i z  t h e  Minkowski me t r i c :  
2 2  3 3  4 4  
v . w = v l w l + v w  + v w  - v w  
o r ,  a s  a  mat r ix :  
(use  u n i t s  such t h a t  c  = 1) .  
The phys i ca l l y  meaningful concepts  i n  s p e c i a l  r e l a t i v i t y  
a r e  those  i n v a r i a n t  under t he  Lorentz group; i , e .  t he  group of l i n e a r  
i some t r i e s  of the  Minkowski met r ic .  
As E i n s t e i n  showed i n  1905, t he  above p i c t u r e  - forced  by 
concre te  experiments (namely t he  Michaelson-Mor ley  experiment) - has  
consequences of a  non i n t u i t i v e  na tu re  such a s  length  c o n t r a c t i o n s ,  
t ime d i l a t a t i o n  e t c .  A l l  t h i s  i s  descr ibed  i n  most e lementary t e x t s ,  
such a s  Taylor-Wheeler [ 11 . 
 h his a n d  t h e  n e x t  l e c t u r e  a r e  b a s e d  o n  F i s h e r - M a r s d e n  
Later  E i n s t e i n  had t he  fo l lowing  b r i l l i a n t  i n s i g h t :  i t  i s  
phys i ca l l y  impossible  t o  d i s t i n g u i s h  g r a v i t a t i o n a l  f o r c e s  from 
a c c e l e r a t i o n  f o r c e s .  Indeed,  by Galilee's fameous experiment we 
know t h a t  g r a v i t a t i o n a l  mass i s  t he  same a s  i n e r t i a l  mass ( "p r inc ip l e  
of equivalence") .  But a c c e l e r a t i o n  i s  a  pure ly  geometr ical  ( o r  
k inemat ica l )  phenomena. Therefore i t  should be pos s ib l e  t o  geometrize 
space time i n  such a  way t h a t  t he  g r a v i t a t i o n a l  f i e l d s  a r e  p a r t  of 
t he  geometry i t s e l f .  
Th i s  i s  what E ins t e in  d id  i n  h i s  papers  of 1915-17. 
(See Lanczos [ Z ]  f o r  more h i s t o r i c a l  f a c t s ) .  
It i s  f a i r l y  obvious how t o  gene ra l i z e  Minkowski space. 
We j u s t  use a  Lorentz  manifold V ; i . e .  a  4-manifold w i th  a  
symmetric b i l i n e a r  form < , >u on each tangent  space TxV , which 
has  s i gna tu re  (-+I--). 
We want t he  fol lowing t o  hold:  p a r t i c l e s  i n  f r e e  f a l l  ( i n  
t h e  g r a v i t a t i o n a l  f i e l d )  should fol low geodes ics  on V . 
Thus we a r e  a s s e r t i n g  t h a t  a  body moving under t he  f o r c e  of 
g r a v i t a t i o n  a lone  ( e . g .  a  s a t e l l i t e  c i r c l i n g  t he  e a r t h )  should t r a v e l  
a long a  geodesic  i n  an app rop r i a t e  d i f f e r e n t i a b l e  manifold. Such a  
manifold i s  c e r t a i n l y  no t  f l a t  3-space,  s i nce  t he  motion of a  
s a t e l l i t e  would no t  then be geodesic .  It i s  a l s o  easy  t o  see  t h a t  
t he  manifold cannot be a  curved three-dimensional  Riemannian space: 
cons ider  t he  case  of two p r o j e c t i l e s  P I ,  P2 launched a t  t he  same 
time from A w i th  t r a j e c t o r i e s  a s  i nd i ca t ed  i n  t h e  F igu re ,  both 
p a s s i n g  through B ( t h i s  i s  e a s i l y  a r r a n g e d ) .  It i s  c l e a r  t h a t  n o t  
both p1 and P2  can be geodes ic  w i t h  r e s p e c t  t o  any 3-space m e t r i c ;  
s i n c e  B can  be moved a r b i t r a r i l y  c l o s e  t o  A , t h e r e  a r e  no normal 
neighborhoods of A ( i n  which t h e r e  a r e  unique minimizing g e o d e s i c s ) .  
On t h e  o t h e r  hand, we do g e t  unique t r a j e c t o r i e s  i f  we 
r e q u i r e  t h e  p r o j e c t i l e  t o  pass  through B a t  a given t ime.  So we 
a r e  compelled t o  c o n s i d e r  a  manifold of dimension a t  l e a s t  f o u r ,  
F i n a l l y ,  i t  i s  a lmost  obvious t h a t  t h i s  &-manifold cannot  be Riemannian 
( m e t r i c  t e n s o r  p o s i t i v e  d e f i n i t e )  : Riemannian mani fo lds  a r e  i s o t r o p i c  
i n  t h e  sense  t h a t  t h e r e  a r e  no i n t r i n s i c a l l y  d e f i n e d ,  d i s t i n g u i s h e d  
d i r e c t i o n s .  But space t ime i s  n o t  i s o t r o p i c ;  f o r  example t h e  geodes ic  
connec t ing  (you,now) w i t h  ( S i r i u s ,  1 second l a t e r )  cou ld  n o t  be 
t r a v e r s e d  by a  m a t e r i a l  p a r t i c l e  r e q u i r e d  t o  t r a v e l  a t  a  speed below 
t h a t  of l i g h t .  One h a s  t o  d i s t i n g u i s h  between p o s s i b l e  p a r t i c l e  
t r a j e c t o r i e s  ( t i m e l i k e  c u r v e s ) ,  imposs ib le  p a r t i c l e  t r a j e c t o r i e s  
( s p a c e l i k e  curves )  , and p o s s i b l e  photon t r a j e c t o r i e s  ( n u l l  c u r v e s ) .  
A 1 1  i n  a l l ,  one i s  l e d  t o  c o n s i d e r  a  four -d imens iona l  Lorentz  
manifold whose m e t r i c  t e n s o r  g  has  s i g n a t u r e  (+I-!--) . T h i s  i s  
q u i t e  n a t u r a l  s i n c e  i t  t e l l s  us t h a t  l o c a l l y  ( i n  t h e  t angen t  s p a c e ,  
o r  i n  a  normal neighborhood) t h e  un iverse  looks l i k e  Minkowski- 
space. As s t a t e d  above, i n  t h i s  mani fo ld ,  t h e  "world l i n e "  o r  space 
t ime t r a j e c t o r y  of a  f r e e l y  f a l l i n g  p a r t i c l e  i s  a  geodesic .  Furthermore, 
i t  i s  assumed t h a t  t h i s  geodesic  does n o t  depend on t h e  mass of t he  
p a r t i c l e  (an orange and a  g r a p e f r u i t  behave t h e  same way i n  t he  same 
g r a v i t a t i o n a l  f i e l d ) .  This  i s  another  way of s t a t i n g  t he  p r i n c i p l e  of 
equivalence.  
Less obvious than t he  above i s  t h e  fol lowing.  I n  Newtonian 
g r a v i t a t i o n a l  theory ,  t he  g r a v i t a t i o n a l  p o t e n t i a l  cp must s a t i s f y  
2 
= 0 e x t e r i o r  t o  ma t t e r .  Since t he  me t r i c  i s  supposed t o  geometrize 
t he se  p o t e n t i a l s ,  what cond i t i ons  should we impose on t h e  me t r i c?  
Using t h i s  analogy and a  good d e a l  of i n t u i t i o n  and 
guesswork, E i n s t e i n  was led  t o  t he  (empty space) f i e l d  equa t ion& 
R = O  . 
CY9 
-1_ 
The curva ture  tensor  R ' i s  def ined  on v e c t o r  f i e l d s  by 
a B Y  
R(X,Y,Z) = v 7 Z - B p Z - ayCY Y X  %,YI 8 S Y Z where (TJ~Y)".  = X~ - + f xPyY X Y 
ax 
( summation on repea ted  i nd i ce s )  and 
Here 
g a ~  
i s  t h e  components of t he  me t r i c  i n  a  c h a r t ,  and i s  t he  
i nve r se  mat r ix .  We w r i t e  xCY = ( x j , t )  f o r  l o c a l  coord ina tes .  Also 
r a i s i n g  i nd i ce s  corresponds t o  i d e n t i f y i n g  T V and T:V v i a  g , a s  
X 
usua l  ( s ee  l e c t u r e  2)  e.g.: X = g xY e t c .  
B RY 
The R i c c i  t ensor  Ric = R i s  R = R ' ( a  c o n t r a c t i o n ) ,  and 
a8 cwg CYSP 
the  s c a l a r  curva ture  i s  R = R . One w r i t e s  A f o r  t h e  cova r i an t  
CY & l Y  
d e r i v a t i v e  of a  t enso r .  
Fol lowing  t h i s ,  E i n s t e i n  i n c o r p o r a t e d  m a t t e r ,  o r  o t h e r  
e x t e r n a l  s o u r c e s  v i a  
where T i s  a  g iven  energy  momentum t e n s o r  of t h e  s o u r c e s  
aB 
i s  d ive rgence  f r e e  and R  i s  n o t ,  s o  E i n s t e i n  modi f i ed  R 
@ c/P 
t o  G - f o r t u n a t e l y  R = 0 i s  e q u i v a l e n t  t o  G = 0 )  . 0 B  CUP &> 
Sometimes a "cosmological  c o n s t a n t q 1  A i s  a l s o  i n c l u d e d :  
~8 - h g a ~ = T  UP 
L a t e r  t h e s e  e q u a t i o n s  were " j u s t i f i e d "  on t h e o r e t i c a l  grounds  by 
C a r t a n - W e y l .  They proved t h a t  any symmetric d ive rgence  f r e e  
2  ? - t e n s o r  depending on g ,  Dg, D g  had t o  have t h e  form;? pGMq - kg* . 
There  i s  a n o t h e r  p i e c e  of m o t i v a t i o n  t h a t  l e n d s  i n s i g h t  i n t o  
t h e  n a t u r e  of t h e  f i e l d  e q u a t i o n s  which i s  due t o  P i r a n i  [ I ] .  T h i s  
p roceeds  a s  f o l l o w s :  
Le t  u  be t h e  t a n g e n t  t o  a t i m e l i k e  g e o d e s i c  x ( t )  
( t i m e l i k e  means < u ,u  > < 0)  , s o  vUu = 0  . Consider  t h e  J a c o b i  
f i e l d  ( o r  d e v i a t i o n  v e c t o r )  7 a l o n g  s ( t )  ; it s a t i s f i e s  J a c o b i ' s  
e q u a t i o n :  
vueUI + R ( T ~  ,u) u  = 0 
N 
where R i s  t h e  c u r v a t u r e  t e n s o r .  Regarded a s  a  map RU i n  ? , 
R i c ( u , u )  i s  i t s  t r a c e .  
We a r e  supposing R i c  = 0 , Let  e  i = 1 , 2 , 3  be v e c t o r s  i 9  
J- 
2 It i s  u s u a l l y  assumed t h a t  t h e  t e n s o r  depends l i n e a r l y  on D g, bu t  
s e e  R u n d - L o v e l o c k  [li. 
o r t h o g o n a l  t o  u  a t  a  p o i n t  p  where t = 0 . Then e x t e n d  e  t o  be 
i 
~ a c o b i  f i e l d s  w i t h  i n i t i a l  c o n d i t i o n  V e .  = 0 b t  p  . Then 
u  1 
( u s e )  = use  + u.6  e .  = u'y e  s o  v ( u s e . )  = u.6  v e .  = -u .R(e .u )u  = 0 
u u  i u 1 u  i u u  1 U U L  I 
(we have < R(v,u)U,u > = 0 always by skew symmetry of < R(u,v)w,z  > 
i n  w,z) . Hence use  = 0 f o r  a l l  t ime .  Choose e  t o  be e i g e n v e c t o r s  i i 
- 
of RU on t h e  space  o r t h o g o n a l  t o  u  . We deno te  t h i s  r e s t r i c t i o n  by 
I - R . Thus $ai = hiei  , and h l  + h 2  + ). = 0 because  3  RU i s  z e r o .  
Now t h e s e  v e c t o r s  e  span a  t h r e e  volume. M u l t i p l y  e .  i I 
by 6 ( s o  t h a t  we can be s u r e  exp maps t h e  f i e l d  s e  o n t o  g e o d e s i c s  i 
c l o s e  t o  t h e  g e o d e s i c  th rough  p  ). A s a t i s f a c t o r y  approx imat ion  of 
3  t h e  volume of t h e  cube spanned by t h e s e  v e c t o r s  i s  ( v o l )  = F e l  A e 2  A e 3  . 
We compute: 
3  
= F ( v ~ B ~ ~ ~ )  A e 2  A e 3  + e l  A (vuVUe2) A e 3  + e l  A e 2  A v u u 3  6  e  
+ F i r s t  d e r i v a t i v e  t e rms)  1 . 
P 
S ince  t h e  e  ' s  a r e  J o c o b i  f i e l d s  and e i g e n v e c t o r s  ( a t  p) i 
of 3 , and s i n c e  7 e .  / = 0 , we have 
U 1 P  
a s  t he  condi t ion  equ iva l en t  t o  Ric = 0 , 
We can i n t e r p r e t  t h i s  more phys i ca l l y  a s  fol lows.  Imagine 
ou r se lve s  i n  a  f r e e l y  f a l l i n g  e l e v a t o r  and watch a c o l l e c t i o n  of 
f r e e l y  f a l l i n g  p a r t i c l e s .  The p a r t i c l e s  a r e  i n i t i a l l y  a t  r e s t  wi th  
r e s p e c t  t o  each o t h e r ,  bu t  due t o  motion towards t he  e a r t h ' s  c e n t e r ,  
they w i l l  p ick  up a  r e l a t i v e  motion ( s e e  t he  fo l lowing  F i g u r e ) .  
The cond i t i on  (1) says  t h a t  t he  3-volume (up t o  second order )  
i s  remaining cons tan t  dur ing  t he  motion. Th i s  geometr ic  proper ty  i s  
d i r e c t l y  v e r i f i a b l e  i n  t he  case of t he  Newtonian g r a v i t a t i o n a l  f i e l d ,  
so i s  a  reasonable  condidate  f o r  gene ra l i z a t i on .  Thus we s h a l l  adopt 
-L 
Ric  = 0 a s  t he  E i n s t e i n  f i e l d  equa t ions  i n  our  Lorentz fou r  manifold.  
WIDTH DECREASES 6 DUE TO ATTRACTION. 
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W 
The gene ra l  program 
Let V be a spacetime wi th  M a three-dimensional  space l i ke  
s ec t i on  without  boundary ( a  space l ike  s ec t i on  i s  a  submanifold such 
t h a t  f o r  0  f v E T_M,< v ,v  > > 0) . Assume f o r  t he  momen't t h a t  M i s  
L. 
compact, so t h a t  t h e r e  e x i s t s  a  neighborhood U of M i n  which t h e  
t ime l ike  geodesics  ( t h a t  i s  geodesics  whose tangent  v e c t o r s  v  have 
' See a l s o  J .  Wheeler [2 ] . 
< v ,v > < 0) orthogonal  t o  M have no f o c a l  p o i n t s .  I f  we l e t  t 
measure proper time on these  geodes ics ,  wi th  t = 0 on M = Mo , 
then t he  func t ion  t i s  wel l -def ined  i n  U . The su r f ace s  Mt  
given by t = cons t an t  form a  one parameter family of space s ec t i ons ,  
a l l  diffeomorphic t o  M . Let g  be t he  induced Riemannian met r ic  
t 
on M t  . Via t he  aformentioned diffeomorphism, we can regard gt a s  
a  curve i n  t he  space of p o s i t i v e  d e f i n i t e  m e t r i c s  on M . The f a c t  
t h a t  V i s  K icc i  f l a t  impl ies  t h a t  gt s a t i s f i e s  c e r t a i n  d i f f e r e n t i a l  
equa t ions .  We want t o  work t he se  ou t .  
We a l s o  want t o  go t he  o the r  way: given M , a  p o s i t i v e  
d e f i n i t e  me t r i c  go , and a  symmetric t enso r  ko = g ( t h e  second 
0  
fundamental form of M i n  V) we want t o  f i n d  t he  curve 
t 
desc r ib ing  t he  time evo lu t i on  of t he  geometry of M , and then t o  
p a s t  toge ther  t he  r e s u l t i n g  3-manifolds M t o  ob t a in  a  p iece  of 
t 
space t  ime. 
The Space of Riemannian Me t r i c s .  
F ix  a  3-manifold M which we s h a l l  t ake  t o  be compact f o r  
s i m p l i c i t y .  This  i s  supposed t o  r ep re sen t  a  model f o r  t h e  s p a t i a l  
un iverse .  Let  S2(M) be t he  s e t  of a l l  cm symmetric two t e n s o r s  on 
M and l e t  h c S (M) be t he  cone of p o s i t i v e  d e f i n i t e  ones;  i - e .  2 
riemannian me t r i c s .  
The "time evolu t ion ' '  of t he  un iverse  w i l l  be r e p r e s e n t e d  by 
a curve  of m e t r i c s  g ( t )  E h . Of c o u r s e  t h e r e  i s  no g l o b a l  t ime 
s c a l e  and p h y s i c a l l y  t h i s  e v o l u t i o n  t a k e s  p l a c e  r e l a t i v e  t o  a g iven  system 
of "c locks"  and a g l o b a l  "frame". T h i s  p o i n t  w i l l  be  b r i e f l y  d i s c u s s e d  
below. We want h t o  be t h e  c o n f i g u r a t i o n  space  f o r  a dynamical 
sys tem.  The f i r s t  job t h e r e f o r e  w i l l  be t o  c o n s t r u c t  a m e t r i c  on h . 
As was t h e  c a s e  w i t h  hydrodynamics,  one shou ld  p r o p e r l y  
work w i t h  m e t r i c s  i n  t h e  Sobolev c l a s s  H' . T h i s  space  i s  deno ted  
S h, . For  s i m p l i c i t y  most of t h e  development w i l l  be  done i n  h . 
Below we s h a l l  d i s c u s s  b r i e f l y  t h e  e x i s t e n c e  q u e s t i o n s ,  which make 
use  of H~ . T h i s  a l s o  comes i n t o  p l a y  i n  l e c t u r e  10. S i n c e  h i s  
an open cone i n  S2(M) ( u s i n g  t h e  H' o r  ern t o p o l o g y ) ,  f o r  
g C h , we have 
Def ine  a m e t r i c  rb on b as f o l l o w s :  
where g E h, h , k  C T b, h ' k  i s  t h e  induced i n n e r  p r o d u c t ,  
g 
i j  i h a k  = h k t r h  = h i s  t h e  t r a c e  and p i s  t h e  volume determined i j 9  i g 
by g . Observe t h a t  h.k and t r h  bo th  depend upon g . Thus 
i s  a non c o n s t a n t  m e t r i c .  i s  c a l l e d  t h e  deWit t  m e t r i c .  Al though 
@ i s  n o t  p o s i t i v e  d e f i n i t e ,  we can e a s i l y  demons t ra te  t h a t  @ i s  
weakly non d e g e n e r a t e :  suppose fj (h ,k )  = 0 f o r  a l l  h E S2 . 
g 
Then ~ ~ ( k ,  k - ) i ( t rk)g)  = 0  . But t h i s  e q u a l s  S,k.k so  k  = 0  . 
The f i r s t  t h i n g  we w i l l  want t o  do i s  work out  t h e  spray 
P ropos i t i on .  The spray S - of i s  g iven  a s  fo l lows:  
1 t s  p r i n c i p a l  p a r t  i s  
: Tb, -+S2 X S2 
1 2 
~ ( ~ , k )  = ( k ,  k  x k - % ( t r k ) k  - 5 i k - k  - ( t r k ) -  l g )  
1 
Note. The f a c t o r  - here  depends on dim M = 3 . 
- 8 
proof .  We use t he  formulas  f o r  t h e  spray i n  l e c t u r e  2 .  We 
f i r s t  must compute t he  d e r i v a t i v e  of B, wi th  r e s p e c t  t o  g  . We 
do t h i s  i n  t h r e e  s t e p s :  
Lema.  The d e r i v a t i v e  of g  w pg & d i r e c t i o n  h  E s2 
-- 
i s  given by k ( t rh )pg  . 
Proo f .  Let g ( t )  = g + t h  . The d e r i v a t i v e  i n  ques t i on  i s  
d  
- 1 . Using t he  l o c a l  formula 1 = dx A ... A dx n  
d t  g ( t )  t=O li' g  1 J 
d 
we ge t  t he  r e s u l t  from the  formula - d e t ( g .  . + t h .  ) I 
= t r ( h ,  . ) d e t ( g .  .) d t  1 J  
lJ t=o 1.l 13 
The l a t t e r  f o r m l a  may be proven from t h e  f a c t  t h a t  t h e  d e r i v a t i v e  d e t  a t  the 
d  d  - I  
i d e n t i t y  i s  t r a c e ,  so - d e t ( g i j  + t ' h ,  .) = d e t ( g .  .) d e t ( 1  -+ t g  h) d t  1 J 1 J  
-r- 
- 1 
= de t (g i j )  t r ( h , . )  . Note g:  TxM +T;M so g  h i s  a  l i n e a r  map 
1 J  
from T M t o  i t s e l f  and t r h  i s  t h e  t r a c e  of t h i s  map. I n  c o o r d i n a t e  
X 
- 1 
language g  h  r a i s e s  one index  on h  . 
Lemma. The d e r i v a t i v e  of g  h h h .  i n  d i r e c t i o n  h l  i s  g iven  by 
- 1 
- 2  h l S ( h  x k)  where h  x k  = hg  k  - o r  ( h  x k ) i j  = h .  k k .  , %  
11 J 
c o o r d i n a t e s .  
-1 -1 d  - 1 -1 -1 P r o o f .  Now h - k  = t r ( g  hg k) and as u s u a l ,  - g ( t )  = - g  h lg  , d t  
where g ( t )  = g  + t h l  . Thus we g e t  f o r  t h e  d e r i v a t i v e  
and t h i s  g i v e s  t h e  r e s u l t .  
I n  a  s i m i l a r  way, one p roves  
Lemma. The d e r i v a t i v e  of g  I+ t r ( h )  i n  d i r e c t i o n  hl i s  g iven  by 
- h L a h  . 
Cont inu ing  w i t h  t h e  proof t h e  p r o p o s i t i o n ,  we have from 
l e c t u r e  2 t h a t  i f  we w r i t e  S ( g , k )  = ( k ,  Sg (k ) ) ,  sg shou ld  s a t i s f y :  
From t h e  lemmas we g e t  
+ r [ h - k  - ( t r h ) ( t r k ) ]  t r h  dpg . 
M 
Thus t he  r i g h t  hand s ide  of ( 3 )  becomes 
2 1 2  f h. (k  x k) - kh.k( t rk)  - ( t r h )  k.k + k ( t r k )  t r h  f -j-[k'k - ( t r k )  ] trhlclp 
M g  
( 4 )  
while  t he  l e f t  s i de  i s  ( ~ ~ ( k )  .h - t r ( S  k) t r ( h )  1 eg which becomes, 
M g  
on s u b s t i t u t i n g  t h e  s t a t e d  express ion  f o r  S , using g - h  = t r h  , 
g 
t r g  = 3 , and t r ( k  x k) = k.k , 
1 2 f h. (k  x k) - %(h .k ) t rk  - - ( k - k  t r h  - ( t r k )  t r h )  eg 
M 8 
1 2 
- : k.k t r h  - k( t rk ) '  t r h  - - Ck.k.3 t r h  - ( t r k )  3 t r h J  +, 
M 8 g 
which equa l s  ( 4 )  above. [7 
The G r a v i t a t i o n a l  P o t e n t i a l .  
-
We have e s t a b l i s h e d  our me t r i c  q on h and have determined 
i t s  spray.  We now proceed t o  cons ider  a  p o t e n t i a l  and w i l l  compute 
i t s  g r ad i en t .  The spray S of i s  simply a l g e b r a i c ,  whereas t he  
g r ad i en t  of t he  p o t e n t i a l  w i l l  involve  non l i n e a r  d i f f e r e n t i a l  ope ra to r s .  
Define V:  b, 4 R by V(g) = 2 r R(g) $ where R(g) 
M g 
i s  t he  s c a l a r  cu rva tu re  (remember g  i s  a  t h r e e  dimensional me t r i c )  
and a s  u sua l  
li' g 
i s  t he  volume a s soc i a t ed  wi th  g  . 
Propos i t i on .  The g rad i en t  of V w i th  r e s p e c t  t o  t h e  me t r i c  @ 
on b, is 
-
grad V(g) = -2 Ric(g)  + % R(g)g E S2(M) . 
P r o o f .  Let g ( t )  = g + t h  . Then 
The d e r i v a t i v e  may be done i n  two p a r t s .  The p p a r t  i s  t aken  
g ( t >  
c a r e  of by t h e  lemmas. For t h e  s c a l a r  c u r v a t u r e  we use:  
i j 
where &gh = h l i  i s  t h e  double c o v a r i a n t  d ivergence .  
T h i s  i s  a  s t r a i g h t f o r w a r d  bu t  somewhat lengthy computation 
which we s h a l l  omit.  (See 'Lichnerowicz [ 2 ] ) .  
S ince  w e  a r e  t a k i n g  M compact w i t h  no boundary, t h e  two 
terms ~ ( t r h )  , 6fih drop ou t  by S tokes  theorem. Hence we g e t  
It i s  now easy  t o  v e r i f y  t h a t  t h e  formula i n  t h e  p r o p o s i t i o n  s a t i s f i e s  
Gg(grad V(s> ,h) = dV(s) 'h 
i f  we remember t h a t  t r ( R i c ( g ) )  = R(g) and t r g  = 3 . 
The Energy Condi t ion  ; Coord ina te  I n v a r i a n c e  and Conservat ion Laws 
I f  we c o n s i d e r  t h e  Lagrangian L(g,k) = qg(k,k)  - V(g) on 
, then  we have computed above t h e  cor responding  spray t o  be 
s g ( k )  - grad  V(g) . Thus an i n t e g r a l  curve g ( t )  s a t i s f i e s  
These equa t ions  have an important  p roper ty  which i s  no t  
shared by t he  usua l  non r e l a t i v i s t i c  f i e l d  t h e o r i e s .  This  i s  t h a t  no t  
only i s  t he  t o t a l  energy conserved, but i t  i s  pointwise conserved. 
Actua l ly  t h i s  law i s  i n t ima te ly  connected wi th  another  conserva t ion  
law which we s h a l l  develop f i r s t .  
Theorem. Let n = ( t r k ) g  - k) @ w g  , t he  con jugate  momentum.  hen 
along an i n t e g r a l  curve of above, Here, 
-
def ined  by f j ( t rk)g  - k) @ pg ; Sh = h li . I n  p a r t i c u l a r  i f  i j 
6rr = 0 a t  t = 0 , then t h i s  cond i t i on  i s  maintained.  Furthermore, 
t h i s  law i s  t he  conserva t ion  law a s soc i a t ed  w i th  t he  invar iance  of L 
under t he  ( l e f t )  a c t i o n  of t he  group of diffeomorphisms A h b~ 
@ (g)  = ??,g 
ri 
I n  otherwords, we g e t  a  f r e e  conserva t ion  law j u s t  because 
our theory  i s  i n v a r i a n t  under coord ina te  t ransformat ions .  The a c t u a l  
form of V i s  i r r e l e v a n t .  
Proof .  We a r e  cons ider ing  t he  a c t i o n  of 8 on h a s  s t a t e d .  See 
l e c t u r e  4 f o r  t he  r e l e v a n t  p r o p e r t i e s  of ~o which a r e  used here .  
Consider X a  vec to r  f i e l d  on M , so X i s  i n  t he  Lie a lgeb ra  of 
A . The one parameter subgroup corresponding t o  X i s  i t s  flow 
Ft E fl . Since 
we see t h a t  t he  corresponding i n f i n i t e s i m a l  genera tor  on h i s  
g i-+ - s g  E S2(M)  . Hence by our conserva t ion  laws ( l e c t u r e  6) , 
(g,k)  I-, qg (k ,  - 5 g )  
i s  a  conserved quan t i t y .  At t h i s  p o i n t ,  we need t he  fol lowing:  
Lemma. LXgsk dpg = - zCf Xs6k + . 
- ,  
M M g 
i j 
Proof .  I t  i s  easy t o  de r ive  t he  fo l lowing  formula $g = X + X . I j li 
From t h i s  i t  fo l lows  t h a t  6(kSX) = (6k)'X + k'BX = (6k)sX + %k*LXg . 
Since ,  by Stokes theorem 6(k-X) dp = 0 , we g e t  t he  lemma . l l  
M 
Now Qg(k, Lxg) = (k .L g - ( t r k ) ( f r 5 2 ) 1 &  
M X 
Thus f o r  any v e c t o r  f i e l d  X , X'6n i s  conserved. Hence 6n i t s e l f  
M 
i s  conserved. [7 
This  r e s u l t  could a l s o  be obtained from Noethers theorem. 
2 Notice t h a t  t he  bundle i n  ques t ion  i s  9 (M) , and s ince  L depends 
on second d e r i v a t i v e s  of t he  f i e l d s  g , s ince  ~ ( g )  does, one would 
have t o  use t he  second j e t  bundle. That approach seems more complicated. 
The energy conserva t ion  law i s  a s  fo l lows .  
Theorem. For t h e  equa t ions  f o r  L above, we have 
a 
- [S((g,k) IJ. } + 2 66n = 0 a t  g  
where 
i s  t h e  energy dens i t y .  I n  p a r t i c u l a r  i f  ST = 0 , 3 = 0 at t = 0 - then 
t he se  cond i t i ons  a r e  maintained i n  time. 
Proof .  Let K (k )  = % ( k - k  - ( t r k l L ]  t he  k i n e t i c  energy dens i t y .  
g  
Then 
A 
where (j i s  t he  pointwise Dewitt  me t r i c .  Using t he  lemmas on p.  213-214, 
D H (k )  .k = - k e ( k  x k) + k .k ( t rk )  
g  g  
and 
A dk 1 
-) = k. k  x k = k(trk)kmk - - K( t rk )  Gg(" d t  4  
Adding we g e t  
;i 
- (Hp ) = 2 R i c ( g ) - k  - R(g) t r ( k )  . 
a t  g  
On the  o the r  hand, 
+ 266k - 2  Ric(g)k)  pg . 
Hence adding, 
a 
- ;?t (p pg) = 2(d ( t rk )  - 66k)pg 
There i s  good a  p r i o r i  evidence,  i nc lud ing  a  theorem, t h a t  
any genuinely r e l a t i v i s t i c  theory ,  i n  t he  absense of e x t e r n a l  f i e l d s ,  
must have 8 pointwise cons tan t  ( s ee  Fischer-Marsden [ I ] ) .  
Therefore one s e l e c t s  out  t h e  subse t  P of Th def ined  by: 
2  c = ( ( g , k ) l  %{kSk - ( t r k )  } + 2 ~ ( g )  r 0 and 
The previous r e s u l t s  prove t h a t  our Hamiltonian flow on Th leaves  
C i n v a r i a n t  and we thus  s e l e c t  ou t  C a s  t he  phys i ca l l y  meaningful 
subse t .  It i s  r a t h e r  analogous t o  what one does i n  electromagnetism. 
I n  gene ra l ,  C i s  no t  a  manifold. T h i s  po in t  i s  d i scussed  i n  l e c t u r e  
10. 
Thus f o r  (g,k)  E C , t he  evo lu t i on  equa t ions  become, 
The e x t r a  terms have dropped ou t  i n  view of Y = 0 . 
R e l a t i o n a h i p  w i t h  t h e  Four Geometry. 
We now form L = M x R and c o n s t r u c t  a  Loren tz  m e t r i c  on 
L  a s  fo l lows .  
where ( v , r )  , w ,  s )  E T  (M x R) = TxM x R and g i s  t h e  t ime ( x a t )  
dependent m e t r i c  on M . I n  c o o r d i n a t e s ,  t h e  formula r e a d s :  
Theorem. The Lorentz  m e t r i c  i s  R i c c i  f l a t  i f  and only i f  g 
s a t i s f i e s  t h e  e v o l u t i o n  e q u a t i o n s  ( 6 )  above, t o g e t h e r  w i t h  t h e  
i n i t i a l  c o n s t r a i n t s  ( 5 ) .  
T h i s  r e s u l t  t h e r e f o r e  e s t a b l i s h e s  t h e  equ iva lence  between 
s o l v i n g  t h e  i n t i i a l  v a l u e  problem f o r  t h e  t h r e e  m e t r i c  g and 
- 
R i c c i - f l a t n e s s  of t h e  f o u r  m e t r i c  g i . e .  t h e  E i n s t e i n  f i e l d  e q u a t i o n s .  
Note t h a t  we have taken  a  s p e c i a l  form f o r  , namely we have assumed 
- - 
goi = 0 a goo = -1 . T h i s  p o i n t  i s  d i s c u s s e d  below. 
The proof t u r n s  on t h e  Gauss-Codazzi e q u a t i o n s  which r e l a t e  
t h e  c u r v a t u r e s  on L,M w i t h  t h e  second fundamental form and t h e  u n i t  
normal. T h i s  r e s u l t  which we assume h e r e ,  i s  t h e  f o l l o w i n g ,  f o r  t h e  
c a s e  a t  hand: 
Lemma. Le t  S .  be t h e  second fundamental  form on M and ZP 
- -
1 j  -
t h e  u n i t  normal  t o  M , so zP = ( 0 , l )  . Let  (4 IR  
-
be t h e  
aPy6 -
c u r v a t u r e  t e n s o r  on L  , ( 3) R i j k ~  t h a t  on M . Then 
as. . 
( i )  (4 )R  - -  - 1 3 - ( S x S ) . .  OiOj a t  1 J  
( i i )  (4 )R .  - 
1 jkR . + .  S - s .  S i j k R  ~k  jR IR j k  
( i i i )  (4)  - Roijk  S i k l j  - S.. 
L J  l k  
- 
Now i f  g ,g  a r e  r e l a t e d  a s  b e f o r e ,  we a s s e r t  t h a t  
"ij = - & k  i j  
where = - ag . Indeed ,  we have S . .  = - Z  T~ z = -  0  kij a t  1 3  i j  i j  a r i j  . 
But from t h e  fo rmula  f o r  t h e  C h r i s t o f f e l  symbols,  we compute t h a t  
0  
T i j  = gij,O , and so  our  c l a i m  h o l d s .  
- Now suppose g  i s  R i c c i  f l a t .  Then i n  p a r t i c u l a r ,  
-€YB (4 IR  0  = ( 4 ) R - .  = g -00 (4)  + $A (4) 
1 J  = g  a i j p  R ~ i  j~ R k i j j  . 
Applying ( i ) ,  ( i i )  of t h e  lemma w i t h  S i j  = - &  k i j  g i v e s  
a k i j  
o r  - = a t  ~ ( k  k l i j  + z ( ~ ) R . .  + b(k k ) i j  - k ( t r k ) k  1 J 
= ( k  x k ) . .  - % k i j  ( 3 )  
1 J 
( t r k ) + 2  Ri j  
which i s  t h e  c o r r e c t  e q u a t i o n  of motion f o r  k  , accord ing  t o  ( 6 ) .  
S i m i l a r l y  from 
we o b t a i n  from ( i i i )  
S i m i l a r l y  from 4~ = 0 we o b t a i n  t h e  energy s ta tement .  The converse 
0 0 
i s  proved i n  e x a c t l y  t h e  same way. 
The Lapse and S h i f t .  
Although any Lorentz  m e t r i c  can be pu t  i n  t h e  form 
- i 
g = g i j  dn d n j  - d t 2  by a  s u i t a b l e  c o o r d i n a t e  change (namely i n  
gauss ian ,  o r  normal ,  c o o r d i n a t e s ) , t h e  above d e s c r i p t i o n  i s  incomplete 
s i n c e  i t  s i n g l e s  o u t  t h i s  c o o r d i n a t e  system a s  s p e c i a l .  The s i t u a t i o n  
can be remedied however, by i n t r o d u c i n g  what a r e  c a l l e d  t h e  l apse  and 
s h i f t  f u n c t i o n s .  The s h i f t  f u n c t i o n  i s  a  t ime dependent v e c t o r  
f i e l d  X p r e s c r i b e d  i n  advance, cor responding  t o  a choice  of coord ina te  
syscem. Now w e  s e t  
and t h i s  corresponds t o  t he  e v o l u t i o n  e q u a t i o n s  
This c a E  a l l  b e  s e e n  very sirply a s  a zhange f r o m  w h a t  we 
- 
m i g h t  call " s p a c e "  $ 0  "body"  c o o r d i n a t e s .  Namely ,  i f  g i s  
7 c7 a s o l u t i o n  f o r  n o  s k i f t  a n 5  is the f l o w  o f  X, t h e n  
- ) S O ~ Y P S  t h e  a b o v e .  g o b o v e  i s  just the m e t r L c  g =  t 
i n  the inciucei!  cooiedina;e c h a n g e  o n  31 x l i  . 
T h i s  t h e r e f o r e  t a k e s  c a r e  of c o o r d i n e t e  changes on M X R  
cor responding  t o  changes i n  M . For changes a long  R one i n t roduces  
t h e  l a p s e  and t h i n g s  notv7 become more involved.  We now i n t r o d u c e  
8: N y 1 ~ l l d  
- 2 i j  
513 
= - Ndt 1 g i j  dx dx 
w i t h  
where Hess N = N l i l  i s  t h e  Ressian of N . We s h a l l  n o t  go i n t o  
d e t a i l s  h e r e  excep t  t o  remark t h a t  t h i s  can be handled by t h e  fo l lowing  
02 device .  S e t  4 = t h e  C maps 5 ; M X R + R  . I f  one knows how t o  t r e a t  
r e l a t i v i s t i c  p a r t i c l e s  by e x t e n s i o n  of t h e  Lagrangian t o  a  homegeneous 
degenera te  one,  ( s e e  Lancos [ I ] )  then  we a r e  mot iva ted  t o  ex tend  our 
Lagrangian from h t o  h x J w i t h  J g e n e r a l i z i n g  a  s i n g l e  t ime 
parameter R . T h i s  procedure l e a d s  t o  t h e  above e q u a t i o n s  of motion,  
w i t h  t h e  degeneracy r e f l e c t e d  i n  t h e  a r b i t r a r i n e s s  of N . One can use 
t h e  symmetry groups B and T t o  c o n s t r u c t  a  reduced phase space 
us ing  t h e  methods of l e c t u r e  6 t o  recover  a r e s u l t  of Fadeev [ I ] .  
See Marsden-Fischer [ I ] .  However we s h a l l  n o t  pursue t h e  m a t t e r  
f u r t h e r  h e r e .  
Remarks on e x i s t e n c e  of s o l u t i o n s  
The o r i g i n a l  theorem concerning e x i s t e n c e  of s o l u t i o n s  f o r  
t h e  E i n s t e i n  system i s  due t o  ~ o u r 5 s - ~ r u h a t  [ I ] .  The r e s u l t  was 
improved on by Lichnerowicz [ I ]  us ing  Leray systems. See a l s o  
Choquet-Bruhat [ I ]  and Dionne [ l ] .  The method i n v o l v e s  t h e  theory  of 
second o r d e r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  which a r e  q u a s i - l i n e a r  and 
" s t r i c t l y  hyperbol ic" .  A c t u a l l y ,  t h e r e  i s  a  s imple r  theory  of q u a s i -  
l i n e a r  f i r s t  o r d e r  systems which i s  a p p l i c a b l e  h e r e  ( c f .  Fischer-Marsden 
[ 2 , 3 1 ) .  
The way t h i s  goes i s  a  b i t  complicated and w i l l  n o t  be p resen ted  
i n  d e t a i l  h e r e .  We w i l l  i l l u s t r a t e  w i t h  t h e  wave e q u a t i o n  how one 
reduces  a  second o r d e r  system t o  a  f i r s t  o r d e r  one. The method f o r  
r e l a t i v i t y  i s  more compl ica ted ,  bu t  t h e  b a s i c  i d e a  i s  t h e  same. 
F i r s t  of a l l  l e t  us  c o n s i d e r  t h e  l i n e a r  ,problem i n  R ~ :  Let  
n  m 
u be a  v e c t o r - v a l u e d  f u n c t i o n  u:R + R The sys tem 
i s  s a i d  t o  be  symmetric h y p e r b o l i c  i f  t h e  m x m m a t r i c e s  A' a r e  
symmetric f o r  a l l  1 < i < n  . The system i s  f i r s t  o r d e r  and l i n e a r  
- - 
i i n  u  . Under f a i r l y  mi ld  r e s t r i c t i o n s  ( A  , B shou ld  be o f  c l a s s  
HS , s > (1-112) + 1) , t h e r e  e x i s t s  a  unique s o l u t i o n  u  i n  H' 
t 
( a l l  t ime)  f o r  any i n i t i a l  c o n d i t i o n  u0 i n  HS . T h i s  r e s u l t  i s  due 
b a s i c a l l y  t o  P e t r o v s k y  [ 11, F r i e d r i c h s  [ 11, and o t h e r s ,  A proof  may be 
found i n  C o u r a n t - H i l b e r t  [ I ]  Vol.  11; s e e  a l s o  Kato  [ 3 , 4 ]  and 
Dunford-Schwartz [ I ] .  Using s t a n d a r d  t e c h n i q u e s  of r e d u c i n g  second 
o r d e r  sys tems  t o  f i r s t  o r d e r ,  t h i s  theorem may be  used t o  s o l v e  t h e  
wave e q u a t i o n  i n  R~ : 
EXAMPLE. The wave e q u a t i o n .  
The e q u a t i o n  i s  
P u t ,  f o r m a l l y ,  
Then the  wave equat ion f o r  f  i s  t he  same a s  t he  fo l lowing  
symmetric hyperbol ic  system f o r  u  : 
I n  t h i s  case 
e t c .  
a r e  symmetric (n+2) X (n+2) ma t r i ce s .  
Thus, using t he  l i n e a r  theory  f o r  genera l  f i r s t  o rder  symmetric 
hyoerbol ic  systems, we g e t  an ex i s t ence  theorem f o r  t h e  wave equa t ion ,  
namely t h a t  i f  ( f o ,  (;3fo/at)) E FiS+l x HS t h e r e  i s  a  unique s o l u t i o n  
ft E HS", -m < t < , s a t i s f y i n g  t he  given i n i t i a l  condi t ions .  
2 2  The h y p e r b o l i c i t y  of (8 f / a t 2 )  = A f  i s  r e f l e c t e d  i n  t h e  
2 2 2 i 
symmetry of t h e  Lii . I f  we had used ( 2  f / a t  ) = - A  f  , t h e  A 
would n o t  have come o u t  symmetric - t h e  Cauchy problem i n  t h i s  c a s e  
i s  n o t  w e l l  posed. 
Now c o n s i d e r  t h e  n o n l i n e a r  problem i n  R~ . I n  t h i s  c a s e  
we have a  system of t h e  form 
where t h e  Ai and B a r e  m a t r i c e s  which a r e  polynomial  i n  u  ( o r  
more g e n e r a l l y ,  s a t i s f y  Sobolev '  s " c o n d i t i o n  TI'; c f .  Sobolev [ I ] )  . 
The system i s  q u a s i - l i n e a r  and t h e  m a t r i c e s  Ai a r e  symmetric. The 
n o n l i n e a r  theorem i s  o b t a i n e d  from t h e  l i n e a r  t h e o r y  by a d a p t i n g  t h e  
P i c a r d  method. I n  t h i s  c a s e  a l s o ,  unique s o l u t i o n s  e x i s t  i n  H' , 
b u t  on ly  f o r  s h o r t  t i m e ,  i n  c o n t r a s t  t o  t h e  l i n e a r  t h e o r y .  
The E i n s t e i n  system above i s  r a t h e r  l i k e  t h e  wave e q u a t i o n  and 
one can show t h a t  i n  the a p p r o p r i a t e  v a r i a b l e s ,  o b t a i n e d  i n  a  way n o t  
u n l i k e  t h a t  f o r  t h e  wave e q u a t i o n ,  it i s  symmetric h y p e r b o l i c .  
The v e r i f i c a t i o n  t h a t  i t  i s  symmetric h y p e r b o l i c  u s e s  
"harmonic c o o r d i n a t e s "  ; cf  . Lichnerowicz [ 11 . 
Thus we g e t  e x i s t e n c e  and uniqueness  of smooth s o l u t i o n s  f o r  
s h o r t  t ime (which can be extended t o  maximal s o l u t i o n s  a s  w e l l ) .  These 
s o l u t i o n s  depend c o n t i n u o u s l y  on t h e  i n i t i a l  d a t a .  
For  d e t a i l s  of a l l  of t h i s ,  s e e  Fischer-Marsden [ 2 ] .  
+ 10. L inea r i za t i on  S t a b i l i t y  of t he  E i n s t e i n  Equat ions.  
This  l e c t u r e  i s  concerned with some "hard" a p p l i c a t i o n s  of 
g loba l  a n a l y s i s  methods t o  genera l  r e l a t i v i t y .  
There have been a  number of impressive a p p l i c a t i o n s  of 
d i f f e r e n t i a l  topology t o  r e l a t i v i t y  r e c e n t l y .  One of t he  most important  
of such a p p l i c a t i o n s  ha s  been t o  the  s tudy of t he  topology of space- 
times i n  the  works of Geroch, Hawking and Penrose. Using techniques 
of d i f f e r e n t i a l  topology and d i f f e r e n t i a l  geometry, they prove ,  f o r  
example, va r ious  incompleteness theorems from which one may i n f e r  t he  
ex i s t ence  of b lack  h o l e s  - -  under reasonable mathematical hypotheses 
on the  spacetime involved.  See W .  Kundt [ I ]  f o r  a  r ecen t  survey and 
.r- 
a  bibl iography f o r  t h i s  s u b j e c t .  
The techniques used i n  the  above a r e  taken from the  study 
of the  topology and geometry of f i n i t e  dimensional  mani fo lds .  Our 
main concern h e r e  i s  wi th  t he  a p p l i c a t i o n s  of i n f i n i t e  dimensional 
manifolds .  
That i n f i n i t e  dimensional manifold theory  i s  r e l e v a n t  f o r  
genera l  r e l a t i v i t y  was f i r s t  pointed ou t  by J .  A .  Wheeler k h l  
He s t r e s s e d  the  u se fu lnes s  of cons ider ing  superspace S . S c o n s i s t s  
of riemannian m e t r i c s  on a  given t h r ee  manifold M , with me t r i c s  
which can be ob ta ined  one from the o the r  by a  coo rd ina t e  t ransformat ion ,  
i d e n t i f i e d ,  i . e .  S = P/B . This  space S i s  important  f o r  we can 
view the  un iverse  a s  an evolv ing  ( o r  time dependent) geometry and 
hence a s  a  curve i n  S a s  explained i n  l e c t u r e  9 .  The geometry and 
': See a l s o  t he  new book of Hawking and E l l i s ,  Cambridge (1973). 
+ P a r t  of t h i s  l e c t u r e  i s  adapted from the  1973 essay  of A .  F i scher  and 
J .  Marsden i n  t he  Gravi ty  Research Foundation. 
topology of S h a s  been i n v e s t i g a t e d  by s eve ra l  people .  See f o r  
example F ischer  [ I ]  . 
Reca l l  from l e c t u r e  9 t h a t  t he  E i n s t e i n  f i e l d  equa t ions  s t a t e  
t h a t ,  ou t s ide  of reg ions  of m a t t e r ,  t he  me t r i c  t enso r  must be 
R icc i  f l a t ;  i . e .  R = 0 . (1)  This  i s  a  complicated coupled system 
aP 
of non- l inear  p a r t i a l  d i f f e r e n t i a l  equa t ions .  One can regard  t he  
E i n s t e i n  equa t ions  a s  a  Hamiltonian system of d i f f e r e n t i a l  equa t ions  
on S i n  an app rop r i a t e  sense.  This  idea  goes back t o  Arnowit t ,  
Deser and Misner [ I ]  bu t  was pu t  i n t o  t he  s e t t i n g  of S , e x p l i c i t l y  
us ing  i n f i n i t e  dimensional manifolds  by Fischer-Marsden [ I ] .  
The above a p p l i c a t i o n s  t o  genera l  r e l a t i v i t y  can be regarded 
a s  " so f t "  i n  the  sense t h a t  i n f i n i t e  dimensional  manifolds  a r e  involved 
mostly a s  a  language convenience and a s  a  guide t o  t he  t h e o r y ' s  
s t r u c t u r e .  While t h i s  i s  impor tan t ,  i t  i s  perhaps no t  c r i t i c a l  t o  t he  
development of the  theory .  
The f i r s t  s u b s t a n t i a l  "hard" theorem us ing  i n f i n i t e  dimensional 
a n a l y s i s  ( a t  l e a s t  i n  an informal  way) i s  due t o  B r i l l  and Deser [ I ] .  
They e s t a b l i s h  t he  important  r e s u l t  t h a t  any n o n - t r i v i a l  pe r tu rba t i on  
of Minkowski space l e ads  t o  a  spacetime with s t r i c t l y  p o s i t i v e  mass 
( o r  i n t e r n a l  g r a v i t a t i o n a l  energy) .  The technique they  use i s  an 
adap t a t i on  of methods from the  c a l c u l u s  of v a r i a t i o n s .  The idea  
behind the  proof i s  r a t h e r  s imple;  they show t h a t  on t he  space of 
s o l u t i o n s  t o  E i n s t e i n ' s  equa t i ons ,  t he  mass func t i on  has  a  non-degenerate 
c r i t i c a l  p o i n t  a t  f l a t ,  o r  Minkowski, space.  
An impor tan t  f e a t u r e  of t h e  work of B r i l l  and Deser i s  t h a t  
t h e  i n f i n i t e  d imens iona l  t e c h n i q u e s  employed a r e  n a t u r a l ,  u s e f u l  and 
i n d i s p e n s i b l e .  
L i n e a r i z a t i o n  S t a b i l i t y .  
Another fundamental  problem i n  g e n e r a l  r e l a t i v i t y  which h a s  
been so lved  u s i n g  t echn iques  from g l o b a l  a n a l y s i s  i s  t h a t  of l i n e a r i z a t i o n  
s t a b i l i t y .  T h i s  problem may be e x p l a i n e d  a s  f o l l o w s .  Suppose we have 
a  g i v e n  space t ime ,  f o r  example t h e  Schwarzchi ld  m e t r i c ,  and t h e n  wish 
t o  c o n s i d e r  a  s l i g h t l y  p e r t u r b e d  s i t u a t i o n ;  f o r  i n s t a n c e  t h e  i n t r o d u c t i o n  
of a  s l i g h t  i r r e g u l a r i t y  o r  a  smal l  p l a n e t .  To c o n s i d e r  such s i t u a t i o n s  
d i r e c t l y  i s  n o t  e a s y  because of t h e  n o n - l i n e a r  n a t u r e  of E i n s t e i n ' s  
e q u a t i o n s .  I n s t e a d ,  i t  i s  common t o  l i n e a r i z e  t h e  e q u a t i o n s ,  s o l v e  
t h e s e  l i n e a r i z e d  e q u a t i o n s ,  and a s s e r t  t h a t  t h e  s o l u t i o n  i s  an approx i -  
mat ion  t o  t h e  " t r u e 1 '  s o l u t i o n  of t h e  n o n - l i n e a r  e q u a t i o n s .  
To m o t i v a t e  l i n e a r i z a t i o n ,  we c o n s i d e r  t h e  f o l l o w i n g  s t a n d a r d  
p e r t u r b a t i o n  argument.  
Suppose Ric (go)  = 0  and we seek t o  s o l v e  f o r  g  n e a r  go 
Wr i te  g(X) f o r  a  parameter  h  and expand: 
d  g  The approximat ion t o  f i r s t  o r d e r  i s  g  + Xh . Now h  = - 1  d l  X = O  ' I f  
R i c ( g ( h ) )  = 0  we f i n d  t h a t  f o r  h , 
These a r e  t h e  l i n e a r i z e d  f i e l d  e q u a t i o n s  ( t h e y  a r e  w r i t t e n  o u t  below).  
I t  i s  perhaps  s u r p r i z i n g  t h a t  t h e  i m p l i c i t  assumption -- t h a t  
t h e  s o l u t i o n  of t h e  l i n e a r  e q u a t i o n s  approximates  t h e  s o l u t i o n  of t h e  
f u l l  e q u a t i o n s  - -  i s  n o t  always v a l i d .  Such a  p o s s i b i l i t y  was i n d i c a t e d  
by B r i l l - D e s e r  [ Z ] ,  and h a s  been e s t a b l i s h e d  r i g o r o u s l y  by t h e  a u t h o r s X  
3  3  i n  t h e  c a s e  t h e  u n i v e r s e  i s  " t o r o i d a l " ;  i . e .  T  x R where T  deno tes  
t h e  f l a t  3 - t o r u s .  I f  t h e  above assumption on t h e  g i v e n  spacet ime i s  
v a l i d ,  t h a t  spacet ime i s  c a l l e d  l i n e a r i z a t i o n  s t a b l e .  
The theorem below shows t h a t  B r i l l  ' s  example i s  e x c e p t i o n a l  
and t h a t  most space t imes  can  be expected t o  be l i n e a r i z a t i o n  s t a b l e .  
Although i t  would be u n p l e a s a n t  i f  t h i s  were n o t  s o ,  t h e  example and 
t h e  d e l i c a c y  of t h e  r e s u l t  show t h a t  c a u t i o n  i s  t o  be e x e r c i s e d  when 
such sweeping assumptions  a r e  made. 
Theorem. Suppose t h a t  t h e  ("background") space t ime wi th  m e t r i c  t e n s o r  
gan s a t i s f i e s  t h e  f o l l o w i n p  c o n d i t i o n s :  t h e r e  i s  a  space l i k e  
h y p e r s u r f a c e  M wi th  induced m e t r i c  g  and second fundamental  form 
k such t h a t  
(i) there are no infinitesimal isometries X on both 
g and k (if M is not compact, X is required 
to vanish at infinity) 
(ii) if k = O  and M is compact then g is not flat 
( R 
(iii) if k + 0, tr(k) = trace of k is constant on M 
is M is compact, tr(k) = 0 if M is non-compact 
-
(iv) if M is non-compact, g is complete and in a 
suitable sense asgmpt ot icallg Euclidean. 
* General isolatio heorems along these lines are given in 
Fischer-Marsden P61.  
Then n e a r  M , t h e  space t ime  m e t r i c  
g c v ~  
i s  l i n e a r i z a t i o n  
s t a b l e .  
B r i l l ' s  example f i t s  i n  because c o n d i t i o n  ( i i )  f a i l s  f o r  
M = T~ , t h e  f l a t  3 - t o r u s .  
The f o l l o w i n g  c o r o l l a r y  was o b t a i n e d  by Choquet-Bruhat and 
Deser [ I ]  independen t ly .  
-r. 
C o r o l l a r y .  Minkowski space i s  l i n e a r i z a t i o n  s table ' :  
Although t h e  proof  i s  compl ica ted  i n  d e t a i l s ,  we can  endeavor 
t o  g i v e  t h e  main i d e a s  h e r e .  F u r t h e r  d e t a i l s  w i l l  be f i l l e d  i n  below. 
I t  i s  a  s imple  and e l e g a n t  a p p l i c a t i o n  of t h e  t h e o r y  of i n f i n i t e  
d imens iona l  m a n i f o l d s .  
I n  o r d e r  t o  s o l v e  t h e  E i n s t e i n  e q u a t i o n s ,  one c a n ,  a s  e x p l a i n e d  
i n  l e c t u r e  9 ,  r e g a r d  them a s  e v o l u t i o n  e q u a t i o n s  wi th  g  , k  ( a s  g iven  
i n  t h e  s t a t e m e n t  of t h e  theorem) a s  i n i t i a l ,  o r  Cauchy, d a t a .  However 
we must remember t h a t  t h e r e  a r e  t h e  n o n - l i n e a r  c o n s t r a i n t s  t o  be 
imposed; i .  e .  : 
L ( g ,  IT) = ( r  - T I T )  + R(g) = 0 
i j 6 ( g ,  Tr) = -ll 
I j  = O 
T h i s  d e f i n e s  a  c e r t a i n  n o n - l i n e a r  s u b s e t  C of Th , t h e  space  of a l l  
g ' s  and k ' s  on M . The p r i n c i p a l  method i s  t h e  f o l l o w i n g :  near 
t h o s e  g  , k  f o r  which t h e  c o n d i t i o n s  of t h e  theorem a r e  s a t i s f i e d ,  
* The l i n e a r i z e d  e q u a t i o n s  i n  t h i s  c a s e  a r e  r e f e r r e d  t o  a s  t h e  "weak 
f i e l d  approximat ion"  and can be used t o  s t u d y  g r a v i t a t i o n a l  waves. 
t h e  s e t  C i s  a  smooth i n f i n i t e  dimensional  submanifold of t h e  space 
Th . The o t h e r  p o i n t s  a r e  s i n g u l a r .  
The smoothness of t h e  s e t  C e n t a i l s  t h a t  t angen t  v e c t o r s  
t o  C a r e  c l o s e l y  approximated by p o i n t s  i n  i t s e l f  (which would 
n o t  be t h e  c a s e  i f  @ h a s  c o r n e r s  o r  o t h e r  s i n g u l a r i t i e s )  . T h i s  
remark t o g e t h e r  with  e x i s t e n c e  theorems f o r  t h e  E i n s t e i n  e q u a t i o n s  
then  y i e l d s  t h e  d e s i r e d  r e s u l t .  
F o r t u n a t e l y ,  e s t a b l i s h i n g  t h e  smoothness of C can  be done 
by techn iques  which we have p r e v i o u s l y  developed i n  l e c t u r e s  1 and 3 .  
Some P r o o f s .  
Now we s h a l l  f i l l  i n  a  few p r o o f s  of t h e  above r e s u l t s .  We 
begin by s tudy ing  t h e  c o n s t r a i n t  manifold.  
L e t  C~ = Y-'(o) = { ( g ,  n ) l I ( g ,  n) 01 - 
Theorem 1. Let ( g ,  rr) E rE s a t i s f y  c o n d i t i o n  ( i i )  of ( R ) .  Then 
i n  a neighborhood of ( g ,  IT) , % i s  a  smooth submanifold of Tm . 
aY 
P r o o f .  Consider  34 : Tb, -t C . We show t h a t  DH(g, rr) i s  o n t o .  I t  
f o l l o w s  t h a t  H i s  a  submersion a t  g ,  TT so  t h a t  $!-'(o) i s  then  a 
smooth submanifold i n  a  neighborhood of ( g ,  rr) ( s e e  l e c t u r e  1 ) .  From 
A .  Lichnerowicz [ 2 ]  we have t h e  c l a s s i c a l  formula 
and from t h i s  one f i n d s  
DH,(g, n )*  ( h ,  w) = 2(%(trrr)n-nxrr}*h + ~ ( t r h )  + 66h - h * ~ i c ( g )  
i k  
where TT X rr = rr rr Using e l l i p t i c  t heo ry ,  i t  fo l lows  t h a t  k j  . 
~ g ( g ,  rr) i s  s u r j e c t i v e  provided t h a t  i t s  a d j o i n t  DH(g, n)~': i s  i n -  
j e c t i v e  and h a s  i n j e c t i v e  symbol. A s t r a igh t fo rward  computation shows 
t h a t  DH(g, n)* : ern 4 S 2  x i s  given by 
DM(g, n)**N = ( ~ { k ( t r r r ) ~ ~ - r r ~ n ) ~ ~ ~  + gAN + Hess N - N Ric(g)  , 
2  - 1 e. The symbol of D Y ( ~ ,  n )*  i s  u E ( s )  = (-g11<11 + ( 5  x 5 )  , 
- 1 
2(k(trrr)g - n ) ) s  ; 5 E TxM , s  E S2(M)x , which i s  always i n j e c t i v e ,  
so one has  t he  L2 orthogonal  s p l i t t i n g  cm = k e r  DW* O range (Dg) ; 
see l e c t u r e  3 .  
I f  N E k e r n e l  ( ~ % ( g ,  TT);'~) then 
gAN + Hess N - N Ric(g)  + 2(+(trls)rr-rrxrr)~ = 0  ( 7) 
and 
- 1 2 ( + ( t r n ) g  - r r ) N = O  . 
Taking the  t r a c e  of (7)  g ives  ( t r n ) * N  = 0  , so  (8) g ive s  Nrr = 0  . 
Thus, (7)  g ives  
gAN 4- Hess N - N*Ric(g) = 0  ( 9 )  
whose t r a c e  g ives  
Using X(g, i-r) = 0  , Ni-r = 0  , (10) becomes @N = 0  , so  N i s  cons t an t .  
I f  n # O  t h i s g i v e s  N = O .  I f  i - r = O  t h e n f r o m ( 7 ) ,  N R i c ( g )  = O  
so a s  g  i s  n o t  f l a t  i n  t h i s  c a s e ,  Ric(g)  f 0  a s  we a r e  on a  3- 
manifold and so N = 0  . 
I n  the  non-compact c a se  N cons t an t  would au toma t i ca l l y  
fo r ce  N = 0  by us ing  s u i t a b l e  asymptotic cond i t i ons .  
By the  same methods one can prove t he  fo l lowing  theorem i n  
geometry. 
J- 
Theorem 2 .  E'' (a E COO , p _ < O ,  p f 0 .  Then Pn = ( g E m l ~ < g >  = P I  
P 
i s  a  smooth submanifold of , a s  i s  hi = ( g  E ~ I R ( ~ )  = 0  , g  not 
f l a t )  . 
This  r e s u l t  enables  one t o  handle the  time symmetric case  
d i r e c t l y  ( i . e .  i-r = 0  on M) , i f  we r e s t r i c t  t o  deformations r e spec t i ng  
the  time symmetry. 
I f  ( i i )  of (R)  i s  n o t  f u l f i l l e d ,  i . e .  i f  k = 0  and i f  g  
i s  f l a t ,  then  Dk$(g, rr) i s  n o t  a  submersion. I n  f a c t  t he  behaviour 
near  these  p o i n t s  i s  r a t h e r  d i f f e r e n t .  For example, u s ing  an idea  of 
Br i l l -Deser  [ 2 ]  one can show t h a t  i f  g i s  f l a t ,  s o l u t i o n s  of R(g) = 0  
near  g  a r e  ob t a inab l e  from g  by a  coo rd ina t e  t ransformat ion  and t he  
a d d i t i o n  of a  cova r i an t  cons t an t  h  E S 2  , so i n  p a r t i c u l a r  a r e  f l a t .  
* A ref inement  of t h e  argument due t o  J . P .  Bourguinon shows t h a t  we only 
need p # 0 and p no t  a  p o s i t i v e  cons t an t .  See  F i s c h e r - M a r s d e n  [6]. 
Next we i n v e s t i g a t e  t he  divergence c o n s t r a i n t .  Le t  
Theorem 3 .  Le t  ( g ,  n )  E C6 s a t i s f y  the  fo l lowing  condi t ion :  
-
( i f :  f o r  a  vec to r  f i e l d  X , L  g  = 0 and L  IT = 0 impl ies  X = 0 . X - X 
Then C6 i s  a  smooth submanifold i n  a  neighborhood of ( g ,  n )  . 
-
L Proof .  One computes t h a t  D6(g, IT): S2 x S  -, X i s  given by: 
jkh - n j s i  i j  Da(g, n )*  ( h ,  m) = Bur + kn jk j  ~k - ( t r h ) ~ j  (11) 
and i t s  a d j o i n t  D6(g, n)';: X 4 S2 x S2 i s :  
D6(g, n)+;*X = ( ( -kL IT + +(6X)rr - (X €3 617 + 6n R X)) b  X 
1 
+ .z;(Lxg* n)  g  - +(X' 6IT) g ,  kLxg) (12) 
( b  denotes  t h a t  t he  i n d i c e s  a r e  lowered).  The symbol of D 6 j :  i s  
aga in  i n j e c t i v e ,  so i t  s u f f i c e s  t o  show D6(g, n)9:X = 0 impl ies  
X = 0 . Since 6~ = 0 , t he  cond i t i on  D6(g, n)*X = 0 reads :  
and 
From ( 1 4 ) ,  6X = 0 so (13) g ives  L  = 0 . Thus X = 0 by ( i ) '  . X 
1 
The r e g u l a r  p o i n t s  s a t i s f y i n g  ( i )  a r e  j u s t  those  (g ,n )  
having d i s c r e t e  i s o t r o p y  group under t h e  a c t i o n  of t h e  diffeomorphism 
group. I t  i s  known t h a t  a lmost  every  g  has  no i s o m e t r i e s  (Ebin [ I ] ) .  
To show t h a t  C = @>, n C i s  a  submanifold,  we need 6 
a d d i t i o n a l  r e s t r i c t i o n s  because t h e r e  may be p o i n t s  a t  which t h e  i n t e r -  
s e c t i o n  i s  n o t  t r a n s v e r s a l .  T h i s  e x t r a  c o n d i t i o n  i s  ( i i i )  of t he  
c o n d i t i o n s  (R)  on p .  232 .  
Theorem 4 .  Jg ( g ,  n) t C s a t i s f y  c o n d i t i o n s  (R) . Then i n  a  
neighborhood of ( g ,  n ) ,  C i s  a smooth submanifold.  
P roof .  Consider = (B,6] :Th 4 cCO y 7 . We want t o  show 
D@(g, n )  i s  s u r j e c t i v e ;  t h i s  w i l l  show t h a t  (101 x (0) c T ~ I  
i s  a  submanifold and w i l l  g ive  t h e  r e s u l t .  We know Dm from (5)  
and ( 1 1 ) .  The a d j o i n t  map i s  g iven  a s  fo l lows :  
Dm(g, n)"': cm x X -.> 2  S2 X S  : (N,X) - + ( ( A N ) ~ + H ~ S S N  - N ~ i c ( g )  
The symbol of t h i s  map, (D@(g, n)"'), & T  M may be shown t o  be 
F X 
i n j e c t i v e .  ( Indeed ,  one must show 5 f 0 , and a5(N,X) = ( g 1 1 5 1 1 2 ~  
1 
-(%.X.  + 1 .X. ) )  = 0 i m p l i e s  X,N = 0 . T h i s  may be 
2 1 3  3 1 ,  
i j  
shown by con t r ac t i ng  t he  second component w i th  g,z 5 and E ~ X '  
t o g i v e  X = O  Then t h e  f i r s t  component g ive s  N = 0.) 
~ h u s  i t  remains t o  show t h a t  D@(g, n)" i s  i n j e c t i v e .  Let 
N,X E ker(D@(g, n)") . Since Sn = 0 , (15) g ive s  
1 (AN)g + Hess N - N Ric(g)  + 2{?(trn)rr X n]N 
1 1 
and {?(trrr)g - n)N + 7 s g  7 0 
Taking t he  t r a c e  and us ing  @(g,  n) = 0 g ives :  
and 
I f  rr = 0 then (18) g ive s  N=constant and (16) g ive s  
NRic(g) = 0 so N = 0 , a s  Ric(g)  0 i n  t h i s  case .  By (19) ,  and 
( i )  of (R) we ob t a in  X = 0 . 
I f  n  + 0 , t r n  = cons t an t ,  so (18) g ive s  
1 2 1 2 2aN + 2 { ~ ~ * n  - T ( t r n )  I N  = 2 m  + 2(n - 4( t rn )g )  N = 0 , us ing  g*g=3. 
1 2 1 1 Since (n  - $ t r n )  g) = ( n  - z (  t r n )  g) - ( n  - z-trn) g) > 0 , we conclude 
t h a t  N = 0 . Then a s  before ,  X = 0 . 
I n t e g r a t i o n  of I n f i n i t e s i m a l  Deformations of R i c c i  F l a t  Spacetimes 
A s  expla ined  prev ious ly ,  we can use Theorem 4 t o  prove t h e  
fo l lowing  r e s u l t .  
Theorem 5.  Let  - ( 4 ) g  be a Loren tz  m e t r i c  on V s a t i s f y i n g  ( 1 ) :  
R i ~ ( ( ~ ) g )  = 0  . ( 4 ) h  s a t i s f y  t h e  l i n e a r i z e d  e q u a t i o n s  ( 2 ) ;  i . e .  
where cu (X)  = LXg i s  t h e  Lichnerowicz d lAlember t i an  
g  L 
Lichnerowicz [ 2 1 ] .  
Let M be a  compact o r i e n t e d  s p a c e - l i k e  hypersur face  i n  V 
-
w i t h  induced m e t r i c  g  and second fundamental form k . Assume 
g , k  s a t i s f y  t h e  c o n d i t i o n s  ( R ) .  
xhen t h e r e  e x i s t s  a  6 > 0  and a  smooth curve  ( 4 ) g ( h )  
e x a c t  s o l u t i o n s  of ~ i c ( ( ~ )  g ( h ) )  = 0 such t h a t  ( 4 ) g ( ~ )  = ( 4 ) g  and 
w 
Proof .  In Gaussian Normal c o o r d i n a t e s  i n  a  neighborhood of M , 
( 4 ) h  induces  a  deformat ion ham by 
- - 
1 ' - 1  1 * - 1 ( h  X D + ~  X W )  + ( h  - g t r h )  + $ h q g ) g - ( t r g ) h )  
i j  1 i k j Q  1 . i j  
where = ~ ( g  g gkA - $ t r  g)g  ) a g . .  = 2 ( 4 ) g .  . / a t  e t c .  
1 J 1 J 
T h i s  induced deformat ion h,w s a t i s f i e s  t h e  l i n e a r i z e d  c o n s t r a i n t  
e q u a t i o n s :  D?l(g,n) (h,w) = 0 ,  D6(g, n) *(haw) = 0 . I n  o t h e r  words ,  
(h,w) E T ( g >T> @ .  
Thus by Theorem 4 ,  we can  f i n d  a  c u r v e  (g(,Y), E C 
t a n g e n t  t o  ( h , ~ )  a t  ( g  ) . T h i s  g i v e s  u s  s p a c e t i m e s  (4)  g(h)  
d e f i n e d  on a ne ighborhood  of M by t h e  e x i s t e n c e  t h e o r y .  
4 
The o n l y  t h i n g  i s  t h a t  a g(A)/ah a t  2. = 0 may n o t  match  
( 4 ) h  i n  t h e  0,O o r  O i  components.  But t h i s  can  b e  a c h i e v e d  by 
u s i n g  a  s u i t a b l e  l a p s e  and s h i f t ;  i . e .  a  s u i t a b l e  s p a c e  t ime  c o o r d i n a t e  
t r a n s f o r m a t i o n .  See l e c t u r e  9 .  [7 
APPENDIX 
O N  THE CORRESPONDENCE PRINCIPLE I N  QUANTUM MECHANICS 
I n t r o d u c t i o n  
The problem we a r e  concerned w i t h  i s  showing, i n  a  s u i t a b l e  
s e n s e ,  t h a t  t h e  s o l u t i o n s  o f  t h e  Schrod inger  e q u a t i o n  converge 
t o  s o l u t i o n s  of H a m i l t o n ' s  e q u a t i o n  a s  .h 3 0 .  
The fo rmal  r e s o l u t i o n  of t h i s  problem h a s  been known s i n c e  
1930 ( c f  . F r e n k e l  [ 11 ) v i a  Hami l ton-Jacob i  t h e o r y .  However, 
t h e s e  fo rmal  r e s o l u t i o n s  show t h a t  t h e  e q u a t i o n s  converge and 
n o t  t h a t  t h e  s o l u t i o n s  of t h e  e q u a t i o n s  converge .  The l a s t  s t e p  
i s  n o t  s imple  because  i t  i s ,  i n  e s s e n c e ,  a  s i n g u l a r  p e r t u r b a t i o n  
problem f o r  n o n - l i n e a r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s .  
A more complete  t r e a t m e n t  w i t h  r e f i n e d  fo rmulas  h a s  been 
g i v e n  by Maslov [l] ( c f .  Arnold [ 2 ] ) .  U n f o r t u n a t e l y  t h i s  approach 
i s  q u i t e  c o m p l i c a t e d .  
The aim of t h i s  appendix  i s  t o  o u t l i n e  a  s imple  proof  of t h e  
convergence of t h e  s o l u t i o n s  a s  '5 + 0 by u s i n g  t h e  Hamilton- 
J a c o b i  t h e o r y ,  t h e  "hydrodynamic" f o r m u l a t i o n  of quantum mechanics 
and r e c e n t  theorems on v a n i s h i n g  v i s c o s i t y  i n  hydrodynamics 
( s e e  l e c t u r e s  4 and 5 and E b i n - M a r s d e n  [I], M a r s d e n  [5]). 
We s h a l l  be working on fR3 t o  s i m p l i f y  t h e  e x p o s i t i o n .  
I t  c a n  be g e n e r a l i z e d  t o  " a s y m p t o t i c a l l y  f l a t "  o r  compact 
Riemannian m a n i f o l d s  and r n u l t i p a r t i c l e  sys tems a s  w e l l .  
Hami l ton-Jacob i  Equa t ion ;  The C l a s s i c a l  E q u a t i o n s  
The f o l l o w i n g  p i c t u r e  of c l a s s i c a l  mechanics  i s  s t a n d a r d  
( c f .  Synge and G r i f f i t h s  [l]) . 
3 Consider  t h e  Hami l ton-Jacob i  e q u a t i o n  f o r  S ( x , t ) ,  x  E IR , 
t 6  : R ,  
where 
The s o l u t i o n  of t h i s  e q u a t i o n  i s  r e l a t e d  t o  t h e  c l a s s i c a l  
t r a j e c t o r i e s  a s  f o l l o w s :  l e t  So be S  a t  t = 0 ,  l e t  x IR 3 
0) 
and D~ = vSo(xo) . The c l a s s i c a l  t r a j e c t o r y  s t a r t i n g  a t  x  
0 '  P o  
i s ,  s a y  x ( t ) ,  p ( t )  s o  i = p/m, 6 = -VU.  Then V S ( t , x ( t ) )  = p ( t ) .  
Thus t h e  "waves of a c t i o n "  d e f i n e d  by S  = c o n s t a n t  sweep o u t  t h e  
c l a s s i c a l  t r a j e c t o r i e s  . 
Consider  a  c l a s s i c a l  s t a t i s t i c a l  s t a t e  r e p r e s e n t e d  by an  
3 i n i t i a l  p r o b a b i l i t y  f u n c t i o n  0 on LR . T h i s  would then  evo lve  
by l e t t i n g  i t  f l o w  a l o n g  t h e  t r a j e c t o r i e s ;  i . e . ,  by t h e  e q u a t i o n  
of c o n t i n u i t y :  
a0 - + d i v  [ P  g ~ / m ]  = 0 
a t  ( 2 )  
~ h u s  we may r e g a r d  ( 1 )  and ( 2 )  a s  a  way o f  p r o p a g a t i n g  a  pro-  
b a b i l i t y  d e n s i t y  p on c o n f i g u r a t i o n  space  w i t h  i n i t i a l  momenta 
V So v i a  c l a s s i c a l  t r a j e c t o r i e s .  
The Quantum Equa t ions  
Consider  a  s o l u t i o n  $ (  t ,x) of S c h r o d i n g e r s  e q u a t i o n :  
3  
- s o  t h a t  P i s  a  p r o b a b i l i t y  measure on lR . w r i t e  4 = ,/p e  
W r i t i n g  o u t  ( 3 )  g i v e s  
&2 + d i v  [ p  vS/m] = 0 . 
bt 
C l e a r l y  a s  TI 4 0 ,  ( 4 )  r e d u c e s  t o  ( 1 )  and ( Z ) ,  s o  t h e  s o l u t i o n s  
and i n  p a r t i c u l a r  Pz, ought  t o  converge a s  4 0  t o  t h e  
s o l u t i o n s  of (1) and ( 2 )  . However, t h e  e q u a t i o n s  ( 4 )  a r e  non- 
l i n e a r  and a i s  invo lved  i n  t h e  h i g h e s t  o r d e r  t e rm,  s o  such a  
c o n c l u s i o n  i s  f a r  from obv ious .  
The R e s o l u t i o n  v i a  Hydrodynamics 
Theorem. P i x  an i n i t i a l  p dS. Let p5(t)  deno te  
t h e  s o l u t i o n  of ( 4 )  (&, of ( 3 ) )  & ~ ( t )  t h a t  o f  ( I ) ,  ( 2 ) .  
Assume, e.g., U g C with compact s u p p o r t .  Then f o r  each t ,  a s  
--- -
21 -3 0 ,  a-,(t) + p ( t )  i n  each Sobolev space H', s  > 5 and hence 
-- 
i n  t h e  ern topology;  0 _< ) t )  _< T f o r  some T > 0 .  
-- --
One p roves  t h i s  by r e w r i t i n g  ( 4 )  by t a k i n g  t h e  g r a d i e n t  of 
che f i r s t  e q u a t i o n ;  t h i s  y i e l d s  t h e  hydrodynamic model: 
These e q u a t i o n s  a r e  t h e  same a s  t h e  e q u a t i o n s  f o r  c o m p r e s s i b l e  
f l o w  v = VS/m w i t h  t h e  e x t r a  " f o r c i n g "  term 
1 2  
-,'I . 2  
V U  - - 2m ( )  ( o r  p r e s s u r e  p  = u - k- 2m (6)). 
.+, 2  
While - - h ( ~ f i )  i s  n o t  a  v i s c o s i t y  t e rm,  i t  c a n  be 2m 
hand led  i n  t h e  same way, a s  i n  [ 2 ]  , [ 5 ]  , [ 6 ] .  One u s e s  "Lagrangian" 
c o o r d i n a t e s  and T r o t t e r  p r o d u c t  f o r m u l a s  t o  show t h a t  t h e  e r r o r  i s  
2 2  /I J - J; / (  = O(h ) i n  H norm. I n  f a c t  i t  i s  a  g e n e r a l  
r e s u l t  t h a t  i f  a  l i n e a r  g e n e r a t o r  a r i s i n g  from a d i f f e r e n t i a l  o p e r a t o r  
vT added t o  t h e  hydrodynamic e q u a t i o n s  ( w i t h  no boundar ies  p r e s e n t )  
then  the  s o l u t i o n s  converge a s  v + 0 . 
Remarks. 1. T h i s  t e c h n i q u e  o n l y  seems t o  work f o r  s u f f i c i e n t l y  
smooth U .  I t  would be i n t e r e s t i n g  and n o n - t r i v i a l  t o  ex tend  t h i s  
t o  t h e  hydrogen atom. 
2 .  There  a r e  t o p o l o g i c a l  o b s t r u c t i o n s  t o  o b t a i n i n g  S f o r  a l l  
t by t h i s  method s i n c e  t h e  t r a j e c t o r i e s  i n  c o n f i g u r a t i o n  space  
can  c r o s s ;  i . e . ,  a  "shock" c a n  d e v e l o p .  The c o r r e c t i o n  r e q u i r e d  
i s  t h e  Maslov i n d e x ,  and i t  a l l o w s  t h e  p r e v i o u s  a n a l y s i s  t o  be  
ex tended  g l o b a l l y  i n  t ime.  
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